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WEIGHTED BILINEAR DISCRETE HARDY–TYPE
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(Communicated by R. Oinarov)

Abstract. The paper contains a characterization a weighted Hardy-type inequality involving a
discrete bilinear operator with a matrix a weighted Lebesgue sequence spaces.

1. Introduction

Let 0 < q, p,s < and 1
p + 1

p′ = 1. Let u = {ui}i=1 be non-negative, v = {vi}i=1

and w = {wi}i=1 be positive sequences of real numbers. In the paper, we discuss the
following bilinear discrete Hardy-type inequality
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where C is a positive constant independent of f and g sequences of real numbers for
which the right side of the inequality (1) is finite, and (an, j) , n � j � 1, is a matrix,
whose non-negative entries satisfy the discrete Oinarov condition: there exist d � 1,
entries an, j are almost non-decreasing in n and almost non-increasing in j , such that
the inequalities

1
d

(an,k +ak, j) � an, j � d(an,k +ak, j) (2)

or, equivalently, the relation an, j ≈ an,k +ak, j hold for all n � k � j � 1.
Since our work is related to discrete inequalities, we review the history of the

discrete Hardy-type inequalities. In 1985, K. F. Andersen and H. P. Heinig presented
sufficient conditions for the following two weighted discrete Hardy-type inequalities in
the cases 1 < p � q <  and 1 < q < p <  for the first time in their works [2] and
[7]: (
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. (3)
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M. Sh. Braverman and V. D. Stepanov [6] obtained the fulfillment criterion of the
inequality (3) for the case 0 < q < 1 < p <  . Moreover, G. Bennett described in
detail the inequality (3) for almost all ratios of parameters p and q in the works [3],
[4] and [5]. A detailed description and comprehensive overview of the development of
continuous and discrete Hardy inequalities can be found in [12].

In later years, many authors have shown significant interest in studying the gener-
alized inequality (3) for the class of matrix operators given by
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under certain assumptions on matrix (ak,i) (see [13], [14], [15], [18], [21] and [22]).
In particular, the discrete Hardy-type operators with a matrix satisfying the discrete
Oinarov condition (2) were first investigated in [13] and [15]. In later years, such con-
ditions on the matrix have been significantly generalized. In article [16], the expanding
classes of matrices On , n � 0, were introduced and criteria of boundedness and com-
pactness for a wide class of matrix operators were obtained in the weighted space of
sequences. Currently, the inequality (3) involving various discrete quasilinear opera-
tors has been presented and explored by the authors of this paper (see [9], [17], [23]
and [24]). The findings related to the aforementioned linear and quasilinear operators
can be applied to characterize bilinear operators. In 2012, the following weighted in-
tegral Hardy-type inequalities involving bilinear operators were first considered in the
paper [1]:
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, (5)

where û, v̂, ŵ are locally integrable and positive measurable functions on (0,) and H1

is a bilinear operator defined as follows

(H1ĝ f̂ )(t) =
t∫

0

ĝ(x)dx

t∫
0

f̂ (x)dx, t ∈ (0,).

To prove the results, the authors used the discretization technique, which is complex
for the bilinear inequality. M. Křepela provided a much simpler proof for the char-
acterization of the validity of these inequalities, using an iteration technique that re-
duces the problem to the corresponding linear operator case. Additionally, the author
estimated the bilinear inequality for non-increasing functions in [11]. Furthermore,
two-dimensional and multidimensional cases of the bilinear inequality have been ex-
tensively studied (see [19], [20]). Bilinear discrete Hardy-type inequality (1) when
ak,i = 1 for all k � i � 1 has already been explored for all possible cases of parameters
0 < p,q,s <  in the recent paper [8]. The weighted estimates of discrete bilinear op-
erators, including Hardy operator and the matrix operator, have not been obtained yet,
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therefore, this paper is dedicated to addressing this problem. The aim of the paper is to
estimate the inequality (1) for the following cases of parameters p,q and s

1) min{p,s} � max{p,s} � q < , p,s ∈ (0,1] ;
2) 0 < min{p,s} � 1 < max{p,s} � q <  ;
3) 1 < min{p,s} � q < max{p,s} <  ;
4) min{p,s} � q < max{p,s} <  , 0 < min{p,s} � 1, max{p,s} > 1;
5) 0 < q < s � 1 < p <  .
The structure of the paper is as follows: Section 2 includes all the necessary aux-

iliary statements and definitions required to characterize inequality (1), while Section 3
contains the main results.

2. Auxiliary statements

In the section, we indicated some previous results that we need for the proof.

THEOREM A. (see [12]). (i) If 0 < p � 1, p � q <  , then inequality (3) holds
if and only if A1 <  , where
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(iv) If 0 < q < p � 1 , then inequality (3) holds if and only if A4 <  , where
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Moreover, C ≈ Ai , i = 1,2,3,4 , where C is the best constant in (3).
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THEOREM F. (i) (see [18]). If 0 < p � 1 , p � q < and the entries of the matrix
(ak,i) be non-increasing in i , then inequality (4) holds if and only if F1 <  , where
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(ii) (see [15]). If 1 < p � q <  and the entries of the matrix (ak,i) satisfy
condition (2), then inequality (4) holds if and only if F2 = max{F21,F22} <  , where

F21 = sup
j�1

(
j


i=1

v−p′
i

) 1
p′
(




k= j

aq
k, ju

q
k

) 1
q

,

F22 = sup
j�1

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′
(




k= j

uq
k

) 1
q

.

(iii) (see [13]). If 0 < q < p < , p > 1 and the entries of the matrix (ak,i) satisfy
condition (2), then inequality (4) holds if and only if F3 = max{F31,F32} <  , where
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Moreover, C ≈ Fi , i = 1,2,3 , where C is the best constant in (4).

THEOREM N. (see [12]). (i) If 1 < p � q <  , then inequality
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holds if and only if N1 <  , where
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(ii) If 0 < q < p <  and p > 1 , then inequality (6) holds if and only if N2 <  ,
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N2 ≈
∼
N2 =

⎡
⎢⎣ 


n=1

(
n


k=1

uq
k

) q
p−q

(



i=n

v−p′
i

) q(p−1)
p−q

uq
n

⎤
⎥⎦

p−q
pq

.

Moreover, C ≈ Ni , i = 1,2 , where C is the best constant in (6).

ASSUMPTION A. (see [16]). There exist d � 1, a sequence of positive numbers
{k}k=1 and a non-negative matrix (bi, j) , where bi, j is almost non-decreasing in i and
almost non-increasing in j such that the inequalities

1
d

(ai,k +bk, ji) � ai, j � d(ai,k +bk, ji) (7)

or, equivalently, the relation ai, j ≈ ai,k +bk, ji hold for all i � k � j � 1.

THEOREM Q. (i) (see [22]). If 0 < q < p <  , p > 1 and the entries of the
matrix (ai,k) satisfy Assumption A, then the inequality
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holds if and only if Q1 = max{Q11,Q12} <  , where

Q11 =

⎛
⎜⎝ 


n=1

(
n


j=1

bq
n, ju

q
j

) p
p−q

(



k=n

 p′
k v−p′

k

) p(q−1)
p−q

 p′
n v−p′

n

⎞
⎟⎠

p−q
pq

,

Q12 =

⎛
⎜⎝ 


n=1

(
n


k=1

uq
k

) q
p−q

(



i=n

ap′
i,nv

−p′
i

) q(p−1)
p−q

uq
n

⎞
⎟⎠

p−q
pq

.

(ii) (see [21]). If 1 < p � q <  and the entries of the matrix (ak,i) satisfy
Asumption A, then the inequality (8) holds if and only if Q2 = max{Q21,Q22} <  ,
where
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Moreover, C ≈ Qi , i = 1,2 where C is the best constant in (8).

REMARK 1. Note that the parameter ratio in Theorem F (iii) and Theorem Q (i)
from works [13] and [22] was 1 < q < p <  . However, it is not difficult to see that
these results can be extended to the case 0 < q < p <  , p > 1, which we will use in
Section 4 of this article.
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We also need the reverse Hö lder inequality for p > 1:
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LEMMA 1. (see [2]). Let r > 0 and ak be a non-negative sequence. Then
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Convention: The symbol E � F means E � CF with some constant C , depend-
ing on the parameters p , q and s . Moreover, the notation E ≈ F means E � F � E .

3. The main results

THEOREM 1. Let min{p,s} � max{p,s} � q <  and p,s ∈ (0,1] . Let the en-
tries of the matrix (an, j) satisfy condition (2). Then inequality (1) holds if and only if
A = max{A1,A2} <  , where
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m .

Moreover, C ≈ A, where C is the best constant in (1).

Proof. Let f � 0 and g � 0 be such that


i=1

|vi fi|p <  and

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Suppose that C is the best constant in the inequality (1), then we have
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Let’s denote Bq
n := uq
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Then applying Theorem F (i) to (10), we obtain
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Let k, j = 1 for k � j and k, j = 0 for k < j , then rewrite last estimate as follows
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j�1

v−1
j sup

g�0

(



k=1

k, ja
q
k, ju

q
k

(
k


i=1

gi

)q) 1
q

‖g‖−1
s,w.

By applying Theorem A (i) we have
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We consider the supremum with respect to m , dividing the range into two intervals.
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⎭ .

Therefore, C ≈ A. We confirmed that the order of taking the supremum with respect to
the sequences f and g in (10) gives the same result in both cases. Proof of Theorem 1
is complete. �

REMARK 2. Theorem 1 means that the inequality (1) holds for both cases p �
s � q < , 0 < p,s � 1 and s < p � q <  , 0 < p,s � 1.

THEOREM 2. Let 0 < min{p,s} � 1 < max{p,s} � q <  . Let the elements of
the matrix (an, j) satisfy condition (2).
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(a) If 0 < s � 1 < p � q <  , then inequality (1) holds if and only if D =
max{D1,D2,D3} <  , where

D1 = sup
n�1

w−1
n sup
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
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Moreover, C ≈ D in case (a) and C ≈ D in case (b), where C is the best constant in
(1).

Proof. Case (a). The proof of Theorem 2 can be started similarly as Theorem 1.
We apply Theorem F (ii) to (11), then we get
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By changing the order of the supremum and inserting k, j , we obtain
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By Theorem A (i), we get
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


k=n

k, ja
q
k, ju

q
k

) 1
q

w−1
n ,

sup
j�1

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′

sup
n�1

(



k=n

k, ju
q
k

) 1
q

w−1
n

⎫⎬
⎭= max{I1, I2}. (12)

First, we estimate I1 . We consider the supremum with respect to n , dividing the range
into two intervals.

I1 ≈ max

⎧⎨
⎩sup

j�1

(
j


i=1

v−p′
i

) 1
p′
(




k= j

aq
k, ju

q
k

) 1
q

sup
1�n� j

w−1
n ,

sup
j�1

(
j


i=1

v−p′
i

) 1
p′

sup
n� j

(



k=n

aq
k, ju

q
k

) 1
q

w−1
n

⎫⎬
⎭ .

By changing the order of the supremum, we have

I1 ≈ max{D1,D2}. (13)

Now we estimate I2 using the previous proof for I1 .

I2 ≈ max

⎧⎨
⎩sup

j�1

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′
(




k= j

uq
k

) 1
q

sup
1�n� j

w−1
n ,

sup
j�1

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′

sup
n� j

(



k=n

uq
k

) 1
q

w−1
n

⎫⎬
⎭

By changing the order of the supremum, we have

I2 ≈ max

⎧⎨
⎩sup

n�1
w−1

n sup
j�n

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′
(




k= j

uq
k

) 1
q

,

sup
n�1

(
n


i=1

ap′
n,iv

−p′
i

) 1
p′
(




k=n

uq
k

) 1
q

w−1
n

⎫⎬
⎭= D3 (14)

Therefore, (12), (13) and (14) give that C ≈ D. .
Case (b) can be proved similarly by exploiting Theorem F (i) and Theorem A (ii).

Proof of Theorem 2 is complete. �
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Let

Ak :=

(
k


i=1

ap′
k,iv

−p′
i

) q(p−1)
p−q

, Wk := max
1�i�k

w
− sq

s−q
i .

Since sequences {Ak}k and {Wk}k are non-decreasing, we define

Wn = Wn−Wn−1, Ak = Ak −Ak−1,

where A0 = 0 and W 0 = 0.

THEOREM 3. Let 1 < min{p,s} � q < max{p,s} <  . Let the elements of the
matrix (an, j) satisfy condition (2).

(a) If 1 < s � q < p < , then inequality (1) holds if and only if M = max{M1,M2,
M3} <  , where

M1 = sup
j�1

(
j


m=1

w−s′
m

) 1
s′
⎛
⎜⎝ 


k= j

(
k


i=1

ap′
k,iv

−p′
i

) q(p−1)
p−q

(



n=k

uq
n

) q
p−q

uq
k

⎞
⎟⎠

p−q
pq

,

M2 = sup
j�1

(
j


m=1

w−s′
m

) 1
s′
⎛
⎜⎝ j


k=1

(



n= j

aq
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

,

M3 = sup
j�1

(
j


m=1

w−s′
m

) 1
s′
⎛
⎜⎝ 


k= j

(



n=k

aq
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

.

(b) If 1< p� q< s < , then inequality (1) holds if and only if M =max{M4,M5,
M6,M7} <  , where

M4 = sup
j�1

(



n= j

aq
n, ju

q
n

) 1
q
(

j


i=1

v−p′
i

) 1
p′
(

j


m=1

w−s′
m

) 1
s′

,

M5 = sup
j�1

(
j


m=1

v−p′
m

) 1
p′
⎛
⎜⎝ 


n= j

(



k=n

aq
k, ju

q
k

) s
s−q

(
n


i=1

w−s′
i

) s(q−1)
s−q

w−s′
n

⎞
⎟⎠

s−q
sq

,

M6 = sup
j�1

(
j


k=1

ap′
j,kv

−p′
k

) 1
p′
(




n= j

uq
n

) 1
q
(

j


i=1

w−s′
i

) 1
s′

,

M7 = sup
j�1

(
j


m=1

ap′
j,mv−p′

m

) 1
p′
⎛
⎜⎝ 


n= j

(



k=n

uq
k

) s
s−q

(
n


i=1

w−s′
i

) s(q−1)
s−q

w−s′
n

⎞
⎟⎠

s−q
sq

.
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Moreover, C ≈ M in case (a) and C ≈ M in case (b) where C is the best constant in
(1).

Proof. Case (a). Let  fk = fk − fk−1 and +gk = gk − gk+1 . If i > j , then
j


k=i

= 0. Let’s write the Abel transformation for n � m � 1 as follows

n


k=m

fk+gk =
n


k=m+1

gk fk + fmgm − fngn+1.

Taking into account the relation a−1
k (ak − ak+1) ≈ ak − ak+1 for the positive

decreasing sequences {ak} and  > 0, we have

(



j=k

Bq
j

) q
p−q

Bq
k =

(



j=k

Bq
j

) q
p−q

(



j=k

Bq
j −




j=k+1

Bq
j

)
≈ +

(



j=k

Bq
j

) p
p−q

,

then we obtain




k=1

Ak

(



j=k

Bq
j

) q
p−q

Bq
k ≈




k=1

Ak+

(



j=k

Bq
j

) p
p−q

. (15)

By using Abel transformation for m � 1, we obtain

m


k=1

Ak+

(
m


j=k

Bq
j

) p
p−q

=
m


k=1

Ak

(
m


j=k

Bq
j

) p
p−q

where A0 = 0 and
m


j=m+1
= 0. By passing to the limit as m −→  and according to

(15), we obtain




k=1

Ak

(



j=k

Bq
j

) q
p−q

Bq
k ≈




k=1

Ak

(



j=k

Bq
j

) p
p−q

. (16)

Then we apply Theorem F (iii) to (11), we get

C ≈ max

⎧⎪⎪⎨
⎪⎪⎩sup

g�0
‖g‖−1

s,w

⎛
⎜⎝ 


k=1

(
k


i=1

ap′
k,iv

−p′
i

) q(p−1)
p−q

(



j=k

Bq
j

) q
p−q

Bq
k

⎞
⎟⎠

p−q
pq

,

sup
g�0

‖g‖−1
s,w

⎛
⎜⎝ 


k=1

(
k


i=1

v−p′
i

) p(q−1)
p−q

(



j=k

aq
j,kB

q
j

) p
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

⎫⎪⎪⎬
⎪⎪⎭

= max{I1, I2}. (17)
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Now we estimate I1 . From (16), we have

I1 = sup
g�0

‖g‖−1
s,w

⎛
⎝ 


k=1

Ak

(



j=k

Bq
j

) q
p−q

Bq
k

⎞
⎠

p−q
pq

≈ sup
g�0

‖g‖−1
s,w

⎛
⎝ 


k=1

Ak

(



j=k

Bq
j

) p
p−q

⎞
⎠

p−q
pq

= sup
g�0

‖g‖−1
s,w

⎡
⎢⎣
⎛
⎝ 


k=1

(
(Ak)

p−q
p




n=k

uq
n

(
n


i=1

gi

)q) p
p−q

⎞
⎠

p−q
p
⎤
⎥⎦

1
q

.

Since p > q in the case (a), it follows that p
p−q > 1. Thus, we apply the reverse Hölder

inequality (9) into the last estimate.

I1≈sup
g�0

‖g‖−1
s,w

[
sup
h�0

‖h‖−1
p
q




k=1

(Ak)
p−q
p




n=k

uq
n

(
n


i=1

gi

)q

hk

] 1
q

.

By changing the order of the supremum and the sums, and then applying Theorem A
(ii), we obtain

I1 ≈ sup
h�0

‖h‖−
1
q

p
q

sup
g�0

‖g‖−1
s,w

(



n=1

uq
n

(
n


i=1

gi

)q n


k=1

(Ak)
p−q
p hk

) 1
q

≈ sup
h�0

‖h‖−
1
q

p
q

sup
j�1

(



n= j

uq
n

n


k=1

(Ak)
p−q
p hk

) 1
q
(

j


i=1

w−s′
i

) 1
s′

= sup
j�1

(
j


i=1

w−s′
i

) 1
s′
(

sup
h�0

‖h‖−1
p
q




n=1

n, ju
q
n

n


k=1

(Ak)
p−q
p hk

) 1
q

.

By changing the order of sums and applying (9) again, we found that

I1 ≈ sup
j�1

(
j


i=1

w−s′
i

) 1
s′
(

sup
h�0

‖h‖−1
p
q




k=1

hk (Ak)
p−q
p




n=k

n, ju
q
n

) 1
q

= sup
j�1

(
j


i=1

w−s′
i

) 1
s′
⎛
⎝ 


k=1

Ak

(



n=k

n, ju
q
n

) p
p−q

⎞
⎠

p−q
pq

.

By applying Lemma 1 into the last expression and then changing the order of the sums,
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we have

I1 ≈ sup
j�1

(
j


i=1

w−s′
i

) 1
s′
⎛
⎝ 


k=1

Ak




n=k

n, ju
q
n

(



z=n

z, ju
q
z

) q
p−q

⎞
⎠

p−q
pq

= sup
j�1

(
j


i=1

w−s′
i

) 1
s′
⎛
⎝ 


n=1

n, ju
q
n

(



z=n

z, ju
q
z

) q
p−q n


k=1

Ak

⎞
⎠

p−q
pq

.

Here, noting that A0 = 0, we have

I1 ≈ sup
j�1

(
j


i=1

w−s′
i

) 1
s′
⎛
⎝ 


n= j

uq
n

(



z=n

uq
z

) q
p−q

An

⎞
⎠

p−q
pq

= M1. (18)

Now, let us estimate I2 in the same way we estimated I1 .

I2 = sup
g�0

‖g‖−1
s,w

⎛
⎜⎝ 


k=1

(
k


i=1

v−p′
i

) p(q−1)
p−q

(



j=k

aq
j,kB

q
j

) p
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

= sup
g�0

‖g‖−1
s,w

⎡
⎢⎢⎣
⎛
⎜⎝ 


k=1

⎛
⎝
(

k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k




j=k

aq
j,kB

q
j

⎞
⎠

p
p−q

⎞
⎟⎠

p−q
p
⎤
⎥⎥⎦

1
q

.

By applying (9) and then replacing notation Bj back, we obtain

I2 ≈ sup
g�0

‖g‖−1
s,w

⎡
⎣sup

h�0
‖h‖−1

p
q




k=1

(
k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k




j=k

aq
j,kB

q
jhk

⎤
⎦

1
q

= sup
h�0

‖h‖−
1
q

p
q

sup
g�0

‖g‖−1
s,w

⎛
⎝ 


k=1

(
k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k




j=k

aq
j,ku

q
j

(
j


i=1

gi

)q

hk

⎞
⎠

1
q

.

Changing the order the sums, then we can estimate as follows according to Theorem A
(ii):

I2 ≈ sup
h�0

‖h‖−
1
q

p
q

sup
g�0

‖g‖−1
s,w

⎛
⎝ 


j=1

uq
j

(
j


i=1

gi

)q j


k=1

(
k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k aq

j,khk

⎞
⎠

1
q

≈ sup
h�0

‖h‖−
1
q

p
q

sup
j�1

⎛
⎝ 


n= j

uq
n

n


k=1

aq
n,khk

(
k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k

⎞
⎠

1
q ( j


m=1

w−s′
i

) 1
s′

.
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We put the value n, j , then by switching the order of the supremum and the sums, we
find

I2 ≈ sup
j�1

(
j


m=1

w−s′
i

) 1
s′
⎛
⎝sup

h�0
‖h‖−1

p
q




n=1

n, ju
q
n

n


k=1

aq
n,khk

(
k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k

⎞
⎠

1
q

= sup
j�1

(
j


m=1

w−s′
i

) 1
s′
⎛
⎝sup

h�0
‖h‖−1

p
q




k=1

hk

(
k


i=1

v−p′
i

)(q−1)

v
p−q
1−p
k




n=k

n, ja
q
n,ku

q
n

⎞
⎠

1
q

.

By (9) we get the following estimate

I2 ≈ sup
j�1

(
j


m=1

w−s′
i

) 1
s′
⎛
⎜⎝ 


k=1

(



n=k

n, ja
q
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

≈ sup
j�1

(
j


m=1

w−s′
i

) 1
s′
⎛
⎜⎝
(

j


k=1

+



k= j

)(



n=k

n, ja
q
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

.

Thus, I2 ≈ max{I21, I22} , where

I21 =

⎛
⎜⎝ j


k=1

(



n=k

n, ja
q
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

=

⎛
⎜⎝ j


k=1

(



n= j

aq
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

(19)

and

I22 =

⎛
⎜⎝ 


k= j

(



n=k

n, ja
q
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

=

⎛
⎜⎝ 


k= j

(



n=k

aq
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

. (20)

In the view of (19) and (20), we have

I2 ≈ max{M2,M3}. (21)
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From (17), (18) and (21), we get

C ≈ max{M1,M2,M3}.
Case (b). As noted earlier, to validate our results, changing the order of the supre-

mum in (11) yields the same results. Assume that C is the best constant in (1), then

C = sup
f�0

‖ f‖−1
p,v sup

g�0

(



n=1

uq
n

(
n


j=1

an, j f j

)q( n


i=1

gi

)q) 1
q

‖g‖−1
s,w, (22)

by Theorem A (iii), we obtain

C ≈ sup
f�0

⎛
⎜⎝ 


n=1

(



k=n

uq
k

(
k


j=1

ak, j f j

)q) s
s−q

(
n


i=1

w−s′
i

) s(q−1)
s−q

w−s′
n

⎞
⎟⎠

s−q
sq

‖ f‖−1
p,v

= sup
f�0

⎡
⎢⎢⎣
⎛
⎜⎝ 


n=1

⎛
⎝ 


k=n

uq
k

(
k


j=1

ak, j f j

)q( n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n

⎞
⎠

s
s−q
⎞
⎟⎠

s−q
s
⎤
⎥⎥⎦

1
q

‖ f‖−1
p,v.

Since s
s−q > 1 in case b, then applying (9) and changing the order of the sums, we have

C ≈ sup
f�0

‖ f‖−1
p,v

⎡
⎣sup

h�0

(



n=1

h
s
q
n

)− q
s 


n=1




k=n

uq
k

(
k


j=1

ak, j f j

)q( n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n hn

⎤
⎦

1
q

= sup
h�0

‖h‖−
1
q

s
q

sup
f�0

⎛
⎝ 


k=1

uq
k

(
k


j=1

ak, j f j

)q k


n=1

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n hn

⎞
⎠

1
q

‖ f‖−1
p,v.

By using Theorem F (ii) and then setting the value k,t , we obtain

C ≈ max

⎧⎪⎨
⎪⎩sup

h�0
‖h‖−

1
q

s
q

sup
t�1

(
t


i=1

v−p′
i

) 1
p′
⎛
⎝ 


k=t

aq
k,tu

q
k

k


n=1

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n hn

⎞
⎠

1
q

,

sup
h�0

‖h‖−
1
q

s
q

sup
t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′
⎛
⎝ 


k=t

uq
k

k


n=1

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n hn

⎞
⎠

1
q

⎫⎪⎬
⎪⎭

≈ max

⎧⎪⎨
⎪⎩sup

t�1

(
t


i=1

v−p′
i

) 1
p′
⎛
⎝sup

h�0
‖h‖−1

s
q




k=1

k,t a
q
k,t u

q
k

k


n=1

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n hn

⎞
⎠

1
q

,

sup
t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′
⎛
⎝sup

h�0
‖h‖−1

s
q




k=1

k,t u
q
k

k


n=1

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n hn

⎞
⎠

1
q

⎫⎪⎬
⎪⎭ .
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We change the order of sum and find that

C ≈ max

⎧⎪⎨
⎪⎩sup

t�1

(
t


i=1

v−p′
i

) 1
p′
⎛
⎝sup

h�0
‖h‖−1

s
q




n=1

hn

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n




k=n

k,t a
q
k,t u

q
k

⎞
⎠

1
q

,

sup
t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′
⎛
⎝sup

h�0
‖h‖−1

s
q




n=1

hn

(
n


i=1

w−s′
i

)(q−1)

w
s−q
1−s
n




k=n

k,t u
q
k

⎞
⎠

1
q

⎫⎪⎬
⎪⎭ .

Applying the reverse Hölder inequality to the previous expression again, we get

C ≈ max

⎧⎪⎪⎨
⎪⎪⎩sup

t�1

(
t


i=1

v−p′
i

) 1
p′
⎛
⎜⎝ 


n=1

(
n


i=1

w−s′
i

) s(q−1)
s−q

w−s′
n

(



k=n

k,t a
q
k,t u

q
k

) s
s−q

⎞
⎟⎠

s−q
sq

,

sup
t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′
⎛
⎜⎝ 


n=1

(
n


i=1

w−s′
i

) s(q−1)
s−q

w−s′
n

(



k=n

k,t u
q
k

) s
s−q

⎞
⎟⎠

s−q
sq

⎫⎪⎪⎬
⎪⎪⎭

= max{I1, I2}. (23)

First, we estimate I1 . And rewrite I1 as follows:

I1 ≈ sup
t�1

(
t


i=1

v−p′
i

) 1
p′
⎡
⎢⎣
(

t


n=1

+



n=t

)
w−s′

n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

k,t a
q
k,t u

q
k

) s
s−q

⎤
⎥⎦

s−q
sq

≈ sup
t�1

(
t


i=1

v−p′
i

) 1
p′

max

⎧⎪⎪⎨
⎪⎪⎩
⎛
⎜⎝ t


n=1

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

k,t a
q
k,tu

q
k

) s
s−q

⎞
⎟⎠

s−q
sq

,

⎛
⎜⎝ 


n=t

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

k,t a
q
k,t u

q
k

) s
s−q

⎞
⎟⎠

s−q
sq

⎫⎪⎪⎬
⎪⎪⎭

= sup
t�1

(
t


i=1

v−p′
i

) 1
p′

max{I11, I12}. (24)
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Let us calculate I11 and I12 separately.

I11 =

(



k=t

aq
k,tu

q
k

) 1
q

⎛
⎜⎝ t


n=1

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

⎞
⎟⎠

s−q
sq

≈
(

t


n=1

w−s′
n

) 1
s′
(




k=t

aq
k,t u

q
k

) 1
q

(25)

and

I12 =

⎛
⎜⎝ 


n=t

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

aq
k,tu

q
k

) s
s−q

⎞
⎟⎠

s−q
sq

. (26)

From (24), (25) and (26) implies that

I1 ≈ max{M4,M5}. (27)

Let’s estimate I2 as above.

I2 ≈ sup
t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′
⎡
⎢⎣
(

t


n=1

+



n=t

)
w−s′

n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

k,t u
q
k

) s
s−q

⎤
⎥⎦

s−q
sq

≈ sup
t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′

max

⎧⎪⎪⎨
⎪⎪⎩
⎛
⎜⎝ t


n=1

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

k,t u
q
k

) s
s−q

⎞
⎟⎠

s−q
sq

,

⎛
⎜⎝ 


n=t

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

k,t u
q
k

) s
s−q

⎞
⎟⎠

s−q
sq

⎫⎪⎪⎬
⎪⎪⎭≈ sup

t�1

(
t


i=1

ap′
t,iv

−p′
i

) 1
p′

×max

⎧⎪⎪⎨
⎪⎪⎩
(

t


n=1

w−s′
n

) 1
s′
(




k=t

uq
k

) 1
q

,

⎛
⎜⎝ 


n=t

w−s′
n

(
n


i=1

w−s′
i

) s(q−1)
s−q

(



k=n

uq
k

) s
s−q

⎞
⎟⎠

s−q
sq

⎫⎪⎪⎬
⎪⎪⎭

= max{M6,M7}.
Therefore, the latter with (23) and (27) give that C ≈ M . Proof of Theorem 3 is com-
plete. �
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THEOREM 4. Let min{p,s}� q < max{p,s}< , 0 < min{p,s}� 1 , max{p,s}
> 1 . Let the elements of the matrix (an, j) satisfy condition (2).

(a) If s � q < p <  , 0 < s � 1 and p > 1 , then inequality (1) holds if and only
if B = max{B1,B2,B3} <  , where

B1 = sup
j�1

⎛
⎜⎝ 


k= j

(
k


i=1

ap′
k,iv

−p′
i

) q(p−1)
p−q

(



n=k

uq
n

) q
p−q

uq
k

⎞
⎟⎠

p−q
pq

w−1
j ,

B2 = sup
j�1

⎛
⎜⎝ j


k=1

(



n= j

aq
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

w−1
j ,

B3 = sup
j�1

⎛
⎜⎝ 


k= j

(



n=k

aq
n,ku

q
n

) p
p−q

(
k


i=1

v−p′
i

) p(q−1)
p−q

v−p′
k

⎞
⎟⎠

p−q
pq

w−1
j .

(b) If If p � q < s < , 0 < p � 1 and s > 1 , then inequality (1) holds if and only
if B = max{B4,B5} <  , where

B4 = sup
j�1

(



n= j

aq
n, ju

q
n

) 1
q
(

j


m=1

w−s′
m

) 1
s′

v−1
j ,

B5 = sup
j�1

⎛
⎜⎝ 


n= j

(



k=n

aq
k, ju

q
k

) s
s−q

(
n


i=1

w−s′
i

) s(q−1)
s−q

w−s′
n

⎞
⎟⎠

s−q
sq

v−1
j .

Moreover, C ≈ B in case (a) and C ≈ B in case (b) where C is the best constant
in (1).

We can prove Theorem 4 in the same way as Theorem 3, using Theorem F (iii),
Theorem F (i) and Theorem A (i).

THEOREM 5. Let 0 < q < s � 1 < p <  , r1 = qp
p−q and r2 = qs

s−q . Let the
elements of the matrix (an,i) satisfy condition (2).

(a) If 0 < q < s � r1 < , then inequality (1) holds if and only if K = max{K1,K2,
K3,K4} <  , where

K1 = sup
j�1

⎛
⎝ 


k= j

Ak

(



n=k

uq
n

) r1
q
⎞
⎠

1
r1

max
1�i� j

w−1
i ,
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K2 = sup
j�1

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′
⎛
⎝ 


k= j

Wk

(



n=k

uq
n

) r2
q
⎞
⎠

1
r2

,

K3 = sup
j�1

⎛
⎝ 


k= j

(



z=k

aq
z,ku

q
z

) r1
q
(

k


n=1

v−p′
n

) r1
q′

v−p′
k

⎞
⎠

1
r1

max
1�i� j

w−1
i ,

K4 = sup
j�1

(
j


i=1

v−p′
i

) 1
p′
⎛
⎝ 


k= j

(



z=k

aq
z, ju

q
k

) r2
q

Wk

⎞
⎠

1
r2

,

(b) If 0 < q < r1 < s < , then inequality (1) holds if and only if K = max{K1,K2,
K3,K4} <  , where

K1 =

⎡
⎢⎣ 


n=1

An

(



z=n

uq
z

) r1
q
⎛
⎝ 


i=n

Ai

(



z=i

uq
z

) r1
q
⎞
⎠

r1
s−r1

max
1�k�n

w
− sr1

s−r1
k

⎤
⎥⎦

s−r1
sr1

,

K2 =

⎡
⎢⎣ 


n=1

(
n


i=1

ap′
n,iv

−p′
i

) r2(p−1)
p−r2

⎛
⎝ 


k=n

Wk

(



m=k

uq
m

) r2
q
⎞
⎠

r2
p−r2 ( 


z=n

uq
z

) r2
q

Wn

⎤
⎥⎦

p−r2
pr2

,

K3 =

⎡
⎢⎣ 


n=1

⎛
⎝ 


k=n

(



z=k

aq
z,ku

q
z

) r1
q
(

k


m=1

v−p′
m

) r1
q′

v−p′
k

⎞
⎠

r1
s−r1 ( 


z=n

aq
z,nu

q
z

) r1
q

×
(

n


m=1

v−p′
m

) r1
q′

v−p′
n max

1�i�n
w
− sr1

s−r1
i

⎤
⎦

s−r1
sr1

,

K4 =

⎡
⎢⎣ 


n=1

(
n


i=1

v−p′
i

) p(r2−1)
p−r2

⎛
⎝ 


k=n

(



z=k

aq
z,nu

q
z

) r2
q

Wk

⎞
⎠

p
p−r2

v−p′
n

⎤
⎥⎦

p−r2
pr2

.

Moreover, C ≈ K in case (a) and C ≈ K in case (b), where C is the best constant
in (1)

Proof. In this case, we apply Theorem A (iv) to (22), then we get

C ≈ sup
f�0

‖ f‖−1
p,v

⎛
⎝ 


n=1

uq
n

(
n


j=1

an, j f j

)q( 


i=n

uq
i

(
i


j=1

ai, j f j

)q) q
s−q

max
1�i�n

w
− sq

s−q
i

⎞
⎠

s−q
sq

.

(28)
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Since W 0 = 0 and Un :=


i=n

uq
i

(
i

j=1

ai, j f j

)q

is positive decreasing sequence, we use

Abel transformation for (28), then

C ≈ sup
f�0

‖ f‖−1
p,v

⎛
⎝ 


n=1

(



i=n

uq
i

(
i


j=1

ai, j f j

)q) s
s−q

Wn

⎞
⎠

s−q
sq

.

Since s
s−q > 1, it follows from reverse Hölder inequality that

C ≈ sup
f�0

‖ f‖−1
p,v sup

h�0
‖h‖−

1
q

s
q

(



n=1

hn

[
Wn

] s−q
s




i=n

uq
i

(
i


j=1

ai, j f j

)q) 1
q

.

From then on we will use the notation
[
Wn

] s−q
s = W

s−q
s

n . Changing the order of the

supremum and the sums, and then using Theorem F (iii), we get

C ≈ sup
h�0

‖h‖−
1
q

s
q

sup
f�0

‖ f‖−1
p,v

(



i=1

uq
i

(
i


j=1

ai, j f j

)q i


n=1

hnW
s−q
s

n

) 1
q

≈ max

⎧⎪⎨
⎪⎩sup

h�0
‖h‖−

1
q

s
q

⎛
⎜⎝ 


n=1

(
n


i=1

ap′
n,iv

−p′
i

) q(p−1)
p−q

×
(




k=n

uq
k

k


z=1

hzW
s−q
s

z

) q
p−q

uq
n

n


z=1

hzW
s−q
s

z

⎞
⎠

p−q
pq

,

sup
h�0

‖h‖−
1
q

s
q

⎛
⎜⎝ 


n=1

(



k=n

aq
k,nu

q
k

k


z=1

hzW
s−q
s

z

) p
p−q

(
n


i=1

v−p′
i

) p(q−1)
p−q

v−p′
n

⎞
⎟⎠

p−q
pq

⎫⎪⎪⎬
⎪⎪⎭

= max{I1, I2}. (29)

First, we estimate I1 . As above, by Abel transformation, we get

I1 = sup
h�0

‖h‖−
1
q

s
q

⎛
⎝ 


n=1

(



k=n

uq
k

k


z=1

hzW
s−q
s

z

) p
p−q

An

⎞
⎠

p−q
pq

.

According to




k=n

uq
k

k


z=1

hzW
s−q
s

z ≈



k=n

uq
k

n


z=1

hzW
s−q
s

z +



z=n

hzW
s−q
s

z




k=z

uq
k
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we estimate I1 as follows

Iq
1 ≈ sup

h�0
‖h‖−1

s
q

⎡
⎣ 


n=1

(



k=n

uq
k

) p
p−q

(
n


z=1

hzW
s−q
s

z

) p
p−q

An

⎤
⎦

p−q
p

+sup
h�0

‖h‖−1
s
q

⎡
⎣ 


n=1

(



z=n

hzW
s−q
s

z




k=z

uq
k

) p
p−q

An

⎤
⎦

p−q
p

≈ max{Iq
11, I

q
12}. (30)

Now we consider I2 . Since




k=n

aq
k,nu

q
k

k


z=1

hzW
s−q
s

z ≈
n


z=1

hzW
s−q
s

z




k=n

aq
k,nu

q
k +




z=n

hzW
s−q
s

z




k=z

aq
k,nu

q
k ,

we can write I2 as follows

Iq
2 ≈ max

⎧⎪⎨
⎪⎩sup

h�0
‖h‖−1

s
q

⎡
⎣ 


n=1

(
n


z=1

hzW
s−q
s

z

) p
p−q

(



k=n

aq
k,nu

q
k

) p
p−q

Vn

⎤
⎦

p−q
p

,

sup
h�0

‖h‖−1
s
q

⎡
⎣ 


n=1

(



z=n

hzW
s−q
s

z




k=z

aq
k,nu

q
k

) p
p−q

Vn

⎤
⎦

p−q
p
⎫⎪⎬
⎪⎭= max{Iq

21, I
q
22}, (31)

where Vn =
(
n

i=1 v−p′
i

) p(q−1)
p−q

v−p′
n .

There are two cases for the parameters relation that need to be considered in the
further estimation of the obtained quantities:

case (a): 1 <
s
q

� p
p−q

⇔ q < s � r1,

case (b): 1 <
p

p−q
<

s
q
⇔ q < r1 < s.

Case (a). By applying Theorem A (ii) to I11 , we obtain

Iq
11 ≈ sup

j�1

(
j


i=1

Wi

) s−q
s
⎛
⎝ 


k= j

(



m=k

uq
m

) p
p−q

Ak

⎞
⎠

p−q
p

.

Since W 0 = 0, the first sum is equal to W j . Then

I11 ≈ sup
j�1

⎛
⎝ 


k= j

Ak

(



m=k

uq
m

) r1
q
⎞
⎠

1
r1

max
1�i� j

w−1
i = K1. (32)
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Now we estimate I12 . From Theorem N (i), it follows that

Iq
12 ≈ sup

j�1

⎛
⎝ 


k= j

Wk

(



m=k

uq
m

) s
s−q
⎞
⎠

s−q
s (

j


i=1

Ak

) p−q
p

,

yields that

I12 ≈ sup
j�1

(
j


i=1

ap′
j,iv

−p′
i

) 1
p′
⎛
⎝ 


k= j

(



m=k

uq
m

) r2
q

Wk

⎞
⎠

1
r2

= K2. (33)

Now we consider the estimations I21 and I22 . According to Theorem A (ii), we
obtain that

Iq
21 ≈ sup

j�1

(
j


k=1

Wk

) s−q
s
⎛
⎝ 


i= j

(



z=i

aq
z,iu

q
z

) p
p−q

Vi

⎞
⎠

p−q
p

.

Therefore

I21 ≈ sup
j�1

⎛
⎝ 


i= j

(



z=i

aq
z,iu

q
z

) r1
q
(

i


n=1

v−p′
n

) r1
q′

v−p′
i

⎞
⎠

1
r1

max
1�k� j

w−1
k = K3. (34)

In I22 , there exists an operator with the matrix (bz,n) , where bz,n =


k=z

aq
k,nu

q
k ,

z � n . From 1 � n � i � z it follows that 1 � n � i � k . Due to the condition (2), we
have

bz,n ≈



k=z

aq
k,iu

q
k +aq

i,n




k=z

uq
k = bz,i + ai,nuz,

it implies that the entries of the matrix (bz,n) satisfy assumption (10). By using Theo-
rem Q (ii), we get

Iq
22 ≈ max

⎧⎨
⎩sup

n�1

(
n


j=1

Vj

) p−q
p
(




i=n

b
s

s−q
i,n Wi

) s−q
s

,

sup
n�1

(
n


j=1

a
p

p−q
n, j Vj

) p−q
p
(




i=n

u
s

s−q
i Wi

) s−q
s

⎫⎬
⎭= max{Iq

211, I
q
212}. (35)

After replacing the notations, we obtain

I211 ≈ sup
n�1

(
n


j=1

v−p′
j

) 1
p′
⎛
⎝ 


i=n

(



k=i

aq
k,nu

q
k

) r2
q

Wi

⎞
⎠

1
r2

= K4, (36)
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I212 ≈ sup
n�1

⎛
⎜⎝ n


j=1

ar1
n, j

(
j


m=1

v−p′
m

) p(q−1)
p−q

v−p′
j

⎞
⎟⎠

1
r1
⎛
⎝ 


i=n

(



k=i

uq
k

) r2
q

Wi

⎞
⎠

1
r2

= K5. (37)

In case 0 < q < s � r1 , from (29)–(37), we conclude that

C ≈ max{K1,K2,K3,K4,K5}

where C is the best constant in (1). Since r1 = p′ + p′p(q−1)
p−q , we can compare expres-

sions K2 and K5 as follows:

K5 = sup
n�1

⎛
⎜⎝ n


j=1

ap′
n, j

(
j


m=1

ap′
n, jv

−p′
m

) p(q−1)
p−q

v−p′
j

⎞
⎟⎠

1
r1
⎛
⎝ 


i=n

(



k=i

uq
k

) r2
q

Wi

⎞
⎠

1
r2

,

by taking into account the condition (2) and Lemma 1, we proceed

K5 � sup
n�1

⎛
⎜⎝ n


j=1

ap′
n, j

(
j


m=1

ap′
n,mv−p′

m

) p(q−1)
p−q

v−p′
j

⎞
⎟⎠

1
r1
⎛
⎝ 


i=n

(



k=i

uq
k

) r2
q

Wi

⎞
⎠

1
r2

= sup
n�1

(
n


j=1

ap′
n, jv

−p′
j

) 1
p′
⎛
⎝ 


i=n

(



k=i

uq
k

) r2
q

Wi

⎞
⎠

1
r2

= K2.

Therefore
C ≈ max{K1,K2,K3,K4}.

Case (b). We use Theorem A (iii) and Theorem N (ii) to I11 and I12 , respectively.

Iq
11 ≈

⎛
⎜⎝ 


n=1

⎛
⎝ 


i=n

Ai

(



m=i

uq
m

) p
p−q

⎞
⎠

pq
sp−sq−pq

×
(

n


k=1

Wk

) p(s−q)
sp−sq−pq

An

( 


m=n

uq
m

) p
p−q

⎞
⎟⎠

sp−sq−pq
ps

.

Iq
12 ≈

⎛
⎜⎝ 


n=1

(
n


i=1

Ai

) s(p−q)
sp−sq−pq

⎛
⎝ 


k=n

(



m=k

uq
m

) s
s−q

Wk

⎞
⎠

sq
sp−sq−pq

×
( 


m=n

uq
m

) s
s−q

Wn

) sp−sq−pq
ps

,
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Hence

I11 ≈

⎛
⎜⎝ 


n=1

An

( 


m=n

uq
m

) r1
q

⎛
⎝ 


i=n

Ai

(



m=i

uq
m

) r1
q
⎞
⎠

r1
s−r1

max
1�k�n

w
− sr1

s−r1
k

⎞
⎟⎠

s−r1
sr1

= K1,

(38)

I12 ≈

⎛
⎜⎝ 


n=1

(
n


i=1

ap′
n,iv

−p′
i

) r2(p−1)
p−r2

⎛
⎝ 


k=n

(



m=k

uq
m

) r2
q

Wk

⎞
⎠

r2
p−r2 ( 


m=n

uq
m

) r2
q

Wn

⎞
⎟⎠

p−r2
pr2

= K2. (39)

Now we estimate I21 . from Theorem A (iii), it follows that

I21 ≈

⎡
⎢⎣ 


n=1

⎛
⎝ 


k=n

(



z=k

aq
z,ku

q
z

) p
p−q

Vk

⎞
⎠

pq
sp−sq−pq (

n


i=1

Wi

) p(s−q)
sp−sq−pq

×
(




z=n

aq
z,nu

q
z

) p
p−q

Vn

⎤
⎦

sp−sq−pq
psq

=

⎡
⎢⎣ 


n=1

⎛
⎝ 


k=n

(



z=k

aq
z,ku

q
z

) r1
q

Vk

⎞
⎠

r1
s−r1 ( 


z=n

aq
z,nu

q
z

) r1
q

Vn max
1�i�n

w
− sr1

s−r1
i

⎤
⎥⎦

s−r1
sr1

= K3.

(40)
We use Theorem Q (i) for I22 , then we get

Iq
22 ≈ max

⎧⎪⎪⎨
⎪⎪⎩
⎡
⎢⎣ 


i=1

(
i


j=1

a
p

p−q
i, j Vj

) s(p−q)
sp−sq−pq

(



k=i

u
s

s−q
k Wk

) sq
sp−sq−pq

u
s

s−q
i Wi

⎤
⎥⎦

sp−sq−pq
ps

,

⎡
⎢⎣ 


i=1

(
i


j=1

Vj

) pq
sp−sq−pq

(



k=i

b
s

s−q
k,i Wk

) p(s−q)
sp−sq−pq

Vi

⎤
⎥⎦

sp−sq−pq
ps

⎫⎪⎪⎬
⎪⎪⎭= max{Iq

221, I
q
222}. (41)

After replacing the notations, we rewrite the estimates as follows

I221 ≈

⎡
⎢⎣ 


i=1

(
i


j=1

ar1
i, jVj

) r2(p−q)
q(p−r2)

⎛
⎝ 


k=i

(



k=i

uq
k

) r2
q

Wk

⎞
⎠

r2
p−r2 ( 


k=i

uk

) r2
q

Wi

⎤
⎥⎦

(p−r2)
pr2

= K5, (42)
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I222 ≈

⎡
⎢⎣ 


i=1

(
i


j=1

v−p′
j

) p(r2−1)
p−r2

⎛
⎝ 


k=i

(



m=k

aq
m,iu

q
m

) r2
q

Wk

⎞
⎠

p
p−r2

v−p′
i

⎤
⎥⎦

p−r2
pr2

= K4. (43)

Similarly as above, we can calculate max{K2,K5} = K2 for case 0 < q < r1 < s . So,
the latter with (29)–(31) and (38)–(43) give that

C ≈ max{K1,K2,K3,K4}.
Proof of Theorem 4 is complete. �
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