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WEIGHTED BILINEAR DISCRETE HARDY-TYPE
INEQUALITY FOR CLASS OF MATRIX OPERATOR

NAZERKE ZHANGABERGENOVA * AND AINUR TEMIRKHANOVA

(Communicated by R. Oinarov)

Abstract. The paper contains a characterization a weighted Hardy-type inequality involving a
discrete bilinear operator with a matrix a weighted Lebesgue sequence spaces.

1. Introduction

Let 0 < g,p,s <eo and Il—?—f— 1% =1. Let u = {u;}7> | be non-negative, v = {v;}*,
and w = {w;}7, be positive sequences of real numbers. In the paper, we discuss the
following bilinear discrete Hardy-type inequality
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n=1 i=1

where C is a positive constant independent of f and g sequences of real numbers for
which the right side of the inequality (1) is finite, and (a, j), n > j > 1, is a matrix,
whose non-negative entries satisfy the discrete Oinarov condition: there exist d > 1,
entries a, ; are almost non-decreasing in 7 and almost non-increasing in j, such that
the inequalities

1
p (ani+akj) < anj < d(ank+ ag,j) @)

or, equivalently, the relation a,,; = a,  +ai; hold forall n > k> j > 1.

Since our work is related to discrete inequalities, we review the history of the
discrete Hardy-type inequalities. In 1985, K. F. Andersen and H. P. Heinig presented
sufficient conditions for the following two weighted discrete Hardy-type inequalities in
the cases 1 < p < g <o and 1 < g < p < o for the first time in their works [2] and
[7]:
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M. Sh. Braverman and V. D. Stepanov [6] obtained the fulfillment criterion of the
inequality (3) for the case 0 < g < 1 < p < o. Moreover, G. Bennett described in
detail the inequality (3) for almost all ratios of parameters p and g in the works [3],
[4] and [5]. A detailed description and comprehensive overview of the development of
continuous and discrete Hardy inequalities can be found in [12].

In later years, many authors have shown significant interest in studying the gener-
alized inequality (3) for the class of matrix operators given by

1 1
") <C<Z|v,-f,-|p> : (4)
i=1

under certain assumptions on matrix (ax;) (see [13], [14], [15], [18], [21] and [22]).
In particular, the discrete Hardy-type operators with a matrix satisfying the discrete
Oinarov condition (2) were first investigated in [13] and [15]. In later years, such con-
ditions on the matrix have been significantly generalized. In article [16], the expanding
classes of matrices O,,, n > 0, were introduced and criteria of boundedness and com-
pactness for a wide class of matrix operators were obtained in the weighted space of
sequences. Currently, the inequality (3) involving various discrete quasilinear opera-
tors has been presented and explored by the authors of this paper (see [9], [17], [23]
and [24]). The findings related to the aforementioned linear and quasilinear operators
can be applied to characterize bilinear operators. In 2012, the following weighted in-
tegral Hardy-type inequalities involving bilinear operators were first considered in the
paper [1]:
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where #, 9, are locally integrable and positive measurable functions on (0,e) and H;
is a bilinear operator defined as follows

(Hi18f)(t /g dx/f )dx, t€ (0,00).

To prove the results, the authors used the discretization technique, which is complex
for the bilinear inequality. M. Kiepela provided a much simpler proof for the char-
acterization of the validity of these inequalities, using an iteration technique that re-
duces the problem to the corresponding linear operator case. Additionally, the author
estimated the bilinear inequality for non-increasing functions in [11]. Furthermore,
two-dimensional and multidimensional cases of the bilinear inequality have been ex-
tensively studied (see [19], [20]). Bilinear discrete Hardy-type inequality (1) when
ar; =1 forall k> i>1 has already been explored for all possible cases of parameters
0 < p,q,s < o in the recent paper [8]. The weighted estimates of discrete bilinear op-
erators, including Hardy operator and the matrix operator, have not been obtained yet,
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therefore, this paper is dedicated to addressing this problem. The aim of the paper is to
estimate the inequality (1) for the following cases of parameters p,q and s

1) min{p,s} < max{p,s} < g <oo, p,s € (0,1];

2) 0 <min{p,s} <1 < max{p,s} < g <oo;

3) 1 <min{p,s} < ¢ <max{p,s} < eo;

4) min{p,s} < g < max{p,s} <oo, 0 <min{p,s} <1, max{p,s} > 1;

50<g<s<1I<p<on,

The structure of the paper is as follows: Section 2 includes all the necessary aux-
iliary statements and definitions required to characterize inequality (1), while Section 3
contains the main results.

2. Auxiliary statements

In the section, we indicated some previous results that we need for the proof.

THEOREM A. (see [12]). (i) If0<p <1, p<qg< oo, then inequality (3) holds
if and only if A| < oo, where

1

oo q
Ay = sup (Z uZ) v;l.

izl \k=j

(ii) If 1 < p < g < oo, then inequality (3) holds if and only if Ay < oo, where

€1 1
)’ o q
2 = sup (Zv ) (ZuZ) .
j=1 k=j

(ii) If 0 < g < p <o and p > 1, then inequality (3) holds if and only if Az < oo,
where

P=q
p plg—1) Pq
o ©o pP—q n , rP—q
_ q -p
Az = 2 2 uy 2 V; v P ,
n=1 \k=n i=1
49 q(p=1) Pq
~ ) oo P—q n , P—q
~ — q —P q
Ay~ Ay = 2 2 Uy 2 v; uh
n=1 \k=n i=1

(iv) If 0 < g < p < 1, then inequality (3) holds if and only if Ay < oo, where

b,
) p=a
- - i L\
Ay = ud ul max v, 77? .
4 Z " z k I1<i<n

n=1 k=n

Moreover, C = A;, i =1,2,3,4, where C is the best constant in (3).
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THEOREM F. (i) (see [18]). If 0 < p <1, p < g < oo and the entries of the matrix
(a,i) be non-increasing in i, then inequality (4) holds if and only if Fi < oo, where

o q

— q 4 -1

Fl—sup Za,w.uk Vi
izl \k=j

(ii) (see [15]). If 1 < p < q < e and the entries of the matrix (ax;) satisfy
condition (2), then inequality (4) holds if and only if F; = max{F>1,Fx} < oo, where

1
J AW oo ¢ q
_ -p
£y = sup Zvi zak,j”k )
izl \i=1 k=)

1

L L - q

ngzsup Zaﬁvi Zuk
7zl \i=1 k=j

(iii) (see [13]). If 0 < q < p <o, p > 1 and the entries of the matrix (ay;) satisfy
condition (2), then inequality (4) holds if and only if F3 = max {Fs|,F3} < oo, where

Q=

p=q
a(p—1) _q_ Pq

oo n pl pl P—q oo q P—q
k3 = 2 a, Vi 2 U ul )
n=1 \i=1 k=n

p—q
plg—1) Pq

P Pa=2)
00 oo P=aq J S\ P ,
— q 49 P —P
I3 = 2 2 A oYy 2 Vi Vn
k=n i=1

Moreover, C = F;, i = 1,2,3, where C is the best constant in (4).
THEOREM N. (see [12]). (i) If 1 < p < g < oo, then inequality

L 1
P

(iuiliﬁ|q> <C<§‘,viﬁ-”> , (6)
k=1 i=k i=1

holds if and only if Ny < oo, where
€1 1
oo , 4 q
Ny=sup| Y v 7? ul | .
izl \i=j

(i) If 0 < g < p <o and p > 1, then inequality (6) holds if and only if Ny < oo,
where
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P=q
_q_ a(p=1) Pq

~ o n P—q o f P—q
No~N, = 2 (2 uZ) <2vi_p> ul
n=1 \k=1 i=n

Moreover, C = Nj, i = 1,2, where C is the best constant in (6).

ASSUMPTION A. (see [16]). There exist d > 1, a sequence of positive numbers
{awy}7_, and a non-negative matrix (b;;), where b; ; is almost non-decreasing in i and
almost non-increasing in j such that the inequalities

1
(@it i joi) < aij < dlaig+ by jo) (7
or, equivalently, the relation a; ; = a; x + by jow; hold forall i > k> j > 1.

THEOREM Q. (i) (see [22]). If 0 < g < p <o, p> 1 and the entries of the
matrix (a;y) satisfy Assumption A, then the inequality

1 1
o oo q q o P
(2 I/LZ‘ Zai7kﬁ ) < C <Z |vifi|p> ) Vf S lp.,\M (8)
k=1 i=k i=1

holds if and only if Q1 = max{Q1,012} < o, where

r_ plg—1) Pq
oo n P4 [ o , S\ P , ,
_ q 4 P .,=P Py, P
on=|% me,-u,- D ol v, Wy vy )
n=1 \j=1 k=n
P—q
_q_ q(p—1) Iz
oo n p=q [ S\ P
_ q P =P q
le - 2 2 Uy Zai,nvi Uy
n=1 \k=1 i=n

(ii) (see [21]). If 1 < p < q < oo and the entries of the matrix (ay;) satisfy
Asumption A, then the inequality (8) holds if and only if O, = max{(Q21,02} < oo,
where

1 1
g q 4 < P "
Oxpn = sup 2 bj’iui 2 W vy .
jzl \i=1 k=j
Moreover, C = Q;, i = 1,2 where C is the best constant in (8).

REMARK 1. Note that the parameter ratio in Theorem F (iii) and Theorem Q (i)
from works [13] and [22] was | < g < p < eo. However, it is not difficult to see that
these results can be extended to the case 0 < g < p < o, p > 1, which we will use in
Section 4 of this article.
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We also need the reverse Ho lder inequality for p > 1:

1 L
<Z(dizi)p> = sup (Zdh> (th"zi ”’) . )
i=1 h=0 i=1

LEMMA 1. (see [2]). Let r >0 and a; be a non-negative sequence. Then

L r—1
a; ak Y a; , J=z L
i-1 i=1
<

m < oo

Convention: The symbol E < F means E < CF with some constant C, depend-
ing on the parameters p, g and s. Moreover, the notation £ ~ F means £ < F < E.

M\

If Yap<ooand 1 < j
k

3. The main results

THEOREM 1. Let min{p,s} < max{p,s} < g < oo and p,s € (0,1]. Let the en-
tries of the matrix (ay,;) satisfy condition (2). Then inequality (1) holds if and only if
A =max{A|,A;} < co, where

1

q
-1 -1
Ay = sup <Zak1uk> v tsupw, !,

j=1 \k m<j

1

Azzsupv, sup(Zakjuk> w,;l.

izl 7 mzj \k=m

Moreover, C =~ A, where C is the best constant in (1).

Proof. Let f >0 and g > 0 be such that 2 [vifilP < eo and 2 lwigi|® <
Suppose that C is the best constant in the mequahty (1) then we have

1

a7/, N b/ w 5
C~supsup<2u’1 (2&) (2%,/}‘./)) (ZIWﬁI”) <ZIWigi‘> :
20 £>0 = i=1 i=1
(10)



WEIGHTED BILINEAR DISCRETE HARDY-TYPE INEQUALITY 845

s

1
q » o '
Let’s denote By} := 1} (2 gl> 1fllpy = (Z Ivzle”> and ||g[[s,w = (-21 Iwigil“)
Then applying Theorem F (i) to (10), we obtain

8

q
n
C’Vsup”g”\wsup 2 Zan,jfj ||prv (11)
j=1

1
q -1
~ SUP||8||SWSUP <2ak ,B ) vj
8= izl \k=j
1
AN
-1
=supv; sup Zakjuk Zgz ||g||.\',w'
j>1 g>0 k= J i=1
Let o j =1 for k > j and oy ; = 0 for k < j, then rewrite last estimate as follows

1
N 4

Cwsupv sup zﬁk,akjuk 281 HgH:»lv
j=1 820 \ k=1

By applying Theorem A (i) we have

~1
C~supv; sup Z G;wakjuk W, -
j=1 m=1 \ k=m

We consider the supremum with respect to m, dividing the range into two intervals.

ad -1
Crsupv; "max{ sup ' D Ok, jy g | W ' sup Z G;wakjuk Wi
j=>1 1<m<j \k=m mzj \ k=m

1 1
oo q q
-1 q 4 ~1
=supy; max kz'ak’juk sup w,,!,sup 2 akjuk Wi,
=J

j=1 1<m<j m=j \ k=m

Therefore, C =~ A. We confirmed that the order of taking the supremum with respect to
the sequences f and g in (10) gives the same result in both cases. Proof of Theorem 1
is complete. [l

REMARK 2. Theorem | means that the inequality (1) holds for both cases p <
s<g<oo,0<p,s<land s<p<Lg<oo, 0< p,s< 1.

THEOREM 2. Let 0 < min{p,s} < 1 < max{p,s} < g < eo. Let the elements of
the matrix (ay,j) satisfy condition (2).
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(a) If 0 < s <1< p<q<oo, then inequality (1) holds if and only if D =
max{Dy,D,,D3} < oo, where

i, €1
. - i A
— - q 4 -p
Dy =supw, "su Z a iUy Z Vi ;
n>1 jzn \k=j i=1

1
Dy =supw,, sup (Z akjuk>

n=1 js<n \ k=n

i
. i, N\ [
_ - ' op q
D3 =supw, 'sup [ ¥ alv; N ud
=l e\ Py

(b)If 0 < p<1<s< q<oo, then inequality (1) holds if and only if 9 < oo, where

L 1
./ q
= sup <2w ) sup (2 a ,uk> v;l.
n=>1 j<n \ =

Moreover, C = D in case (a) and C = Z in case (b), where C is the best constant in

(1)

ESY
—
TR~
- |
m\
N——
~]

<=

Proof. Case (a). The proof of Theorem 2 can be started similarly as Theorem 1.
We apply Theorem F (ii) to (11), then we get

1 1
4 oo q
NsupHgstmax sup (E v ) (E aZJ.BZ) ,
. Z

820 Jz1 \i=1

sup za]ll ZBZ
izl k=j

By changing the order of the supremum and inserting oy ;, we obtain

i, v 4\ @ .
C ~ max { sup ZVip sup Zleak,uk Zgn gl
izl \i=1 820 \ k=1
1 1

~' /) 17 i k a a
sup 2 af,ivi P su 2 O juif 2 8&n ||g||;v{;
Jj=1 \i=1 820 \x=1 n=1
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By Theorem A (i), we get

1 1
J AW q .
~ -p —
C ~ max sup Zvi sup Zak,akjuk w,
izl \i=1 nzl \k=n
1

1
/ v hd 4
sup (2“,; v; ) sup (2 G]w'uZ) w, by =max{l,L,}. (12)

j=>1 nzl \ k=n

First, we estimate /. We consider the supremum with respect to n, dividing the range
into two intervals.

J , o
I ~ max { sup Mo ? D aZJuZ sup 'w,jl,
Jj=1 \i=1 k=j 1<n<
. 1 1
] AW q
=p ~1
sup 2 V; sup 2 a ,“k w,
7zl \i=1 nzj \k=n
By changing the order of the supremum, we have

I} ~max{D;,D;}. (13)

Now we estimate I, using the previous proof for /; .

i 1
J p P e q
L ~ max { sup Zafl : Soul | sup w,!,
k=j /

j=1 I<n<j

=

sup Zaj” sup Zuk w;l

j=1 i=1 nzj k=
By changing the order of the supremum, we have

1
; NN
P q
L, ~ max { supw, ' sup Zalll Youll .
k=j

n=1 jzn \i=1

L 1

/ o q
sup(Zam, ) (ZuZ) w, ! ¢ =D; (14)
n=1 k=n

Therefore, (12), (13) and (14) give that C =~ D..
Case (b) can be proved similarly by exploiting Theorem F (i) and Theorem A (ii).
Proof of Theorem 2 is complete. [
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Let

rP—q sq

k
) —
Ay = (Za?ivi p) , Wii=maxw, 7.
i=1

1<i<k
Since sequences {A;}; and {W;}; are non-decreasing, we define
AW, =W, =W, 1, A=A —A g,
where Ag =0 and W = 0.

THEOREM 3. Let 1 < min{p,s} < g < max{p,s} < co. Let the elements of the
matrix (an,j) satisfy condition (2).

(a)If 1 <s< g < p<oo, then inequality (1) holds if and only if M = max{M,M,,
M3} < oo, where

r=q
. 1 q(p—1) a4 Pq
J , s/ = k , , rP—q oo rP—q
_ —s P =P q
My = sup 2 W )y Zak,ivi > uf Uy )
jz1 \m=1 k=j \i=1 n=k
P—q
. L . r plg=1) Pq
J , s/ J oo P—9q k , P—q ,
_ — q P P
My =sup | 3w, 2 | X v Ve :
Jjz1 \m=1 k=1 \n=j i=1
r—q

L P pg=1)
Jj O\ oo oo P—q k , P—q ,
_ —s q —-p 4
Ms = sup 2 w,, 2 a, Uit 2 V; Vv
izl \m=1 k=j \n=k i=1

(b)If 1 < p< gq<s<eoo, theninequality (1) holds if and only if .# = max{My,Ms,
Mg, M7} < oo, where

1
i (. N7 [ J N7
— q -p —
My = sup )y Ayl 2 2 Wn ’
izl \n=j i=1 m=1

€1 s s(g=1) 5q
J , r oo oo s— n , s—q ,
_ P q .4 — —s
Ms = sup Z Vin Z Z @ iy Zwl w, ,
jzl \im=1 n=j \k=n i=1
1 1 1
J , p, p/ oo J , s/
- —s
Mg = sup Zajkvk Y ud Y w; ,
izl \k=1 n=j i=1
s—q
s (g=1) 5q
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Moreover, C =~ M in case (a) and C =~ .# in case (b) where C is the best constant in

(1)

Proof. Case (a). Let Afy = fi — fi1 and ATgy = g — grs1. If i > j, then

j
Y =0. Let’s write the Abel transformation for n > m > 1 as follows
k=i

N fidTei= gAfit fngm — fugni1-
k=m k=m+1

Taking into account the relation af' ' (ax — axy1) ~ af —af,, for the positive
decreasing sequences {a;} and o > 0, we have

o\ P o  \ 7 [ - N
($m) w- (o) (Em- $ m)=a($m)
=k =k =k ke =k

then we obtain

- - g o =
Y Ak ZBf; Bl~ Y AT BY ) (15)
k=1 j=k j=k

T

By using Abel transformation for m > 1, we obtain
2 p
m m P—q m m r—q
+ q _ q
kzlAkA (%Bj) = ZAAk<ZBj>
- j=

where Ag =0 and Y = 0. By passing to the limit as m — oo and according to
Jj=m+1
(15), we obtain

ZAk<ZBj> BgzZAAk<ZBj> ) (16)

Then we apply Theorem F (iii) to (11), we get

rP—q
q(p—1) 9 rq
» o k p/ 71?/ P—q oo J P—q q
C ~max{ sup el [ 3 | D al v 2B B
g0 k=1 \i=1 J=k
pla=l) o T
. oo k - r—q oo P P—q -
supllelin | X ( Xvi DI
520 k=1 \i=1 Jj=k

= max{l,}. (17)
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Now we estimate [, . From (16), we have
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q P—9q
o - = Pa
L=suplels. | XA 2B B
820 k=1 Jj=k
rP—q
~SupHgH | XA Y B
§20 =1 =k
— P—q 1
247 g
! > P—4 /! 1 ﬁ '
=supliglin || X[ A4)7 Yull Y
g0 =1 n—k i=1

Since p > g in the case (a), it follows that
inequality (9) into the last estimate.

Il"\’sup HgHs w
5/

=20

[suphgl S 0407 3

rib 1. Thus, we apply the reverse Holder
1
o n 4 q
Ngi| hl -
i=1

By changing the order of the supremum and the sums, and then applying Theorem A

(ii), we obtain

_1 —
~ sup |l ,* sup|lgl|5. (2 i (
h>0 4 g=0 n=1

_1
~ sup |||, sup

h=0 1 j=1

= sup
j=1

(i 13 (o

1
<2W ) (Suphﬁ 2 O, Uy
4 n=1

Zgi

) S
>—>

1
q

2 (AA) 7" hk>_.

k=1

By changing the order of sums and applying (9) again, we found that

~ sup
j=1

)
¢)

= sup
j=1

(SUP Al : Z hi (AAy)
>0

- - ﬁ P4
Z AAk (2 ()',,71'143) .
k=1 n=k

1

7q o

7Y, Oujlt]
n=k

rP—9q

By applying Lemma 1 into the last expression and then changing the order of the sums,
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we have
r—q
j 7 [ - o o AL
o
Lhesup| Yw | | X ALY, onjui | Y 0 jul
izl \i=1 k=1 n=k z=n
. r=q
j , s ﬁ n pa
=sup [ > w;* 2 Oy jul 2 o, jul Y AA,
izl \i=1 k=1
Here, noting that Ay = 0, we have
. r=q
i N\ [ w \ 74 ]
Iy ~ sup ZW;“ ZMZ Zug A, =M,.
j=1 \i=1 n=j z=n
Now, let us estimate /> in the same way we estimated /; .
r=q
plg—1) v rq
oo k , P—q oo rP—q f
_ -1 —p a4 paq -p
L= sup ”g”sw 2 2 Vi 2 aj,kBj Vi
820 k=1 \i=1 j=k
- PN = i
- P (g—1) pg P—q P
_ —1 -’ 1_ q B4
- Sup”g”.\',w z zvi 2 B
820 k=1 i=1 =k
By applying (9) and then replacing notation B; back, we obtain
1
@1, q
- 1 =p a4 pd
L~ supllgllsw supllhllp Z ZV v " Y d Bl
k=1 \i=1 j=k
o k (q_l) —q oo / q
_ - T=p g q( N\
= supllhllp SupHgst APNE " Y alud | Yei)
h=0 4 g0 k=1 \i=1 j=k i=1

851

(18)

Changing the order the sums, then we can estimate as follows according to Theorem A

(ii):
1 ) - j q j k - (g—1) 11,;
b~ suplhl, supliglcn | Xouf | Xgi ) X\ XTvi" ) wd,
hz0 4 g20 j=1 i=1 k=1 \i=1 '
P @1, ,\ 1

22

1
p=q J
supuhup sup Zqua AR AN I
a n=j k=1

j=1 i=1 m=1
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We put the value o, ;, then by switching the order of the supremum and the sums, we
find

3 (a-1) i

J , s oo n k o b=q
L~sup| Y w* sup || 4] ! Y o jul Y azﬁkhk Mo ? v "
jz1 \m=1 h=0 4 n=1 k=1 i=1
1
i\ e AN g = a
= sup 2 w;* sup [|7[| Z hy Z v " ve Gn,.faZ,kuZ
jzl \m=1 h=0 4 k=1 i=1 n=k

By (9) we get the following estimate

1 p plg=1) Pq
J , s’ oo oo —q k , P—q f
~ oS q -p —p
I ~ sup 2 w; 2 2 O, jd, Uy, 2 v; Vi
JZ1 \m=1 k=1 \n=k i=1
P=q
. 1 . r plg—1) Pq
J , s/ J =3 =3 r—q k , r—q ,
~ — A4 -P -P
~ sup 2 w; Z + 2 Z o-"vJan,kuZ Z Vi Vi
7zl \m=1 k=1 k=j n=k i=1
Thus, I ~ max{h,l»}, where
r=q
) s plg—1) Pq
J 3 = k , P—q ,
_ 4 4 4 4
by = 2 2 On, jly kUn Zvi Vi
k=1 \n=k i=1
P=q
) p_ plg=1) Pq
J =) P—4q k , rP—q ,
_ q .4 4 4
= 2 Z Ay i Un 2 Vi Vi 19)
k=1 \n=j i=1
and
P=q
. plg—1) Pq
oo o rP—q k , rP—q ,
_ L4 49 —P 4
Iy = 2 2 On,jlp 1 Un 2 Vi Vi
k=j \n=k i=1
P—q
L plg—1) Pq
oo o P—q k , r—q ,
_ q .q 4 4
= 2 2 @, Un 2 v; Vi . (20)
k=j \n=k i=1

In the view of (19) and (20), we have

b ~ max{M,,Ms}. (21)
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From (17), (18) and (21), we get
C ~max{M;,Mp,Mx}.

Case (b). As noted earlier, to validate our results, changing the order of the supre-
mum in (11) yields the same results. Assume that C is the best constant in (1), then

1
oo n 4q n aN ¢
C=suplflvsup | Y ul| Y anifi| | Y& [r (22)
=0 820 \n=1 j=1 i=1

by Theorem A (iii), we obtain

q ﬁ s(g—1) Sq
> o n s—q

crswp| 3 (Sut(Sass Ywit )l ow |

20\ =1t \k=n ~ \j=1 i=1 7

r AT
=(a, k a7/, » (g-1) v =\ ¢ B
=sup | [ D | D | X axf Wi W £ -
20 |\ n=1 \ k=n j=1 i=1 ’

Since ﬁ > 1 in case b, then applying (9) and changing the order of the sums, we have

% a7/, / (g—1) oy
P Xafi ] | 2w W hy
i=1 i=1
1

1 o k q k n (1171) s—q q
= sup ||l “sup | > uf (Z akaj) 2 (Z W?S> wi |1
h=0 ¢ =0 n=1

k=1 j=1

q
s

C ~ sup||f] .y [sup (Z hﬁ) Z
20 =1

HMS

=

By using Theorem F (ii) and then setting the value oy, we obtain

1

P e k
C ~ max sup||h|| "sup (2\) ) N al ul Y
: :

21 \j=1

N
M=
=

:’:\
>
L
.=
S e
2
s
.

_—=

o ,1% o k [ n (g-1) y
spini () (£4 5 (Bvr) " ol

T =21 \j=1

t ; I’L/ oo k n , (‘171) g
emaxqsup ( ") | supllalst Y owaful 3| Xowt ) wi |
121 \i=1 =0 9§D cheE\a
! 1

! / / i k ’ (q_l) S—q !
sup Zaffivi_p sup ||7]|5 1 2 O uf 2 wi® wi " hy,
n=1

=1 \ =1 h=0 7 =

=]

T
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of sum and find that

1
1 B 1
3 , 14 | = n , (q 1) —g o q
~ -p — —s I—s q .4
C~max{ sup [ v, sup [|Al|s" Y b | Y w; wa Y Oty Uy
t>1 \j=1 h=0 n=1 i=1 k=n
1 1
- (g—1) q
! 17, p/ 1 hd 7 S 31*7‘1 hd
— - —_ -
sup Z‘lm"i sup |Alls" Y b | Y w; Wi 'Y O gu]
=1 \ =1 h=0 9 p=1 i=1 k=n
Applying the reverse Holder inequality to the previous expression again, we get
s—q
1 s(g—1) s\ sq
t , r oo n , s—q , oo 5—
~ -p —s —s q 4
C ~ max < sup 2 V; 2 2 w; W, 2 Ol Uy Uy ,
21 \ ;=1 n=1 \i=1 k=n
s—q
1 s(g—1) s\ g
! , AN oo n L\ S = —q
p—p —s —s q
sup ( Y alv; MY w wi | o uld
t>1 \ =1 n=1 \i=1 k=n
= max{I,L}. (23)
First, we estimate [, . And rewrite I; as follows:
s—q
1 s(g=1) s | s
t AW 1 o0 AL N\ S oo 5=
~ -p —s —s q 4
I = sup 2 Vi 2 + 2 Wy Zwi 2 Ol Ay Uy
21 \ij=1 n=1 n=t =1 k=n
s—q
1 s(g—1) s\ %
t , P4 t , n , s—q S 5
~ p — —S qg q
~sup [ Yy, max N ow, | Yw; D O caf uf ,
=1 \i=1 n=1 i=1 k=n
5=q
s(g—1) s sq
co n s—q oo 5—
—s' —s q 4
2 Wy 2 Wi 2 Ol Oy 1 Uy
n=t =1 k=n
1
! , P
_ -p
=sup (X v; max{/y1,115}. (24

izl \j=1
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Let us calculate /1, and I, separately.

s—q
1 sig=1)\ Tsq
b q t , n , s—q
_ q .4 —s —s
I = Zak,z”k an Zwi
k=t = i=1
1 1
t , s/ =3 q
~ Z w, S ZaZJuZ (25)
n=1 k=t
and
s=q

s(g—1) s sq
=

s—=q o s—q
I, = Zw <2w ) (2 aZﬁmZ) . (26)
k=n
From (24), (25) and (26) implies that
I} ~ max{My,Ms}. 27)

Let’s estimate I, as above.

s(g—1) s s

1
rd t oo , n N\
L~ sup <Zaf, 7’”) <2+2> Wy <2w?>
1zl \j=1 n=1 n=t i=1

s—q
1 s(g—1) _s St
t , N\ 7 t n , s—q oo 5—
~ p =P s q
~ sup 2 at7ivi max 2 Wn ZW 2 O'kJuk s
21 \ ;=1 n=1 i=1 k=n
=9
s(g—1) s 5q 1
oo , , s—q oo S— ! ; , P
s s q ~ P
2 Wn 2 w; 2 Ok, Uy ~ sup Z a; ;v
n=t i=1 k=n 21 \i=1
s—q
1 1 s(g=1) s\ 4
t , s’ oo q oo , n , s—q oo 5—
—s q —s —s q
X max 2 wy, Zuk s an ZWI ZMk
n=1 k=t n=t i=1 k=n
= max{Meg, M7}

Therefore, the latter with (23) and (27) give that C =~ .# . Proof of Theorem 3 is com-
plete. 0
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THEOREM 4. Let min{p,s} < g <max{p,s} <o, 0 <min{p,s} <1, max{p,s}
> 1. Let the elements of the matrix (ay,;) satisfy condition (2).

(a)If s<qg<p<o, 0<s<1and p>1, then inequality (1) holds if and only
if B=max{B,B,,B3} <, where

r=q

q(p—1) q_ Pq

oo k , , r—q oo rP—q
_ p =P q q —1
Bl—sup 2 Zak’ivi Zun uy Wi,
iz \ k=j \i=1 n=k
—q
p_ plg—1) Pq

Jj oo P—aq k S\ P
— - -p -1
By =sup 2 2 @ i 2 Vi Wi
iz \ k=1 \n=j i

r . pla—1) Nz

rP—q , rP—q ,
B3 = sup Z (Z al kuq> (21 v, ? ) v, " W;l.
i=

j=1 k=j —
(D)IfIf p<g<s<oo, 0<p<1ands>1,theninequality (1) holds if and only
if 8 =max{B4,Bs} < o, where

1
q J , s
—s —1
B4 = sup 2 a, juq 2 Wi Vi
Jj=1 m=1
3=q
s(g—1) 5q

5= q n s—q
Bs = sup 2 (2 akjuk> <2w ) w,*® v;l.

j=1 n=j

Moreover, C ~ B in case (a) and C ~ 9 in case (b) where C is the best constant
in (1).

We can prove Theorem 4 in the same way as Theorem 3, using Theorem F (iii),
Theorem F (i) and Theorem A (i).

THEOREM 5. Let 0 < g<s <1< p < oo, rlzﬁ and rzzﬁ. Let the
elements of the matrix (an;) satisfy condition (2).
(a)If 0 < g < s <1y <eo, then inequality (1) holds if and only if K = max{K;, K>,

K3,K4} < oo, where

K1 = sup ZAAk (2
n=k

izl \ k=j
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1 2N\ 7
J y P’ oo oo q
p fp v q
Kz—sup 2“;1 i ZAWk zun ’
izl \i=1 k=j n=k
1
. o o
oo oo p q , q’ p’ !
_ q =P - -
Ks=sup | ¥ | Yalud | | Xvi” | v | maxw
iZ1 \k=j \z=k n=1 SISJ
j v [ 7 2
/ —
_ —-p q .4
K4 = sup Qv AP a | AW |,
izl \i=1 k=j \z=k

(b)If 0 < g < r| <s< oo, then inequality (1) holds if and only if K = max{K|,K>,
K3,K4} < oo, where

l p S*rl
oo o q oo oo q Yrl
Soan (Y] (Saa (e maxow, 0|
z=n i=n z7=I I<ksn
I p7r2
(1) N\ 75 n P72
oo n , , p—r oo oo q oo q
K — P =P Y q q N
K= 1> | Yav; Y AW Y ul, Youl) AW, ,
n=1 \i= k=n m=k 7=n
1 Ul Ailr 1
oo oo q k 7 1 oo q
/ /
— q w4 -p q .4
K3 = 2 2 Za I va Vi Zaznuz
n=1 \ k=n \z=k m=1 zZ=n
Y*I‘l
r -
n q_ ST 1
/ / -
X v P v P max w, !
2 m 1<i<n ’
m=1
p—r
plr—1) ) L= pry
oo n p—ry o oo q P
— /
q .4 P
Z 2 Y Xalul | AWe] v,
n=1 \i=1 k=n \z=k

Moreover, C ~ K in case (a) and C ~ K in case (b), where C is the best constant
in (1)
Proof. In this case, we apply Theorem A (iv) to (22), then we get

a4
s—q

4/ o ; q

C~supllfll,, 2 ul 2 an,ifj Youll Y aijfi max w;
=0 n=1 i=n j=1 I<isn

(28)
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. q
— o 1
Since Wo=0and U, := Yu! | ¥ a;; fj> is positive decreasing sequence, we use
i=n  \ j=1

Abel transformation for (28), then

=9

o [ o i N 'Yq
Crsup|flln | 2| Xl | X aiif AWy |
=0 n i=n j=1

=1

Since ﬁ > 1, it follows from reverse Holder inequality that

hy, [AV[_/,,] B iu? iai7jfj '
i—n  \J=1

S—q

s

q

1
C = sup|| ]|, sup||Al| * (
f=0 h=0 q n=1
_s=q
=AW, . Changing the order of the
supremum and the sums, and then using Theorem F (iii), we get

From then on we will use the notation [AWH}

1

1 oo i T i _sq\ 14

C~ sup||h||, “sup || f]l, (ZM? (Za,;,-f,-) Y haAW,,° )
h=0 4 20 8 \3

n=1

=0 4\ .=

1o
~ max | sup||Al,“ Z(

P—q
=3 k - ﬁ n - pa
_s=q _s—q
X (Z ul > h AW ) ul ' h AW, :
k=n z=1 z=1
o plg—1) Ijqq
1 oo oo k Cs—q \ P4 noo G\ e
ity | £ (St Sran) " (£0) e
> n=1 \k=n z=1 i=1
=max{l,5}. (29)

First, we estimate I; . As above, by Abel transformation, we get

rP—q

P g

s—q

1 oo oo k Cs—q \ P4 P
L=sup|lhll* [ Y (Y ul Y haw* AA, )
h=0 4 n=1 \k=n z=1

According to
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we estimate [ as follows

P P 4
lafa Noifa e\ ’
I~ sup At | (Y uf N AW, AA,
h=0 T | n=1 \k=n =1
rP—q
N
+sup Aty ZhZAW Zug AA,
h=0 7 | n=1 k=z
~ max{I{;,I],}. (30)

Now we consider ;. Since

Zakn Z

we can write I, as follows

Y g - -

IV s VoS q .49 VoS q .49

W Z AW Y aj i+ N AW Y aj uf,
=1 Z=n k=z

k=n

HM»

P P 24
oo n P—q P—q 4
I} ~ max { sup HhH 2 2 hZAWZ 2 @, nuk V, ,
h=0 n=1 \z=1
oo =) _s—q =@ P—q
sup|[afst Y (2 h AW ZaznuZ) Vi =max{ly,,I,}, (31
h=0 9 n=1 \z= k=z
plg—1)

/

where V, = ( LV p) P,
There are two cases for the parameters relation that need to be considered in the
further estimation of the obtained quantities:

case (a): 1<£<L©q<s<r1,
q9 pP—q

case (b): 1<L<£<:>q<r1<s.
P—q9 q

Case (a). By applying Theorem A (ii) to /;;, we obtain

, s=q o b
j s oo oo P—q
Il ~ sup (2 AW,-) 2 (2 u?,,) AAy .

7zl \i=1 k=j \m=k

Since W( = 0, the first sum is equal to W ;. Then

s r
oo oo q
111 ~ sup ZAAk<2 u;g) max w; | =K. (32)

jz1 k=j m=k I<isi
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Now we estimate I1,. From Theorem N (i), it follows that

s—q _
s e pP—q

o [ = j a
JENES sup 2 AW}, (2 u%) (2 AAk> ,
i-1
1

izl \ k=j m=k
1
o 2z 2
P o o q _
Iz ~ sup <Za” v; ) D (2 uzq> AW | =K. (33)

=1 k=j \m=k

yields that

Now we consider the estimations Ir; and I,. According to Theorem A (ii), we

obtain that
s=q P b4

i\ (== 7= !
Igl %SHP<ZAW]€> 2 <2azt z) Vi

7zl \k=1 =j

Therefore

n ’l

n oY
q /
Ly~ sup Z(Zaz,z> (Zv ) v, P lxgggwkl_Kg. (34)

j=1

In I, there exists an operator with the matrix (b ,), where b,, = E aknuk,

z>n. From 1 <n <i<zitfollowsthat 1 <n < k. Due to the condltlon (2), we
have

=

~ q9 .4 4 q _ = =
by Z a —|—al-7n 2 U, = b+ anit,
k=z k=z

it implies that the entries of the matrix (b ,) satisfy assumption (10). By using Theo-
rem Q (ii), we get

n a e s T
1%, ~ max { sup (Z Vj> (2 b}, AWi) ;

i
<
1

T [ =
(Z T AWi> =max{l,;, 3}, }- (35)

1 n o
Pof e [ a
by ~ sup (2 v; ) D (2 agnu2> AW; | =Ks, (36)

n=1 j=1
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1 1
rlg—1) 1 r s

rP—q , ©0 [l q _
Ly & sup Z a, (2 v P) v, " D (Z uZ) AW; | =Ks. (37)
n=1 i=n

Jj=1 k=i

<
8

Incase 0 < g <s < rp, from (29)—(37), we conclude that
Cx max{Kl,Kg,K3,K4,K5}

! —
where C is the best constant in (1). Since r| = p' + %, Wwe can compare expres-
sions K> and Ks as follows:

1 1
plg—1) 2 mn )
rP—q oy oo oo q _

Ks = sup z(z) v z(zuz) AW |
nzl\ j= ’ i=n \k=i

by taking into account the condition (2) and Lemma 1, we proceed

1
plg—1) 2
/

. n o
n J , , rP—q , =) oo q _
p - —p q
Ks <sup | D @ ; > al v; > | Yul | AW,
nzl | j=1 m=1 ’ i=n i

> Jj= k=i
1 n >
AL RSN RS
= sup 2 a, v, 2 2 Uy, AW, =K,
nzl \ j=1 i=n \k=i

Therefore
Cx~ maX{Kl,KQ,Kg,K4}.

Case (b). We use Theorem A (iii) and Theorem N (ii) to I;; and I, respectively.

- # SpP—sq—pq
w3 zAA(z )

n=1 \i=n m=i

sp—sq—pq
p(s—q) » ps
n -~ SP—sq—prq o —q
[ Y AWy AA, ( Y u;g)
k=1 m=n
s(p— . __%q
oo n spv(fliqzi?q oo oo vi_q SP—sa—rq
q . q V
I D DYY.Y Y ug AW}
n=1 \i=l1 k=n \im=k

sp—=sq—pq

oo v% DS
X (2 ufn) AVV,,) ,
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Hence
- ST
1 ST
oo oo L oo oo %l S _srl !
q —
I~ AA ul AA; ul max w, =K
o= Zan(Zm)" (S (Zw) | mam :
n=1 m=n i=n m=i
(38)
, pr
r(p=1) n =5 . 2P
oo n ;o p—ry oo oo q B oo 7 B
PR DY Do N Yul | aw, (2 ujfn> AW,
n=1 \i=l1 k=n \m=k m=n
=K. (39)
Now we estimate I . from Theorem A (iii), it follows that
(- N\ L\ s
L~ Y1y Za ) Y Y AW;
n=1 \ k=n \z=k =1
SP—sq—pq
x| Y ad,ul Vi
Z:
.Y*I‘l
- 1 7
n S—r [N M
oo q 1 oo q s
— q q 4 5= —K
= a, u? Vi al u V, max w; =K3.
2; 25 2; 2k k 25 wns "i<i<n ! ’
n=1 \ k=n = z=n
(40)
We use Theorem Q (i) for >, then we get
SP—sq4—pq

s(p—q)

= (4 2 osapd [
5(3.04) 5
i=1 =1 k=i

Sp—sq—pq s
q 1 =S—q ATAT .
L5, ~ max AW, u; "AW;

spP—sq—pq
pls—q) ps

rq
Sp—sq—pq o s _ Sp—sq—pq
) (Z by’ AWk) Vi

k=i

2E

After replacing the notations, we rewrite the estimates as follows

¥
r(p—q) ) =2

k=i \k=i

i W) [ o [ T \""? e 4
(Sow)" " (S (8) ow)  (Ew) v
k=i

ps

=max{l},, I} (41)

(42)
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P by
plr—1) n =y rry
oo i , p—r oo oo q ,
~ —P q 1 -P K
Lo~ Y v D ah uf, | AW v, =K,. (43)
i=1 \j=1 k=i \m=k

Similarly as above, we can calculate max{fg,f5} =K, for case 0 < qg<r; <s.So,
the latter with (29)—(31) and (38)—(43) give that

Cmmax{fl,fg,f3,k4}.

Proof of Theorem 4 is complete. [
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