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NEW PROOFS ON TWO RECENT INEQUALITIES
RELATED TO THE SPECTRAL NORM

JIQIN CHEN, XIAOHUI FU* AND QI SONG

(Communicated by M. Krni¢)

Abstract. Afraz et al. [1] recently obtained some norm inequalities involving a special class of
functions for sector matrices. In this short note, we give alternative proofs of Afraz et al.’s two
results [1] under the spectral norm.

1. Introduction

Let M, be the set of all n x n complex matrices. The identity matrix of M, is
denoted by /. For any X € M,,, X* stands for the conjugate transpose of X. For
two Hermitian matrices X,Y of the same size, X > Y (X > Y) means that X —Y >
0(X—Y >0). For X € M, if the eigenvalues of X are real, then they are arranged
nonincreasingly A;(X) > --- > A,(X); the singular values of X are denoted by s;(X) =

Ai(1X]) = Aj((X*X)%), which are similarly arranged. Recall that a norm || - || on M, is
unitarily invariant if |[UX V|| = ||X|| for any X € M, and unitary matrices U,V € M,,.
The spectral norm, written as || - ||, is defined by || X e = Hmax | Xx|| for X € M, and

x||=1
x € C". Note that ||X || = s1(X). The spectral norm is a special class of unitarily
invariant norms. Some papers [2, 3, 4, 17] are devoted to the study of unitarily invariant
norm inequalities.
A matrix T € My, can be partitioned as a 2 x 2 block matrix

Ty Ti2
T= , 1
<T21 T22> M
where T;; € M, i,j =1,2. For any T € M, recall that the Cartesian decomposition
of T (see [5,p. 6]and [L1, p. 7])is
T =A+iB,

WhereA:ERT:TJrTT* andB:ST:TEiT*_
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In this paper, the decomposition is represented as

<T11 T12> _ (Au AIZ) —i—i(B“ BIZ)
Ty T Al, Ax Bi, B )’
The matrix is called accretive-dissipative if in its Cartesian decomposition, 7 = A +
iB, the matrices A and B are positive semidefinite. Such matrices have found many
applications [8, 10, 12, 16]. Recent works devoted to studying this kind of matrix are
[7,9, 13, 14, 15].

The numerical range of A € M, is defined by

W(A) = {x"Ax|x € C\,x"x =1}.
For o € [0,7/2), let
Sa={z€C|Rz > 0,|3z] < (Rz)tan(cx) }

be a sector region on the complex plane. A matrix whose numerical range is contained
in a sector region S, is called a sector matrix.

Afraz et al. [1] presented several unitarily norm inequalities related to sector ma-
trices involving convex and concave functions. They proved that if a sector matrix 7T is
partitioned as in (1) and f is a submultiplicative convex function, then

1£(T) + FUT5 P < 1L (V2sec(@)R(T) | L (V2 sec(@) R(Ta2))|

) 2
<177 (V2sec(a) T ||| (V2 sec(o) | Toal) | 7

where 7 and s are positive real numbers with 1 +1 = and « € [0, %).
However, if f is a submultiplicative concave function, then inequality (2) becomes

17072+ (T3P < 25e @l RO IFGEDI
<2sec(@) |/ (1T )17 £ (1 Ta )]

In this paper, we will give alternative proofs of inequalities (2) and (3) in the case
of the spectral norm by using sectoral decomposition.

2. Main results
For presenting the new proofs, we give the following several lemmas.
LEMMA 2.1. ([5,p.5]) Let X € M, and let f be a nonnegative increasing func-
tion on [0,00). Then
[ (X)) = s;(f(1X]))-
LEMMA 2.2. ([5,p. 75] Let A, BeM,, 1 <i,j<n,i+j—1<n. Then

sitj-1(A+B) <si(A)
)

+54(B),
Si+j_1(AB) S,(A S,(B)
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Proposition 4.1 in [18]

937
Part (a) of the following lemma has been given in [6], while a stronger version of
part (b) can be obtained by invoking an argument similar to that used in the proof of

LEMMA 2.3. Let A,B € M, be positive semidefinite. Then for every unitarily
invariant norm
(a) [If(A )

( <A+
(b) L85 E < J1f (442) |

B)|| for every nonnegative convex function on [0
2

,%0).

for every nonnegative concave function on [0,).

LEMMA 2.4. ([19, Theorem 2.1 ]) Let A be an n X n complex matrix such that

W(A) C Sy for some o € [0,7). Then there exist an invertible matrix X and a unitary
and diagonal matrix Z = diag(e'® ... /%) with all |6;]|

Moreover, such a matrix Z is unique up to permutation

o such that A = XZX*

LEMMA 2.5. ([19, Corollary 2.3 ]) Let A be an n x n complex matrix such that
W(A) C Sy for some o € [0,5) and let A= XZX* be a sectoral decomposition of A
where X is invertible and Z is unitary and diagonal. Then for any matrix R and all
j=1,...,n, the following inequalities hold.

RR* <
and

<sec(0)(R(RZ)R*) = sec(ar)(R(RZR™))

4)
5;(RR") < sec(a)A;(R(RZ)RY) <
norm.

sec(a)sj(RZR). %)
Next, we will present another proofs of inequalities (2) and (3) under the spectral

THEOREM 2.6. Let T € M, partitioned as in (1) be a sector matrix and let f be
increasing submultiplicative convex on [0,0) and o € [0
numbers with %—!—% =1, then

). If r and s are positive
£ (IT2P) + FATEP) | < 17 (V2sec(a)R(Tin))

21 (V2sec(a)R(Ty)) |12
< 1" (VZsee(00) [Tin 1215 (VZsee(00) T ) |12

Proof. We write T = CZC* with C (Cl
and T21 = CzZCik .

G
Compute

(6)

) C1 € M,x2,. Then Typ = C1ZC5

1£(T2?) + £(1T51 )]
< Hf(\T12\2 + |T2*1\2) Hoo

(by Lemma 2.3 (a))
= 51 (f(C2Z*CIC1ZCh + CZCI C1ZCY))

*
= f(s1(CZ"C{C1ZC; + CZC{C1Z*C3))
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F (51 (CZFC{C1ZC5) + 51 (CZCTCLZ7C5))
f(51(C2)s1(Z7)51(C1CY)s1(Z)51(C3) +51(C2)51(Z)s1(C1Cy)s1(Z7)51(C3))
F(251(C1CY)s1(C263))
< f (2sec®(@)s1 (CIR(Z)CT)s1(CR(Z)C3))  (by (4))
= f (2sec?(a)s1 (R(C1ZCT))s1 (R(CZC3))

f(s1 V2sec(o)R (Clzcl)) (\/Esec(a)m(czzc;)))

f

(
<s1 <\/§sec(a)9{(CIZCi‘)>> 1 (sl (ﬁsec(a)sn(czzc;)))

1

)si
s%( (\/_sec( a)R (TU))> f(fs(\/fsec(a)‘ﬁ(Tzz)))
’ fs (\/Esec( )%(Bz))’

1
r
g ‘

This completes the proof. [l

f (ﬁsec< )Tl )|

7 (Vasee(elal)| - (by )

In fact, by the same technique used in the above theorem, we provide a new proof
of inequality (3) under the spectral norm.

THEOREM 2.7. Let T € My, partitioned as in (1) be a sector matrix and let | be
increasing submultiplicative concave on [0,%0) with f(0) =0 and o € [0,%). If r and
s are positive numbers with % + % =1, then

LAUTi2P) + T Pl < 250(0) [ (RT)|IE]£(R (Tzz))lli

. @
< 2sec? ()|l /(| TuIIZ] (ITzz\)H

Proof. Compute

1£( T2 ) + F(T5 ) [l

Hf<|T122+T212)

( (CQZ*C*C1ZC2 CQZCTCIZ*C;)>
251 +

) 2
e

< 2f(s1(CiCY)s1(CG5))

(by Lemma 2.3 (b))

=

1
—2f ( C2Z*CiC1ZC5 + 2C22C1C12*C2>)

1
(CZ7CICIZC]) + 551 (CZC{CLZ'C ))
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(sec?(@)s1 (C1R(Z)C))s1(GR(2)C3))
2f(sec2 ()51 (R Clzcl))sl(%(cﬂcz))
(sec

f<s1 sec(@)R(CLZCY))s (se czzcz)))

2f(s1 sec(a)R(C,ZC; )) f( sec( c2zc2)))
[ ——

— 24} (f’ Tu>)) f(r (sec(a)%(Tzz»)

= 2" (sec(a)R(Ti)) |2 £ (see(o)R(Ta2)) 2.

Since f is concave, it follows that f(aT) < af(T) for T € M, and a > 1. Therefore,

l\.)

LAUT2) T )l < 25062(0) | (R(T)12 ] (R (Tzz))Hi
<2sec(@)|f (T &£ (Tal) 5. O

By direct computations, we can get the following lemma.

LEMMA 2.8. Let A,B€ M, and o, € [0,1] such that ot + fp = 1. Then
|A+ (20t —1)B|* +-4aB|B)* = |A]* + |B)* + (20. — 1)(A*B + B*A).

Next, we try to insert parameters «,f into inequality (6) and (7), but we just
obtain two weaker results as follows.

THEOREM 2.9. Let T € M, partitioned as in (1) be a sector matrix and let f be
increasing submultiplicative convex on [0,) and 0 € [0,%). If r and s are positive

numbers with %—i—% =1, then
1£(IT2 + (2= T3 ) + f(4aB|T5 %) ||
< [[f7(2sec(6)R (Tn))llw||fs(2seC(9)9{(Tzz))lli
< ||f’(2seC(9)|TnI)IIZOHf“'(2seC(9)|Tzz|)lli,

where o, 3 € [0,1] with oo+ = 1.

Proof.

1£(ITi2+ Qo= D T5[?) + f (40| T, ) |-
< f( T2+ Qo — DT, [ +4aB| T3 )|

=51 (f(ICIZC5 [ +|C1Z*C5* + (20— 1)(GZ* C{C1 2 C3 + G ZC{CL ZC) )
= f(s1(CZ*C{C1(Z+ 2 — 1)Z7)C5 + CLZC{C\ (ZF + (20— 1)Z)C5))
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(S1 C2 S1 Z>k SI(C*Cl)Sl(Z—F(ZO(— l)Z*)sl(C )
+51(C2)51( )s1(CiCi)s1(Z° + (20— 1)Z)s51(C3))
= f(s1(CG)s1(CiCT)s1(Z+ 2a—1)Z7)
H(CC)s1(CIC)s1(Z° + (2 —1)2))
f(451(C2G3)s1(CiCY))
f(4sec?(0)s1(CIR(Z)C))s1 (GR(Z)C3))
= f(4sec?(0)s1(R(C1ZCT))s1(R(CZC3)))
f (
f

_|_
=)

51 (2sec(0)R(C1ZCT))s1 (2sec(O c2zc;)))

( )
(51 (2sec(O)R(C1ZCY))

< f(s1 (2sec(6 czzcz)))

)
(6)
®) )
:s1<f(2sec(9":KT11 ) ( (2sec(0)R(Tn) )
= st (/" (2sec(@)R(T)) )s (1 (2sec<e>9i<Tzz>))
17 @sec(O)R(T )12 £ (2sec(0)R (1)

| (2sec(0)[Tia )12 |1 (25e¢(0) Tal) 2. O

THEOREM 2.10. Let T € My, partitioned as in (1) be a sector matrix and let
f be increasing submultiplicative concave on [0,%0) and 6 € [0,%). If r and s are
positive numbers with % + % =1, then

IF (T2 + (20— 1) T [?) + f (40 BIT5 ) -

’(\/Esec(Q)‘R(Tn)) i e <\/§sec(9)9{(T22)>Hi
20| f" <\/§sec(6)|Tll|> Hi e (\/Esec(e)|T22\> ‘ i,

S

where o, € [0,1] with ot +p = 1.

Proof.

1£(ITi2 + o — D)T5 P) + f(4aBIT5 %) |

<2 Hf<|T12+ (200 — 1)T22*1|2+4aBT2*1|2>

o

1 1
=25 <f <§C2Z*CTC1 (Z+Q2a—1)Z2°)C + ECQZC’{CI (Z"+ 2o — I)Z)C;))

1 1
=2f (Sl <§C2Z*CTC1 (Z+ (2o—1)Z")C5 + ECQZC’{CI (Z"+ 2a— I)Z)Cg)
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1
<2f 551(C2C;)51(CTC1)51(Z+ (2a—1)Z%)

+%S1 (CC3)s1(C1C)s1(ZF+ Ra—1)Z)
< 2f(251(CG)s1(CiCY))

f (ﬁsec(6)|T22\>’

<25 (Vasec(o)R(n) )|

£ (V2sec(0)R(T52))

s
=
1
r

<2Hfr (\/Esec(e)\TnD i a

=
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