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CONSTRUCTION CONDITIONS OF BOUNDED OPERATORS WITH

SUPER–HOMOGENEOUS KERNELS IN HIGH–DIMENSIONAL

SPACE AND THE ESTIMATION OF OPERATOR NORM

QIAN ZHAO, BING HE ∗ AND YONG HONG

(Communicated by L. Mihoković)

Abstract. The concept of super-homogeneous functions is introduced, and the construction con-
ditions of bounded operators with super-homogeneous kernels between high-dimensional weigh-
ted Lebesgue function spaces and weighted Hilbert-type sequence spaces are discussed. The
sufficient and necessary conditions for operator boundedness and the estimation formula for op-
erator norm are obtained, and the exact calculation formula for operator norm is obtained under
specific conditions. Finally, several special cases of applications are presented.

1. Introduction

Assuming 1
p + 1

q = 1 (p > 1) , ã = {an} ∈ l p−2
p , f ∈ Lq(0,+) , K(u) mono-

tonically decreases on (0,+) . In 1934, Hardy [4] gave the following Hilbert-type
inequality with a non-homogeneous kernel K(nx) :

∫ +

0




n=1

K(nx)an f (x)dx � 
(

1
p

)( 


n=1

np−2|an|p
)1/p(∫ +

0
| f (x)|qdx

)1/q

= 
(

1
p

)
‖ã‖p,p−2‖ f‖q. (1)

Consider a discrete operator T1 and an integral operator T2 with the kernel K(nx) :

T1(ã) =



n=1

K(nx)an, T2( f )n =
∫ +

0
K(nx) f (x)dx.

Then (1) is equivalent to the following inequalities

‖T1(ã)‖p � 
(

1
p

)
‖ã‖p,p−2, ‖T2( f )‖q,q−2 � 

(
1
p

)
‖ f‖q. (2)
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(2) indicates that T1 is a bounded operator from l p−2
p to Lp(0,+) and T2 is a bounded

operator from Lq(0,+) to lq−2
q . T1 implements a bounded mapping from sequence

space l p−2
p to function space Lp(0,+) , and T2 implements a bounded mapping from

function space Lq(0,+) to sequence space lq−2
q .

Due to its important applications in operator theory and analytical disciplines,
Hilbert-type inequalities have received widespread attention. [3,11,14–16,19,20,23,24]
introduced independent parameters to generalize and improve Hilbert-type inequalities,
while [1, 5, 6, 12, 13, 22] discussed some high-dimensional Hilbert-type inequalities. In
order to further explore the Hilbert-type inequality, [7,10,18,21] considered the optimal
parameter matching problem of Hilbert-type inequality and sought the rule of optimal
parameters, while [2, 8, 17] discussed the conditions for constructing Hilbert-type in-
equalities and bounded operators.

In this article, we will discuss the construction of bounded operators with super-
homogeneous kernels in high-dimensional spaces. To this end, we first generalize the
Lebesgue space to a weighted high-dimensional Lebesgue space: Let r > 1,  ∈ R ,

m∈N+:={1,2,3, · · ·} , x=(x1,x2, · · ·,xm)∈R
m
+ ,  > 0, ‖x‖ ,m =

(
x1 +x2 +· · ·+xm

)1/
.

Define

Lr
(
R

m
+
)

=

{
f (x) : ‖ f‖r, =

(∫
R

m
+

‖x‖ ,m| f (x)|rdx

)1/r

< +

}
.

When m = 1, = 0, Lr
(
R

m
+
)

is the usual Lebesgue space Lr(0,+) . We call

lr =

⎧⎨⎩ã = {an} : ‖ã‖r, =

(



n=1

n |an|r
)1/r

< +

⎫⎬⎭
a weighted Hilbert-type space.

Let 1,2,1,2 ∈ R , and function K(u,v) satisfy the following condition for any
t > 0 :

K(tu,v) = t1K (u,t1v) , K(u,tv) = t2K (t2u,v) .
Then K(u,v) is called a super-homogeneous function with parameters {1,2 , 1,2} .
When 1 = 2 =  , 1 = 2 = −1, K(u,v) is a typical  -order homogeneous func-
tion. Super-homogeneous functions are a natural extension of homogeneous func-
tions, which include most common kernel functions. Specifically, there holds K(t,1) =
t1K (1, t1) , K(1, t) = t2K (t2 ,1) . Since

K(tu,v) = t1K
(
u,tt1v

)
= t1+12K (t12u,v) ,

it can be seen that in the general case, there hold 12 = 1 and 1 + 12 = 0. There-
fore, in our discussions, we always assume that 12 = 1, 1 + 12 = 0.

For the sake of simplicity, denote

W1(s) =
∫ +

0
K(1,t)tsdt, W2(s) =

∫ +

0
K(t,1)tsdt,

Ã(K, ã, f ) =
∫

Rm
+




n=1

K
(
n,‖x‖ ,m

)
an f (x)dx.
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2. Preliminary lemmas

LEMMA 1. Let 12 = 1 . Then 1 + 12 = 0 is equivalent to 2 + 21 = 0 .

Proof. If 1 + 12 = 0, then 21 + 122 = 0. Hence 2 + 21 = 0. Con-
versely, if 2 + 21 = 0, then 12 + 121 = 0. Thus 1 + 12 = 0. �

LEMMA 2. Let 12 = 1 , 1 + 12 = 0 . Then 1
(

m
p − 

q

)
−
(

1
q − 

p

)
= 1 is

equivalent to 2
(

1
q − 

p

)
−
(

m
p − 

q

)
= 2 .

Proof. It follows from Lemma 1 that 2 + 21 = 0.

If 1
(

m
p − 

q

)
−
(

1
q − 

p

)
=1 , then 12

(
m
p − 

q

)
−2

(
1
q − 

p

)
= 21 = −2 .

Hence 2
(

1
q − 

p

)
−
(

m
p − 

q

)
= 2 . Conversely, if 2

(
1
q − 

p

)
−
(

m
p − 

q

)
= 2 , then

12
(

1
q − 

p

)
− 1

(
m
p − 

q

)
= 12 = −1 . Thus 1

(
m
p − 

q

)
−
(

1
q − 

p

)
= 1 . �

LEMMA 3. Suppose that 1
p + 1

q = 1 (p > 1) , 12 = 1 , 1 + 12 = 0 , K(u,v)

is a super-homogeneous function with parameters {1,2,1,2} , and 1
(

m
p − 

q

)
−(

1
q − 

p

)
−1 = c. Then

W
1
p

1

(
m
p − 

q −1
)
W

1
q

2

(
1
q − 

p −1+ c
)

=
1

|1|
1
q

W1

(
m
p
− 

q
−1

)
. (3)

Proof. Since 1
(

m
p − 

q

)
−
(

1
q − 

p

)
−1 = c , it follows that

W1

(
m
p
− 

q
−1

)
=
∫ +

0
K(1,t)t

m
p − 

q −1 dt

=
∫ +

0
K (t2 ,1)t2+ m

p − 
q −1 dt

=
1
|2|

∫ +

0
K(u,1)u

1
2

(
2+ m

p − 
q −1

)
+ 1

2
−1

du

= |1|
∫ +

0
K(u,1)u12+1

(
m
p − 

q

)
−1

du

= |1|
∫ +

0
K(u,1)u−1+ 1

q− 
p +1+c−1 du

= |1|
∫ +

0
K(u,1)u

1
q− 

p −1+c du

=
1
|2|W2

(
1
q
− 

p
−1+ c

)
.

Therefore, W2

(
1
q − 

p −1+ c
)

= 1
|1|W1

(
m
p − 

q −1
)

, and (3) can be obtained. �
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LEMMA 4. [9] Let m ∈ N+ ,  > 0 , r > 0 , x = (x1,x2, · · · ,xm) ∈ R
m
+ , ‖x‖ ,m =(

x1 + x2 + · · ·+ xm
)1/p

, (u) be a measurable function. Then

∫
‖x‖,m�r


(‖x‖ ,m

)
dx =

m(1/)
m−1(m/)

∫ r

0
(u)um−1 du,∫

‖x‖,m�r

(‖x‖ ,m

)
dx =

m(1/)
m−1(m/)

∫ +

r
(u)um−1 du,∫

R
m
+


(‖x‖ ,m

)
dx =

m(1/)
m−1(m/)

∫ +

0
(u)um−1 du,

where (t) is the Gamma function.

LEMMA 5. Suppose that 1
p + 1

q = 1 (p > 1) , m∈N+ ,  > 0 , x = (x1,x2, · · · ,xm)∈
R

m
+ , ‖x‖ ,m =

(
x1 + x2 + · · ·+ xm

)1/
, K(u,v) > 0 is a super-homogeneous function

with parameters {1,2,1,2} , K(t,1)t
1
q− 

p −1+c monotonically decreases on (0,+) .
Then

̃1(n, ) =
∫

R
m
+

K
(
n,‖x‖ ,m

)‖x‖− +m
q

 ,m dx

=
m(1/)

m−1(m/)
n
1+1

(

q −m

p

)
W1

(
m
p
− 

q
−1

)
,

̃2(x,) =



n=1

K
(
n,‖x‖ ,m

)
n−

+1
p +c

� ‖x‖2+2
(

p − 1

q−c
)

 ,m W2

(
1
q
− 

p
−1+ c

)
.

Proof. It follows from Lemma 4 that

̃1(n, ) =
m(1/)

m−1(m/)

∫ +

0
K(n,u)u−

+m
q +m−1du

=
m(1/)

m−1(m/)
n1

∫ +

0
K (1,u ·n1)u

m
p − 

q −1du

=
m(1/)

m−1(m/)
n
1+1

(

q −m

p

) ∫ +

0
K(1,t)t

m
p − 

q −1dt

=
m(1/)

m−1(m/)
n
1+1

(

q −m

p

)
W1

(
m
p
− 

q
−1

)
.
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Since K(t,1)t
1
q− 

p −1+c monotonically decreases on (0,+) , it can be seen that

̃2(x,) =



n=1

K
(
n,‖x‖ ,m

)
n

1
q− 

p −1+c

= ‖x‖2
 ,m




n=1

K
(
n · ‖x‖2 ,m,1

)
n

1
q− 

p −1+c

= ‖x‖2−2( 1
q− 

p −1+c)
 ,m




n=1

K
(
n · ‖x‖2 ,m,1

)
(n · ‖x‖2 ,m)

1
q− 

p −1+c

� ‖x‖2+2
(

p − 1

q +1−c
)

 ,m

∫ +

0
K
(
u · ‖x‖2 ,m,1

)(
u · ‖x‖2 ,m

) 1
q− 

p −1+c
du

= ‖x‖2+2
(

p − 1

q−c
)

 ,m

∫ +

0
K(t,1)t

1
q− 

p −1+cdt

= ‖x‖2+2
(

p − 1

q−c
)

 ,m W2

(
1
q
− 

p
−1+ c

)
. �

3. Construction conditions for high-dimensional half-discrete Hilbert-type
inequalities with super-homogeneous kernels

THEOREM 1. Assuming 1
p + 1

q = 1 (p > 1) , m∈N+ ,  > 0 , , ∈R , 12 = 1 ,

1 + 12 = 0 , 1
(

m
p − 

q

)
−
(

1
q − 

p

)
−1 = c, x = (x1,x2, · · · ,xm) ∈ R

m
+ , ‖x‖ ,m =(

x1 + x2 + · · ·+ xm
)1/

, K(u,v) > 0 is a super-homogeneous function with parameters

{1,2,1,2} , K(t,1)t
1
q− 

p −1+c monotonically decreases on (0,+) , and

W1

(
m
p − 

q −1
)

< + .

(i) If and only if c � 0 , i.e., 1
(

m
p − 

q

)
−
(

1
q − 

p

)
� 1 , there exists a constant

M > 0 , such that ∫
R

m
+




n=1

K
(
n,‖x‖ ,m

)
an f (x)dx � M‖ã‖p,‖ f‖q, , (4)

where ã = {an} ∈ lp , f ∈ Lq
(
R

m
+
)
, M �

(
m(1/)

m−1(m/)

)1/p(
1
|1|
)1/q

W1

(
m
p − 

q −1
)

.

(ii) When c = 0 , i.e., 1
(

m
p − 

q

)
−
(

1
q − 

p

)
= 1 , the optimal constant factor of

(4) is

M0 = inf{M} =
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
.

Proof. (i) Sufficiency. Let c � 0. It follows from the mixed Hölder’s inequality,



528 Q. ZHAO, B. HE AND Y. HONG

Lemma 5, and Lemma 3 that

Ã(K, ã, f ) =
∫

Rm
+




n=1

K
(
n,‖x‖ ,m

)
an f (x)dx

=
∫

R
m
+




n=1

(
n(+1−cp)/(pq)

‖x‖(+m)/(pq)
 ,m

an

)(
‖x‖(+m)/(pq)

 ,m

n(+1−cp)/(pq) f (x)

)
K
(
n,‖x‖ ,m

)
dx

�
(∫

Rm
+




n=1

n(+1−cp)/q‖x‖−(+m)/q
 ,m |an|p K

(
n,‖x‖ ,m

)
dx

)1/p

×
(∫

R
m
+




n=1

‖x‖(+m)/p
p,m n−(+1−cp)/p| f (x)|qK (n,‖x‖ ,m

)
dx

)1/q

=

(



n=1

n(+1−cp)/q |an|p ̃1(n, )

)1/p(∫
R

m
+

‖x‖(+m)/p
 ,m | f (x)|q̃2(x,)dx

)1/q

�
(

m(1/)
m−1(m/)

)1/p

W 1/p
1

(
m
p
− 

q
−1

)
W 1/q

2

(
1
q
− 

p
−1+ c

)

×
(




n=1

n
+1−cp

q +1+1
(

q −m

p

)
|an|p

)1/p(∫
Rm

+

‖x‖
+1

p +2+2
(

p − 1

q−c
)

 ,m | f (x)|qdx

)1/q

=
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)

×
(




n=1

n−cp |an|p
)1/p(∫

R
m
+

‖x‖ ,m| f (x)|qdx

)1/q

�
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)

×
(




n=1

n |an|p
)1/p(∫

R
m
+

‖x‖ ,m| f (x)|qdx

)1/q

=
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
‖ã‖p,‖ f‖q, .

Arbitrarily taking M �
(

m(1/)
m−1(m/)

)1/p(
1
|1|
)1/q

W1

(
m
p − 

q −1
)

, (4) can be obtained.

Necessity. Supposing (4) holds. If c < 0, let’s first discuss the case where 1 < 0.
At this point, take 0 <  < c

1
. Set an = n−(+1−1)/p (n = 1,2, · · ·) , and

f (x) =

{
‖x‖−(+m+)/q

 ,m , ‖x‖ ,m � 1,

0, ‖x‖ ,m < 1.
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It follows from Lemma 4 that

‖ã‖p,‖ f‖q, =

(



n=1

n−1+1

)1/p(∫
‖x‖ ,m�1

‖x‖−m−
 ,m dx

)1/q

�
(

m(1/)
m−1(m/)

)1/q(
1+

∫ +

1
t−1+1dt

)1/p(∫ +

1
u−1−du

)1/q

=
(

m(1/)
m−1(m/)

)1/p 1


(
1+

1
|1|
)1/p

.

Again by Lemma 4, we obtain

Ã(K, ã, f ) =



n=1

n−
+1

p + 1
p

(∫
||x||,m�1

K
(
n,‖x‖ ,m

)‖x‖− +m
q − 

q
 ,m dx

)
=

m(1/)
m−1(m/)




n=1

n
1
q− 

p −1+ 1
p

(∫ +

1
K(n,u)u−

+m
q − 

q +m−1du

)
=

m(1/)
m−1(m/)




n=1

n1+ 1
q− 

p −1+ 1
p

(∫ +

1
K(1,u ·n1)um

p − 
q −1− 

q du

)
=

m(1/)
m−1(m/)




n=1

n
1+ 1

q− 
p −1+ 1

p −1
(

m
p − 

q

)
+ 1

q

(∫ +

n1
K(1,t)t

m
p − 

q −1− 
q dt

)
=

m(1/)
m−1(m/)




n=1

n−1−c+1
(∫ +

n1
K(1,t)t

m
p − 

q −1− 
q dt

)
� m(1/)

m−1(m/)




n=1

1
n1+c−1

∫ +

1
K(1,t)t

m
p − 

q −1− 
q dt.

It follows that




n=1

1
n1+c−1

∫ +

1
K(1,t)t

m
p − 

q −1− 
q dt

�
(

m(1/)
m−1(m/)

)−1/p M


(
1+

1
|1|
)1/p

< +. (5)

Since c < 0, 1 < 0, 0 <  < c
1 , we get 1+ c− 1 < 1, thus 

n=1
1

n1+c−1 = + ,
which contradicts (5).

Further discuss the case where 1 > 0. Take 0 <  < −c
1 . Let an = n−(+1+1)/p

(n = 1,2, · · ·) , and

f (x) =

{
‖x‖−(+m−)/q

 ,m , ‖x‖ ,m � 1,

0, ‖x‖ ,m > 1.
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Then

‖ã‖p,‖ f‖q, =

(



n=1

n−1−1
)1/p(∫

‖x‖ ,m�1
‖x‖−m+

 ,m dx

)1/q

�
(

m(1/)
m−1(m/)

)1/q(
1+

∫ +

1
t−1−1dt

)1/p(∫ 1

0
u−1+du

)1/q

=
(

m(1/)
m−1(m/)

)1/q 1


(
 +

1
1

)1/p

,

Ã(K, ã, f ) =



n=1

n−
+1

p − 1
p

(∫
‖x‖ ,m�1

K
(
n,‖x‖ ,m

)‖x‖− +m
q + 

q
 ,m dx

)
=

m(1/)
m−1(m/)




n=1

n
1
q− 

p −1− 1
p

(∫ 1

0
K(n,u)u−

+m
q +m−1+ 

q du

)
=

m(1/)
m−1(m/)




n=1

n1+ 1
q− 

p −1− 1
p

(∫ 1

0
K (1,u ·n1)u

m
p − 

q −1+ 
q du

)
=

m(1/)
m−1(m/)




n=1

n−1−c−1
(∫ n2

0
K(1,t)t

m
p − 

q −1+ 
q dt

)
� m(1/)

m−1(m/)




n=1

1
n1+c+1

∫ 1

0
K(1,t)t

m
p − 

q −1+ 
q dt.

It follows that




n=1

1
n1+c+1

∫ 1

0
K(1,t)t

m
p − 

q −1+ 
q dt

�
(

m(1/)
m−1(m/)

)−1/p M


(
 +

1
1

)1/p

< +. (6)

In view of c < 0, 1 > 0, and 0 <  < −c
1

, we have 1+ c+ 1 < 1. Therefore, 
n=1

1
n1+c+1

= + , which contradicts (6).

From the above, it can be concluded that c � 0.

(ii) Let c = 0. If the optimal constant factor of (4) is not M0 , then there exists a
constant M > 0, such that

Ã(K, ã, f ) � M‖ã‖p,‖ f‖q, ,

M < M0 =
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
n
p
− 

q
−1

)
. (7)
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If 1 < 0, taking sufficiently small  > 0 and  > 0, setting an = n−(+1−1)/p

(n = 1,2, · · ·) , and

f (x) =

{
‖x‖−(+m+)/q

 ,m , ‖x‖ ,m �  ,

0, 0 < ‖x‖ ,m <  .

A similar calculation yields

‖ã‖p,‖ f‖q, =

(



n=1

n−1+1

)1/p(∫
‖x‖,m�

‖x‖−m−
 ,m dx

)1/q

�
(

m(1/)
m−1(m/)

)1/q(
1+

∫ +

1
u−1+1du

)1/p(∫ +


u−1−du

)1/q

=
(

m(1/)
m−1(m/)

)1/q 1


(
 +

1
|1|
)1/p

−/q,

Ã(K, ã, f ) =



n=1

n−
+1

p + 1
p

(∫
‖x‖,m�

K
(
n,‖x‖ ,m

)‖x‖− +m
q − 

q
 ,m dx

)

=
m(1/)

m−1(m/)




n=1

n1+ 1
q− 

p −1+ 1
p

(∫ +


K (1,u ·n1)u

m
p − 

q −1− 
q du

)
=

m(1/)
m−1(m/)




n=1

n−1+1
(∫ +

n1
K(1,t)t

m
p − 

q −1− 
q dt

)
� m(1/)

m−1(m/)




n=1

n−1+1
∫ +


K(1,t)t

m
p − 

q −1− 
q dt

� m(1/)
m−1(m/)

∫ +

1
t−1+1dt

∫ +


K(1,t)t

m
p − 

q −1− 
q dt

=
m(1/)

m−1(m/)
1

|1|
∫ +


K(1,t)t

m
p − 

q −1− 
q dt.

Consequently, (
m(1/)

m−1(m/)

)1/p 1
|1|

∫ +


K(1, t)t

m
p − 

q −1− 
q dt

� M

(
 +

1
|1|
)1/p

−/q. (8)

Without losing scientific nature, consider  as a decreasing sequence {ck} that con-
verges to 0. It follows from Fatou’s lemma that∫ +


K(1,t)t

m
p − 

q −1dt =
∫ +


liminf
k→+

K(1,t)t
m
p − 

q −1− ck
q dt

� liminf
k→+

∫ +


K(1,t)t

m
p − 

q −1− ck
q dt. (9)
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According to (9), letting  → 0+ in (8), that is, taking the lower limit when k → + ,
we can obtain(

m(1/)
m−1(m/)

)1/p 1
|1|

∫ +


K(1,t)t

m
p − 

q −1dt � M

(
1
|1|
)1/p

.

It follows that(
m(1/)

m−1(m/)

)1/p( 1
|1|
)1/q ∫ +


K(1, t)t

m
p − 

q −1dt � M.

Then let  → 0+ , we have(
m(1/)

m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
� M,

which contradicts (7).
If 1 > 0, taking a sufficiently small  > 0 and a sufficiently large N > 0, setting

an = n−(+1+1)/p (n = 1,2, · · ·) , and

f (x) =

{
‖x‖−(+m−)/q

 ,m , ‖x‖ ,m � N,

0, ‖x‖ ,m > N.

Then a similar discussion leads to

‖ã‖p,‖ f‖q, �
(

m(1/)
m−1(m/)

)1/q 1


(
 +

1
|1|
)1/p

N/q.

Ã(K, ã, f ) =



n=1

n−
+1

p − 1
p

(∫
‖x‖ ,m�N

K
(
n,‖x‖ ,m

)‖x‖− +1
q + 

q
 ,m dx

)
=

m(1/)
m−1(m/)




n=1

n1+ 1
q− 

p −1− 1
p

(∫ N

0
K (1,u ·n1)u

m
p − 

q −1+ 
q du

)
=

m(1/)
m−1(m/)




n=1

n−1−1
(∫ Nn1

0
K(1,t)t

m
p − 

q −1+ 
q dt

)
� m(1/)

m−1(m/)

∫ +

1
t−1−1dt

∫ N

0
K(1,t)t

m
p − 

q −1+ 
q dt

=
m(1/)

m−1(m/)
1

|1|
∫ N

0
K(1,t)t

m
p − 

q −1+ 
q dt.

Consequently, (
m(1/)

m−1(m/)

)1/p 1
|1|

∫ N

0
K(1,t)t

m
p − 

q −1+ 
q dt

�M

(
+

1
|1|
)1/p

N/q.
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Let  → 0+ . It follows from Fatou’s lemma that(
m(1/)

m−1(m/)

)1/p( 1
|1|
)1/q ∫ N

0
K(1, t)t

m
p − 

q −1 dt � M.

Then let N → + , we have(
m(1/)

m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
� M,

which contradicts (7).
To sum up, M0 is the best factor of (4). �

4. Parameter conditions and norms for bounded operators with
super-homogeneous kernels

THEOREM 2. Suppose that 1
p + 1

q = 1 (p > 1) , m ∈ N+ ,  > 0 , , ∈ R ,

12 = 1 , 1 + 12 = 0 , 1
(

m
p − 

q

)
−
(

1
q − 

p

)
−1 = c, x = (x1,x2, · · · ,xm) ∈ R

m
+ ,

‖x‖ ,m =
(
x1 + x2 + · · ·+ xm

)1/
, K(u,v) > 0 is a super-homogeneous function with

parameters {1,2,1,2} , K(t,1)
1
q− 

p −1+c monotonically decreases on (0,+) , and

W1

(
m
p − 

q −1
)

< + . The operators T1 and T2 are defined by

T1(ã)(x) =



n=1

K
(
n,‖x‖ ,m

)
an, ã = {an} ∈ lp ,

T2( f )n =
∫

R
m
+

K
(
n,‖x‖ ,m

)
f (x)dx, f ∈ Lq

(
R

m
+
)
.

(i) T1 is a bounded operator from lp to L (1−p)
p

(
R

m
+
)

and T2 is a bounded oper-

ator from Lq
(
R

m
+
)

to l(1−q)
q if and only if c � 0 , i.e., 1

(
m
p − 

q

)
−
(

1
q − 

p

)
� 1 .

At this point, the operator norms of T1 and T2 satisfy

‖T1‖ = ‖T2‖ �
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
.

(ii) When c = 0 , i.e., 1
(

m
p − 

q

)
−
(

1
q − 

p

)
= 1 , the operator norms of T1 :

lp → L (1−p)
p

(
R

m
+
)

and T2 : Lq
(
R

m
+
)→ l(1−q)

q are

‖T1‖ = ‖T2‖ =
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
.

Proof. According to the basic theory of Hilbert-type inequality [9], (4) is equiva-
lent to the following operator inequalities

‖T1(ã)‖p, (1−p) � M‖ã‖p, , ‖T2( f )‖q,(1−q) � M‖ f‖q, .

Hence by Theorem 1, Theorem 2 holds. �
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COROLLARY 1. Let 1
p + 1

q = 1 (p > 1) , m ∈ N+ ,  > 0 , 1 > 0 , 2 > 0 ,

−1 �  < p− 1 , 1
1

(
1
q − 

p

)
= 1

2

(
m
p − 

q

)
, x = (x1,x2, · · · ,xm) ∈ R

m
+ , ‖x‖ ,m =(

x1 + x2 + · · ·+ xm
)1/

, operators T1 and T2 be defined by

T1(ã)(x) =



n=1

e−n1‖x‖2,man, ã = {an} ∈ lp ,

T2( f )n =
∫

R
m
+

e−n1‖x‖2,m f (x)dx, f ∈ Lq
(
R

m
+
)
,

respectively. Then T1 is a bounded operator from lp to L (1−p)
p

(
R

m
+
)

and T2 is a

bounded operator from Lq
(
R

m
+
)

to l(1−q)
q , and the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
(

m(1/)
m−1(m/)

)1/p 1

 1/q
1  1/p

2


(

1
1

(
1
q
− 

p

))
.

Proof. Let

K(u,v) = e−u1v2 , u > 0, v > 0.

Then K(u,v) > 0 and is a super-homogeneous function with parameters
{

0,0, 1
2

, 2
1

}
,

that is, 1 = 2 = 0, 1 = 1
2

, 2 = 2
1

. Obviously, 12 = 1, 1 + 12 = 0, and

1
(

m
p − 

q

)
−
(

1
q − 

p

)
= 1 can transformed into 1

1

(
1
q − 

p

)
= 1

2

(
m
p − 

q

)
.

Since −1 <  < p− 1, 1
1

(
1
q − 

p

)
= 1

2

(
m
p − 

q

)
, we have m

p − 
q > 0 and

1
q − 

p −1 < 0. Thus

K(t,1)t
1
q− 

p −1 = t
1
q− 

p −1e−t1

monotonically decreases on (0,+) , and

W1

(
m
p
− 

q
−1

)
=
∫ +

0
K(1,t)t

m
p − 

q −1 dt

=
∫ +

0
t

m
p − 

q −1e−t2 dt =
1
2

∫ +

0
u

1
2

(
m
p − 

q

)
−1

e−u du

=
1
2

∫ +

0
u

1
1

(
1
q− 

p

)
−1

e−u du =
1
2

(

1
1

(
1
q
− 

p

))
< +.

It follows from Theorem 2 that T1 is a bounded operator from lp to L (1−p)
p

(
R

m
+
)

and

T2 is a bounded operator from Lq
(
R

m
+
)

to l(1−q)
q , and the operator norms of T1 and

T2 are

‖T1‖ = ‖T2‖ =
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
=
(

m(1/)
m−1(m/)

)1/p 1

 1/q
1  1/p

2


(

1
1

(
1
q
− 

p

))
. �
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COROLLARY 2. Assuming 1
p + 1

q = 1 (p > 1) , m ∈ N+ ,  > 0 , 0 �  < 1 ,

1 > 0 , 2 > 0 ,  > −1 , 1
1

(
1
q − 

p

)
= 1

2

(
m
p − 

q

)
= 1 , x = (x1,x2, · · · ,xm) ∈ R

m
+ ,

‖x‖ ,m =
(
x1 + x2 + · · ·+ xm

)1/
, operators T1 and T2 are defined by

T1(ã)(x) =



n=1

an(
n21 +‖x‖22

 ,m

)
arctan

(
n1/‖x‖2

 ,m

) , ã = {an} ∈ lp ,

T2( f )n =
∫

R
m
+

f (x)dx(
n21 +‖x‖22

 ,m

)
arctan

(
n1/‖x‖2

 ,m

) , f ∈ Lq
(
R

m
+
)
,

respectively. Then T1 is a bounded operator from lp to L (1−p)
p

(
R

m
+
)

and T2 is a

bounded operator from Lq
(
R

m
+
)

to l(1−q)
q , and the operator norms of T1 and T2 are

‖T1‖ = ‖T2‖ =
(

m(1/)
m−1(m/)

)1/p 1

(1− ) 1/q
1  1/p

2

(
2

)1−
.

Proof. Set

K(u,v) =
1(

u21 + v22
)
arctan

(
u1/v2

) , u > 0, v > 0.

Then K(u,v)> 0 and is a super-homogeneous function with parameters
{
−21,−22,

− 1
2

,− 2
1

}
, that is, 1 = −21 , 2 = −22 , 1 = − 1

2
, 2 = − 2

1
. Obviously,

12 = 1, 1 + 12 = 0.
In view of  � 0, 1 > 0, 2 > 0,  > −1, we obtain 1

q − 
p −1 � 0. Hence

K(t,1)t
1
q− 

p −1 =
1(

t21 +1
)
arctan

(
t1
) t 1

q− 
p −1

monotonically decreases on (0,+) . Since 0 �  < 1, 1
2

(
m
p − 

q

)
= 1, it follows

that

W1

(
m
p
− 

q
−1

)
=
∫ +

0
K(1,t)t

m
p − 

q −1 dt

=
∫ +

0

1(
1+ t22

)
arctan

(
1/t2

) t m
p − 

q −1 dt

=
1
2

∫ +

0

1

(1+u2)arctan u
u

1− 1
2

( m
p − 

q )
du

=
1
2

∫ +

0

1

(1+u2)arctan u
du =

1
2

∫ +

0
arctan− u d(arctan u)

=
1
2

1
1−

arctan1−u

∣∣∣∣+

0
=

1
2(1− )

(
2

)1−
< +.
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From 1
1

(
1
q − 

p

)
= 1

2

(
m
p − 

q

)
= 1, we have 1

1

(
1
q − 

p

)
+ 1

2

(
m
p − 

q

)
= 2, and

then 1
(

m
p − 1

q

)
−
(

1
q − 

p

)
= 1 .

In summary and by Theorem 2, T1 is a bounded operator from lp to L (1−p)
p

(
R

m
+
)

and T2 is a bounded operator from Lq
(
R

m
+
)

to l(1−q)
q , and

‖T1‖ = ‖T2‖ =
(

m(1/)
m−1(m/)

)1/p( 1
|1|
)1/q

W1

(
m
p
− 

q
−1

)
=
(

m(1/)
m−1(m/)

)1/p 1

(1− ) 1/q
1  1/p

2

(
2

)1−
. �
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