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CONSTRUCTION CONDITIONS OF BOUNDED OPERATORS WITH
SUPER-HOMOGENEOUS KERNELS IN HIGH-DIMENSIONAL
SPACE AND THE ESTIMATION OF OPERATOR NORM

QIAN ZHAO, BING HE* AND YONG HONG

(Communicated by L. Mihokovic)

Abstract. The concept of super-homogeneous functions is introduced, and the construction con-
ditions of bounded operators with super-homogeneous kernels between high-dimensional weigh-
ted Lebesgue function spaces and weighted Hilbert-type sequence spaces are discussed. The
sufficient and necessary conditions for operator boundedness and the estimation formula for op-
erator norm are obtained, and the exact calculation formula for operator norm is obtained under
specific conditions. Finally, several special cases of applications are presented.

1. Introduction

Assuming L+ 1 =1 (p>1), a={a} € 7%, f € Ly(0,4<), K(u) mono-
tonically decreases on (0,+e0). In 1934, Hardy [4] gave the following Hilbert-type
inequality with a non-homogeneous kernel K (nx):

foo & 1 = 5 e e 1/q
_ P— P q
/0 ;K(nx)anf(x)dx <o (p) }zlln ] (/0 ()] dx)
1
— (1—,) 1l -2l 0

Consider a discrete operator 7] and an integral operator 7> with the kernel K (nx):

oo 4o

Ti(a) =Y K(nx)an, To(f)n= K(nx)f(x)dx.

n=1 0
Then (1) is equivalent to the following inequalities

1 1
In@l, < ¢ (1—)) W2 1Ty 2 <0 (;) T @)
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(2) indicates that 7 is a bounded operator from lf,’*z to L,(0,+-c0) and 75 is a bounded
operator from L;(0,4<) to l,’fz. T; implements a bounded mapping from sequence
space [} 2 to function space L,(0,4<), and 7> implements a bounded mapping from

function space L, (0,4-<0) to sequence space ZZ_z.

Due to its important applications in operator theory and analytical disciplines,
Hilbert-type inequalities have received widespread attention. [3,11,14-16,19,20,23,24]
introduced independent parameters to generalize and improve Hilbert-type inequalities,
while [1,5,6,12,13,22] discussed some high-dimensional Hilbert-type inequalities. In
order to further explore the Hilbert-type inequality, [7,10,18,21] considered the optimal
parameter matching problem of Hilbert-type inequality and sought the rule of optimal
parameters, while [2, 8, 17] discussed the conditions for constructing Hilbert-type in-
equalities and bounded operators.

In this article, we will discuss the construction of bounded operators with super-
homogeneous kernels in high-dimensional spaces. To this end, we first generalize the
Lebesgue space to a weighted high-dimensional Lebesgue space: Let r > 1, a € R,

meN={1,2,3,-}, x=(x1,%2, -, 5m) ER™, 0 >0, ]l pm = (428 +---+0) P

Define
1/r
f(x)|’dx) < +o<>} )

When m=1,a =0, L (R”) is the usual Lebesgue space L,(0,+c). We call

LY (RY) = {f(x) Nl = ( Ll

+

- 1/r
I} =9 a={an}: all e = (2”[% |anr> < oo
n=1

a weighted Hilbert-type space.

Let 01,0%,71,T» € R, and function K(u,v) satisfy the following condition for any
t>0:

K(tu,v) =t K (u,t""v), K(u,tv) =tK (t2u,v).

Then K (u,v) is called a super-homogeneous function with parameters {0y, 03, 71,72 } .
When 6y =0, =4, 11 =T = —1, K(u,v) is a typical A-order homogeneous func-
tion. Super-homogeneous functions are a natural extension of homogeneous func-
tions, which include most common kernel functions. Specifically, there holds K(¢,1) =
11K (1,6™), K(1,1) =1%2K (t™,1). Since

K(tu,v) = 1K (u,i"v) = 1O 02K (17172, v) |

it can be seen that in the general case, there hold 7,7, =1 and o] 4+ 710> = 0. There-
fore, in our discussions, we always assume that 7,7, = 1, 0]+ 770, =0.
For the sake of simplicity, denote

oo e
Wils) = | K(Loeds, Wals) = | K(t, 1)rdr,

AK.a.)= [ K ¥lpm) anf (.
+ n=1
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2. Preliminary lemmas
LEMMA 1. Let 1117 = 1. Then o1 + 1162 = 0 is equivalent to 6, + 1,01 =0.

Proof. If o1+ 1100 =0, then 1,01+ 717202, =0. Hence 0, + 101 = 0. Con-
versely, if 0, + 1,01 =0, then 1,0 + 717201 =0. Thus 61+ 700 =0. O

LEMMA 2. Let 7,1 = 1, 6y + 17,0, = 0. Then Ty (%—ﬁ)—<l—%) — oy is

q 9 p
equivalent to T <$ — %) — (% - g) = 0.

Proof. Tt follows from Lemma 1 that 6, + 1,01 =0.

If 7, (%—5)—(5—2‘)—Gl,thenrlrz(——g (é %)z*czcl: —0y.
Hence 7 (é — %) — (% — g) = 0,. Conversely, if (é — %) — (m g) = 0y, then
rlrz(——%>—rl<%—§> :7102:—0'1.Thusrl<%—§> ( %):ol. O

LEMMA 3. Suppose that l%—i-tl] =1 (p>1), nim=1, oy+110, =0, K(u,v)
B

is a super-homogeneous function with parameters {0y,0,7, T2 }, and T <; — 3) —
(l — g) — o0y =c. Then

q P
1 1 1
Wf’(%—%—l)Wz"(é—%—H—c): 1W1<T—E—1>. 3)
|7y |4 P q

_BY_(1_a)_ G5 —¢ i
q) (q p) o] = c, it follows that

+00 m ﬁ
W, (T—E—1> :/ KL= dr
P 4 0
+00 m
:/ K™, 1) 5 g

oo b
I ),
A

oo m_BY_
—tal [ ke () gy
0

~+oo
:\m/ K(u, Dy Oti—frortel g
0
oo 1_« .
- \m/ K, Dt~ 7~ du
0
1

1 o
S Lm(loe),
T2 qg p

Therefore, W, (é — % -1 +c> = %Wl < — g — ) , and (3) can be obtained. [
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LEMMA 4. [9] Lee me Ny, p >0, r>0, x= (x1,x,- -~

(o +x5 +- ) l/p, @ (u) be a measurable function. Then

s Xm) € R, ||pr,m =

"(1/p) / |
m = " d
AXH;)#mSV(p( Xllp, ) pm IF m/p (p u,
Fm(l/p) e m—1
@ Xl p.m dx= ———— o(u)u du’
‘ALH&m?r (H ”p/ ) pnﬁJIﬂOn/p) r ( )

Lot

where T(t) is the Gamma function.

n)di=

LEMMA 5. Suppose that 117

(1/p)

—|—}1:1 (p>1),meNL, p>0, x=(x1,x2, ",

] /+wq)(u)u’”_1 du,

p™1T(m/p) Jo

Xm) €

R, (x]lpn = (2] 425 4+ +x) l/p, K(u,v) >0 is a super-homogeneous function

1_«a .
with parameters {6y, 05,71,72}, K(t,1)t4~ » " monotonically decreases on (0, o).
Then
B _Bim
wl(nvﬁ):‘/RmK(’L 5 ) P, ! dx

_(1/p)
T (m/p)

(x,00) = ZK(nJ

62+T2( -1
Hx”p m

B_
n0'1+‘t'1(q

Proof. Tt follows from Lemma 4 that

(1/p)

+o0

(3-8,

)ni (x;)rl+c

ﬁ+m

D - NP K +m—1
(J)l(n,ﬁ) p,n_lr(m/p) (n7u) du
mn B
—r{l(i 61/ K(lu-n* )ul’ 7 du
p"~'I(m/p)
_I"(/p) 01+Tl<§—',—',‘) e m_ By
_pm—ll“(m/p)n A K(1,t)tr—a "dt
__Pp) e (B-)y, (m_é_l)
p"=T(m/p) P 4
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a .
7;71+c

1
Since K(¢,1)t4 monotonically decreases on (0, +e), it can be seen that

(6, 00) = 3K (||l p) ni 55
n=1

ZK(

a 1

0y — 1'2 _—=— 77@71 .
' ZK( Al 1) (-l gm) e 0

+ Q_l_;'_l_ oo
, ’2("" C>/ K (- o 1) (u

(x 1

= Ixllpon 777/ K@, )5y
1

- 2<%7T€)W2 (l 2 +c>. O
g p

)nﬁ_F_H_C

)* l+cdu

'U

3. Construction conditions for high-dimensional half-discrete Hilbert-type
inequalities with super-homogeneous kernels

THEOREM 1. Assuming l%—l—é =1 (p>1),meN,, p>0, a,peR, 111, =1,
o1+ 10,=0, 7 (%—g) - (é— %) —o1=c, x=(x1,X2,- -, %) € R,
xp—l—xp—l—---—i—xﬁ, l/p, K(u,v) > 0 is a super-homogeneous function with parameters
( 1 2 ) D 8 4

x||p7m -

1 _oa_ 4. .
{o1,00, 71,12}, K(t,1)ta " » ¢ monotonically decreases on (0,40), and

W1<%—E—l><+oo.

(i) If and only if ¢ 2 0, i.e., T ( g) — (é — %) > 01, there exists a constant
M > 0, such that

m) anf (x)dx < Ml|a], )

/miK(n
+n=1
m 1/p 1/q
e a = o) 1. s 8 ) w3 ()" (1) (54 1)

(ii) When ¢ =0, i.e., 1 <— — g) — (é — %) = 01, the optimal constant factor of
(4) is

- (E) () “n -

Proof. (1) Sufficiency. Let ¢ > 0. It follows from the mixed Holder’s inequality,
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Lemma 5, and Lemma 3 that
i) = [ 3 K (1 xlpan) anf ()
+n=1
oo (O(Jrlfcp)/(pq) ||xH (B+m)/(pq)
B /R1 2 B Brm)/(pq) (oc+1 CP)/(P‘I)f(x) K (. [lxllo.m) d

- 1/p
: </ > D S g P K (n, ], >d">
+ n=1

o 1/q
Ly 2l e s 12201 ) o ], )dx)
+ n=1

> Ve 1/q
(2 =110, (nﬁ)) (L, Wm0,
n=1 T
I (1/p) )”” 1p (m_ﬁ_ /g (1_g_
(p’” 'T(m/p) i P q l) ", qg p l+c)
oo (z+l p m I/p Bl o (2 1 1/q
(2 *"‘*“(g‘FNaHV’) ( [ )f(x)lqu>
B (1/p) )1/1!7 <L>1/4 (@ _E_ )
- (pmlmm/p) ) M
o Ip 1/q
X (2 no“"’|an’7> </RT f(x)|’1dx>
<< Fm l/p )1/17( )1/11 1<ﬂ_é_l>
p" T (m/p) |71 P q

1/1’ 1/q
<Zn°‘ Jan ) <x>|qu)

_(_I(/p) Ve (m B )
- ()’ <m> (25 i

m 1/ 1/
Arbitrarily taking M > (%) p < ﬁ ) qu (_ _B_ ) (4) can be obtained.

Necessity. Supposing (4) holds. If ¢ < 0, let’s first discuss the case where 7; < 0.
At this point, take 0 < € < TC—I Set a, = n—(@t1-m€)/p (n=1,2,---), and

(B+m+e)/
X m = 1,
Fla) = { Il o Ixllp,

Ov ”xHPJ" <L
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It follows from Lemma 4 that

oo

1/p 1
falpalslp = (S ) (0 lpliear)
n=1 xllp.m>1
m 1/q Foo 1/p Yoo 1/q
< (M) (1+/ t”“%z) (/ ulgdu)
p" T (m/p) | 1
_ (M)””l (i +L)w
pm'T(m/p)) & o)
Again by Lemma 4, we obtain

o+l _Btm_ ¢
Kaf 2” >+ </| H >1K(n7 ) X[ p.” qu)
Xllp,m=Z

. IM(1/p) in$7%71+% (/erl((nu Bim 1du>
~ "I (m/p) A 1 ’
m hd o 7€ oo m €
- _m/e) U/p) chﬁé_ﬁ_“rll’ ( K(l,u-n )zﬁ_g_ _ﬁdu)
p ' (m/p) & 1
__aje) in"l+é—%—1+ 3 r1(7;—§)+’1;< +°°K(1,t)t7—'?—§—1‘adt)
" (m/p) A ntl
"(1/p) i —l—ct1ie (/ K(1 t)tl’qlth)
~ p"'T(m/p) A
M"1/p) 1 Fee ,,E,l,,
~ p"T(m/p) 2n1+c Te K(QLopr e sd
It follows that
— 1 tee m_B_|_¢&
ZT K(Lt)lp q ! adr
n:ln c—T|E 1
Fm(l/p) —I/PM 1 1/p
< | —— — 1+ — oo, 5
<pm—1r<m/p> e\!T) <7 ®

Since ¢ <0, 11 <0,0<e< TCT’ we get 1 +c—11€ <1, thus Y7

1
n1+c—rle = +°°7
which contradicts (5).

Further discuss the case where 7, > 0. Take 0 < € < =<. Let a, = n~(@t1+78)/p
(n=1,2,---),and

£ = { Iellogn ™7, lixllom < 1.

Ov ”xHPJ" > 1.



530 Q. ZHAO, B. HE AND Y. HONG

Then
o 1/p 1/q
Jalpal g = (S oe ) ([ elprear)
n=1 \prm<1
l'*m 1/,0 71 1/p 1 _q 1/q
< 1 T1€ / +e
(p’” 'T(m/p) ) ( +/ dt) o
_( I (1/p) ) 1( +1>””
pm-'L(m/p)) € n)
o T € ﬁ+m e
2" e (/ K (n,||x]|p.m) +qu)
[[x[lp,m<1
1ﬂm(l/P) >, L-g-1-T8 Bim 14t
=gt 2y T () K
m e T1€
= pmrlg(/mp/)m ZHGH _____ - (/ K(1,u-n" -1+ du)
-
= T m/p) Z ne / K(1,0)t T
M(1/p) m by
Pm IF(m/p) 2 n1+c+rle/ K 1 t ! adr.
It follows that

oo

1 1 m_ﬁ_1+§
- P oa q
n§=:1n1+c+rl€/0 K(l’t)t dt

Fm(l/p) —I/PM 1 1/p
< | ——— — e+ — < oo, 6
(P’”‘lf(m/p) e "1y " ©
Inviewof c <0, 71 >0,and 0 < € < ;—f, we have 1 +c¢+ 716 < 1. Therefore, ¥,
H++” = +oo, which contradicts (6).
n 1

From the above, it can be concluded that ¢ > 0.

(i) Let ¢ = 0. If the optimal constant factor of (4) is not M, then there exists a
constant M > 0, such that

A(K7d7f) < MHd”Pv

M <M= (#&)}p)) N (ﬁ) I/qwl (E -

N

g—l). 7
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If 7; < 0, taking sufficiently small € >0 and § > 0, setting a, = n~(*+1-7)/p
(n=1,2,---),and

B+m+8)

>0
pm = O,
fx) = {
0,
A similar calculation yields

o 1/p 1/q

_ znflJrrla (/ —m— gdx)

n=1 HXHp m>6

() o[ o) ([ )
m 1/ 1/
= () Y (e L) s

atl 1€ _Btm_ ¢
Zn 5 / K (x| o) 116l oo’ “x
Hprm>5

m > o 7€ Foo m_B €
= Fl(l/p 2 1ty ( K(Lu-nrl)uv_q_l_qdu)
" 'T(m/p) A 5
m > Foo m €
__M/e) 2 —leme KL=
" 1T(m/p) = Sntl
> Fm(l/p < 71+T1£/ K 1 l —7;7175(1
p"1T(m/p)
m oo B e
> _Mjo) / *l”lgdt/ K(1,0)tr 0 "ads
P T0(m/p)
(1 1 e m_ By ¢
= 1( /P) K(1,0)er—a '"ade
p"L(m/p) |n|e Js
Consequently,
(1 Vp g e w_B_y_e
R
p"'T(m/p))  |ul /s
1 1/p
<M <e+ —) 5¢/a, (8)
|71

Without losing scientific nature, consider € as a decreasing sequence {c;} that con-
verges to 0. It follows from Fatou’s lemma that

Fe m_B_ T __E_l_”_k
K(1,t)tr—a "dr :/ liminfK (1,¢)t7 "4 7 dt
) 5 k—+too
+oo __E_l_(‘/\
< liminf K(1,0)tr 4 a dr. 9)

k—+4oo J§
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According to (9), letting € — 0" in (8), that is, taking the lower limit when k — oo,
we can obtain

m 1/p +oo m 1/p
<7F1(1/p ) ! K(1Lo) 5= dr < M(l) .
p"T(m/p) 7] Js |7 |

It follows that
(] Up /1 \Va pte m_ B _
(%) <_) K(1,0)? ¢ 'dr <M.
p"Tm/p))  \lal) Js

Then let § — 0T, we have

(rter) () (5-5-1) <

which contradicts (7).
If 7; > 0, taking a sufficiently small € > 0 and a sufficiently large N > 0, setting
ay, =n~OH1FUE/P (p=12,...), and
—(B+m—¢)/q
X 5 X|lom < N7
P { 5 Il
07 HXHp,m >N.

Then a similar discussion leads to

) (/) NV LN,
IIap.,ocfllqﬁ<<m e\tmr) v

o+l 7€ ﬁ+l+§
Zn TR (/ K (1, %l p ) (121 qu>
Ixllpm<N

Fm (1/p) & L N m_B_y e
L S ([ st

MA/p) S —1-ze </Nn71 m By )
=— 1 N, K(1,0)tr " a "Ta dr
o T /p) 2 o KUY

(1 T N m_B_q. ¢
= 7,”71( /P) / T nEgy K(1,0)tra Yy ar
p"='T(m/p) J1

o) 1y w B
= T ey KO

Consequently,
(1 1/p 1 B_i.¢
( 1( /p) ) / K(L,0)5 4 5 4
p"Tm/p))  Tal
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Let € — 0T . It follows from Fatou’s lemma that

(%) " (%) : /ONK(IJ)/I"Z‘%‘1 dr <M.

Then let N — —+oo, we have

(508) ) (35

which contradicts (7).
To sum up, My is the best factor of (4). [

4. Parameter conditions and norms for bounded operators with
super-homogeneous kernels

THEOREM 2. Suppose that 11—7—1-%1 =1 (p>1), meNy, p>0, o, €R,

1
=1, 01+10,=0, 71 (%—g) - (5—%> — 01 =c, x=(x1,x2,- -, %) € RY,

X[ = (o +25 + -+ +xf,l)l/p, K(u,v) > 0 is a super-homogeneous function with
1
parameters {01,02,71, T2}, K(t, 1)5_%_1+C monotonically decreases on (0,4o0), and

Wi (% — g — 1) < —+oo. The operators Ty and T, are defined by

=

Ti(a)(x) = Y K (n.[|xllp.m) an, @={an} € I},

n=1

T = [ K (0. lllpm) 00, f € Lf (RT).

+

(i) Ty is a bounded operator from lg‘ to Lg (1=p) (Rﬁ) and T, is a bounded oper-
m 1—q) . . .
ator from Lg (R+) to l,;x( 9 ifandonly if c 20, i.e., T (% — g) — (é — %) > 0].
At this point, the operator norms of Ty and T satisfy

- () 1) o (3.

(ii) When ¢ =0, ie., T (% — g) — (i — %) = 0y, the operator norms of Tj :

1 — Lh"P (RY) and o L8 (R7) — 18" are

e () () w(2-4)

Proof. According to the basic theory of Hilbert-type inequality [9], (4) is equiva-
lent to the following operator inequalities

1@ g1y < MUl 1w <Ml f -
Hence by Theorem 1, Theorem 2 holds. [
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COROLLARY 1. Let 11—?+$:1 (p>1), meNy, p>0, Ay >0, A, >0,
“t<a<p-1, £ (1-2) =L (2-8), v = (om ) €RY, [illom =

(xﬁ) —|—)c‘2O + e +xﬁ,)l/p, operators Ty and T, be defined by

° A
T@w) = e Wi, a={a,} €12,

n=1

TZ(f)n - /;{m e*nlluxuﬁ‘sz(x)dx’ f e Lg (Rﬁ) 7

respectively. Then T is a bounded operator from ll‘f to Lg(l_p ) (RT) and T, is a

bounded operator from Lg (RT) to l,;x (17(1), and the operator norms of Ty and T, are

I (1/p) )1/” I (1 (1 a))
Ti| = | Bl = a\s=3))
H i H 2H <pmlr(m/p) 111/11121/17 AM\g p

Proof. Let

A A
K(uv)=e "2 u>0v>0.
Then K (u,v) > 0 and is a super-homogeneous function with parameters {07 0, %7 % } ,
that is, 0y = 0, =0, 7 = 4L, 7, = 2. Obviously, 117 = 1, 01 + 7,0, =0, and

m_BY_(1_a)_ into L(l_a\_ 1 (m_§B
Tl(p q) (q p) Glcantransformedmto/h (q p) /12<p q).

Since—1<oc<p—1,)+l(1 %):/1l2<ﬂ—ﬁ>,wehavem B~ 0 and

q9 P q P q

é—%—1<O.Thus
1_a_ 1l o | _a
K(t,1)ti v ' =g p te™

monotonically decreases on (0,+e), and
oo m_p
W (ﬂ—ﬁ—1> = [ k@0 ar
P q 0

+o o B P 1 teo 1 (m_B\_
:/ BTl g —/ )1 gy
0 A2 Jo

1 [t L(l—ﬁ>—1 _ 1 ( 1 (1 OC))
=— b\ P) e du=—T( — [ —-——=] ) < oo
/12/0 A \M\g p

It follows from Theorem 2 that 7; is a bounded operator from [ to Lg(l_p ) (R7) and

T is a bounded operator from L5 (R™) to 18"~ and the operator norms of 7} and

T, are
= () () (2

- (p’"rni(Fl(/nf/)pQ : xf/ql/lzl/l’r (kil (é - %)) -
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COROLLARY 2. Assuming %—l—é =1 (p>1), meN;, p>0, 0<A <,

A >0, >0 a>—1, %(%—%) = i(%_§> =1, x=(x1,x2,---,xn) € RY,

X/ p.m = (xﬁ) +oh +xﬁ,)1/p, operators Ty and T, are defined by
o dn ~
Ti(a)(x) =Y, , a={ay} €l
i1 (n2 x5 ) arctan (w11 ) '
dx
[ Fety (®Y).

B = | ,
21 (w24 x5 ) arctan? (/1))

respectively. Then Ty is a bounded operator from ll‘;‘ to Lg(lfp ) (Rﬂ) and T, is a
bounded operator from Lg (Rﬁ) to l,;x (1=a)

/) \ AN
HT1||:||T2H: <pmlr‘(m/p)> (1_)‘))‘11/51)‘21/17 (E) '

Proof. Set

, and the operator norms of Ty and T, are

1
(uh1 +v?2) arctan® (w1 /v72)’

K(u,v) = u>0,v>0.

Then K (u,v) > 0 and is a super-homogeneous function with parameters { —2A1, -2,

A A . A A .
— )T}‘)Tf}’ that is, 0] = —2A;, 00 = —2A, T| = _)T;’ Ty = —ﬁ. Obviously,

T =1, o1+10,=0.
Inviewof A >0, A; >0, A, >0, oo > —1, we obtain é—%—lgO.Hence
1 1 o

a3 7
K, e = (1 + 1) arctan® (f)“)tq ’

monotonically decreases on (0,4ec). Since 0 < A < 1, %2 (% - %) =1, it follows
that

+°° m ﬁ
2 (ﬂ— b_ 1) = [ K, ar
P q 0
/+°° 1 m_ B
= P
0 (147*)arctan* (1/42)

2 Jo  (1+u?)arctan* u

! / +w ! d ! / ” arctan* u d(arctan )
=— - du=—
A Jo (14 u?)arctan’ u A Jo
1 = 1

1 N\ 1-4
) . _/12(1—1)(§> < e

arctan ! —A u
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L(l_e)_ L(m_B)_ L(l_e)p L(m_BY_
From 7 (q p) =7 (p q) =1, we have i (q p>+/12 (17 q) =2, and
thenrl(m—i —(l—g>20'1.
P4 a p
In summary and by Theorem 2, 7; is a bounded operator from /) to Lg (=p) (R7)

and T is a bounded operator from L (R™) to I (79) "and

- () () (52

(/) N\ ! Ty
_<p’"‘1F(m/p)> (1—1)15/%1/P<2> -
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