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A HARDY TYPE INEQUALITY ON THE UNIT SPHERE

XING YIN AND SONGTING YIN*

(Communicated by N. Elezovic)

Abstract. We establish another Hardy type inequality on the unit sphere and also obtain the
corresponding sharp constant.

1. Introduction

The classical Hardy inequality states that for n > 3

_ )2 2
/ \Vf|2dx> u/ f—dx,
Rn 4 R» ‘XP

where f € C°(R"\{0}). The constant (";2)2 is optimal and never archived. There has
been a lot of research concerning Hardy inequality on the Euclidean space because of
its applications to partial differential equations involving singular potentials. We see
[2, 3, 8,9, 12] and the references therein.

The validity of Hardy inequality on a manifold and its best constants allows people
to obtain qualitative properties on the manifold. In [4], G. Carron studied the weighted
L?-Hardy inequalities on a Riemannian manifold under some geometric assumptions
on the weighted function and obtained

2 2
o 2 > (C—|—OC—1) / ocf_
[ pervspay =SS [ Laav.

where the weight function p satisfies [Vp|=1 and Ap > % in the sense of distribution.

Particularly, in [10] I. Kombe and M. Ozaydin obtained the improved Hardy inequalities
in the Poincaré conformal disc model
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2y s =2 [
[ vrpav == [
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where f € C(B"\{0}) and p = log }fm is the geodesic distance. Furthermore, the

, I
constant @

is sharp. Along this line, we refer to [5, 6, 7, 10] and so on.
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However, to our knowledge, there are relatively few literatures discussing Hardy
inequality on the sphere. In [13], Y. Xiao first obtained a Hardy inequality on the sphere
as follows:

2 2 (n—2)* f f?
[y rave [ wipavs P2 ([ dmar s [ )

(n— 2)

where d(x,p) is the geodesic distance from x to p on S”, and the constant is
sharp. By similar approach used in Xiao’s paper, S. Yin [15] established another type
of Hardy inequality on the unit sphere:

n—2 2 2 (n—2) / f?
"2 pay VrRav > av,
2 /gn frav+ /gn V] 4 s tan?d(p, x)

where p is a fixed point in S", and the constant
refer to [1, 11, 17] and other related sources.

It is worth mentioning that Yin, in [16], gave a refinement of Hardy type inequality
with the best constant on the unit sphere as follows:

(”_17/ fde+/ V2av

(n—2)? f? f? )
> </Bp<§>d2(p,X)dV+/(§>d2( )dV’

where p and g are the antipodal points, and B, (%) (resp. By(%)) denotes the hemi-

—2)2 .
(n 7 s sharp. For more results, we

sphere centered at p (resp. ¢). Moreover, the constant (";2)2 is sharp in the sense
that
(-2 _ L 2 fS,, F2dV + [ |V f2aV
4 fe) i
\{0} fB % dV+fB % d2 qx)dV

In this short paper we will change B,(%) and B,(%) above to B, (rg) and B,(m —
ro) for 0 < rg < m, and obtain another type Hardy mequahty on the sphere. Our main
theorem is as follows:

THEOREM 1.1. Let S™ be the unit sphere with n > 3. Then for any function
feC=(S") and 0 < ry < m, it holds that

Cinr) [ £av+ [ VRV +Calnm) [ v
S S B, (r)

(n—2)? ( / f? / f? )
> | 4 av),
4 B,(ro) d*(p,x) By(n—rg) d*(q,X)

where Ci(n,rg) > 0,Cy(n,ry) are two constant depending only on n and ry, p and q
are the antipodal points, B,(ro) (resp. By(m —ro)) denotes the geodesic ball centered
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at p (resp. q), and dv = Vr,|dV is the induced volume form on dB,(ry). Moreover,

the constant =21 2) is sharp in the sense that
(n—2)? . (n,70) Jsu 2V + J5u |V PAV +Ca(n,10) [y () £7AV
= in
4 FeC=(M\{0} £

f? .
fBI)("O) d?(px) dv + qu(”_’O) d%(qx) av
In particular, when ro = 0 or ro = &, the inequality becomes

—2)? 1?
c/ 2dv+/ viay s
S"f S"‘ fl 4 sn d?(p,x)

remains sharp.

av

(n=2)
i

for some positive number C, and the constant

In Theorem 1.1, the first term in the left-hand side of the inequality cannot be
removed because it will lead to a contradiction if f is a nonzero constant. When rg = % s
the third term in the left-hand side equals zero and the result reduces to the main result
in [16].

2. The proof of Theorem 1.1

Proof. Let ry(x) = d(p,x) denote the distance function from the fixed point p €
S". Next we follow the arguments in [10] (see also [13]) Let f = rg‘(p with o < 0.
Then Vf = ¢oVry +r;Ve and

IV£I? = @*|Vra >+ % Vol +r5 o(Vré Vo)
(p2a2r2a 2+ 1<V7‘12,a7V(p2>

4
= p?a?r?* 2 4 %dlv((p2Vr2a) %(pzArIz,a, 2.1
where
Ar® = div(Vr®) = div(2ar;® 'Vr,)
=20 'Ar, + 2020 — 1) ?
=2(n—1)ary* 'cotr, +20(20— 1)r;* 2. (2.2)

The last equality holds because Ar, = (n— 1) cotr, in the sphere. Therefore, from (2.1)
and (2.2), we have

25 2.2 of? (n—1o f?
\VF- > d1v((p Vrpa>+§¥_ Tacotrp.

Integrating both sides of the inequality above on B),(r9) (0 <ro < ) gives

f2

v
2 Jyro) 13

/ VPav > / div(g2Vr2®)ay + 2
By (ro) ~ 4 ()

_ 2
_n-De / I~ cotryav. (2.3)
2 Bp("()) Tp
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Let g be the antipodal point of p. Then ry(x) = d(q,x) = © —r, forany x € S". Set
f= r(‘;‘q) . Then by similar arguments, we also have

1 2
[ waveg [ agvaeav+ L
By(m—ro) 4 By(m—rp) 2 By(n—ro) 15
| 2
- L Jo / f— cotrydV. 2.4)
2 By(m—ro) Tq

Note that dB,(ry) = dBy(m —ry), ¢ = ¢ and Vr, = —Vr, on dB,(ry). By Stokes
theorem, we obtain

/ div(p2Vr2%)av + div(92Vr2)dv
Bp(ro)

Bq(ﬂ—l’o)
2 20 2 20
= o°Vri¥ m)dv + o-Vr:%* n)dv
aBp(rw( A an(ﬂ—f0)< A
2

2
20 / S (Ve mydv + 20 / LV, m)dv. 2.5)
dBy(ro) I'p 9Bp(rg) Tq

where n is a fixed normal vector along dB,(ro) and dv is the induced volume form
with respect to n. Choose n = Vr,,. Then

/ div(@*Vr,®)dV + div(¢2vr§°‘)dv:2a<l_ 1 )/ Pav.
By(ro) 28, (r0)

Bq(ﬂfr()) ro T—r

Therefore, it follows from (2.3)—(2.5) that

2 2 2
el Lavi? Lav - (”_21>°‘/ !
B

~—cotr,dV
2 () 73 2 JBy(z—ro) 72 o) T

-1 2 1 1
- u/ I cotrgav+ 2 (— - ) / 72dv,
2 Jy(n—ry) Iq 2\rn m—ro/) JaB,n)

[ 1vrPav =
Sn

which shows

/ Vv — (n— l)oc/ le—rpcotrpdv
5" 2 JByn)

=
B (n—l)a/ le—rqzcotrqdv
2 By(m—rp) s
) 2 ) 2
5 >°‘/ L o >°‘/ I av
2 Bp(ro) I"p 2 By(m—ro) rq

1 1
+2 (— - ) / F2dv
2 \ro ®—r0/ JaBy(ro)
n—2

Notice that % is increasing in r for r € (0,7). Letting oo = —"5=, we deduce
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that there exists a positive constant C(n, ry), depending only on n and ry, such tat

/|Vf|2dv+C(n,ro)/ F2av
N Sr

-2)? 2 2 -2/(1 1
>=2) / Lav + Lav)-" (—— )/ Fav.
4 By(ro) T By(n—ro) 7§ 4 \ro m—ro/ Jay(r)

p

In what follows, we show the constant (";2)2 is sharp. The skill is borrowed from [14]
(see also [13]). Let ) : R — [0, 1] be a smooth function such that 0 < 1 < 1 and

0 1, tel-1,1];
1) =
1 0, |¢t|>=2.

Let H(t) = 1 —n(z), and for sufficient small € > 0 we construct

Oa }"0:0;
f178(r): r 2—n

H(Z)rp,” ,0<r,<ro,

0, rg=0;
f2,£(r): oo 2on

H(2)r,?  0<ry<m—ro.

Then fi¢(r) and f>¢(r) are defined in B, (rp) and By(m — rp), respectively. Define
Je(r) = fre(r) + fae(r).

Then we find that f¢(r) can be approximated by smooth functions on the sphere S".
Compute

)
[ s2av = /B . F2av+ £2av = Vol(s"™) / 0H2<;—p>r127_”(sinrp)”_ldr
p\710

Bq(ﬂ?—ro) €

Vol ) / e () (rg? " Gin(rg))"

€

ro T—ro
<V01(S”‘1)[/ ry " (sinrp)"dr+ / r "(sinrq)"_ldr}

<V01(S”_1) |:/ 2 nn— 1dr—|—/ 2 nn= ldr]

2 2
(Mo, T—1y 2 n—1
_<2 += € )Vol(S ). (2.6)

On the other hand, we get

f2 n—1 "0 2(TP\ —nyes n—1
/Bp(ro)—;dV:Vol(S )/‘g H <z>rp (sinr,)""'dr

"p

n—1 "0 2(TP\ —nyes n—1
>Vol(S )/28 H <z>rp (sinrp)" “dr

—Vol(S" ) / K

r,"(sinry,)" " dr,
2e

p



1012 X.YINAND S. YIN

"

A -1 /”40 2(Ta\ —nye; -1
~=dV =Vol(S" H | — " "d
~/Bq(ﬂ—ro) ; ol ) € <3 >rq (Slnrq> '
T—r
>Vol(S" 1) / U r (i) L.

2¢e

Therefore, combing the above two inequalities, we obtain

2 2
[ avs Te qv
Bp(ro) T'p By(m—ro) Tg
) T—ro
>Vol(S"1) [/ r " (sinr)" " tdr + r‘"(sinr)"_ldr} . (2.7)
2e 2e

Next we are to estimate
[vrpav=[ wppave [ 9ga.
S” Bp(r()) Bq(ﬂfr())

A straightforward calculation yields

1

2
(), wskav)
Bp("())
2
_ n—1y4 Ol (L Bt 2on Ty 5
VoS >2</8 (2) s + 250 ()

Vol(§'1)2 ([ fr 2 2
< (0] (Sg )2 (/ 0 H/(V_P>’ rlz,"(sinrp)"ldr)
€

1

2
(sinrp)"_ldr>

€
+ 2 2vol(sr 1) /rOHz(r_I’)r_”(sinr ) ldr
2 p e/’ b
1y d
_ Vol(s"1)z (/2 ()
E £ E
n—2 n_ind [ [T0 o\ —nye ne 2
+ 5 Vol(S"1)2 (/8 Hz(?p>rp (sinrp) la’r)

n—1y1 2¢e 5
<M max H'(t) (/ rpdr>
€

D=

1
2
rff” (sin rp)"ldr)

€ 1€[0.2]

1
_2 ro 2
+5 Vo1(§"—1)%< /8 r;"(sinrp)"—ldr>

1
— I 2
:\/gVol(S"_l)% max H'(t) + nTzVol(S"_l)% (/ Or;"(sinrp)”_ldr) ,

1€[0,2] €
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%
() Wwvsfav)
By(m—ro)
TT—r
—Vol(s" 1)} ( / ’
€

1
3 1 _ 1 T—ro 2
<1/ 2Vol(S" )3 max H'(t Vol (5™ 1)} / “n(sinr)"ldr)
\/; ol ( ) [1611[3)2(] (1) + 5 ol ( ) j r,"(sinry) r
Thus, we have

[ 1vsPav
Sn

n—1 ! 2 (n — 2)2 n—1 0 —n(o: n—1
<3Vol(S"")(max H'(1))” + ———Vol(S )/ r(sinr)"dr
1€[0,2] 4 £

_|_

_ )2 T—r
(n 42) Vous™ ) [ iy lar
€

U 2
+ \/g(n—2)Vol(S”_l) max H'(t) (/ OI’_"(sinr)"‘ldr>
2 1[0.2] .
3 T—ro 2
+ _(n_z)VOI(gn_l) max H/(t) (/ r—"(sinr)n—ldr> . 2.8)
2 1[0.2] .

Finally, we compute

20y = 122221 qy = 2-"Vol(9B . 29
/aBp(ro)fe Y 9Bp(ro) (8)r0 v =ro "Vol(9B, (r0)) (29)

Since f¢(r) can be approximated by smooth functions on the sphere S", then, by (2.6)—
(2.9), it holds that

Jor IV 1PV +C(n,10) fon 12V + 22 (£ = 2) [, o 2V

) T—ro

C:= Wigf 7 12
JECENO) I8y 7Y + Jgy(m—rp) 74V
Jon [V fePaV +C(n,ro) Jen fodV + % (L - ﬁ) faB,,(rO) f2dv

)

< L L
Jgpr0) 5 AV + S (mrp) 124V

p) )
Cln,ro)(2+52 —¢?)

= Lo rn(sinr)=tdr+ [y "0 rn(sinr)"ldr

n—2 < 1 1 ) 2—n Vol(dB,(rp))

T\ 7mn )0 o)
Lrn(sinr)r=tdr+ [y, " rn(sinr)"-ldr
N 3(max;c(o H'(1))?
Lorn(sinr)"=tdr+ [3, " r—"(sinr)"~ldr
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(n—2)? f"’r "(sinr)"tdr+ [F7"0r " (sinr)" " ldr
4 S rrsin = ldr+ [y 0 r(sinr)*ldr

1
\/g(n —2)max,eo H' (1) {( i r’”(sinr)"’ldr)% + (JF 0 (sinr)"1dr)?

+

+

f2° *"(sinr)"*ldr—l-f;?ro r"(sinr)"~ldr
=I1+1+11+1V+V.

Note that
. "o . 1 . T=ro . 1
lim [ " (sinr)" 'dr=lim r " (sinr)" dr = oo,
e—0./2¢ £—0./2¢
which implies that
I=11=I11I=V=0.

By L’Hospital rule,

Jor(sinr)"tdr+ [F0r (sinr)”_ldr_

&
e=0 [Or=nsinr=ldr+ [y " r"(sinr)"dr

This gives

which shows that the constant (";2)2 is sharp.
Finally, if ro = & (resp. ro = 0), it follows from (2.3) (resp. (2.4)) that

-a
/ VPV = / div(9*Vr2%)aV + = / —de— (n —cotr,,dv
n ]" §n ]"p
f? (n— Do f2
= | =dV - ——"— tr,dV.
> Jo rI% 2 o r —cotr,
Letting o = —%, we have
~1D(n—-2) 1—rycotr (n— 2 f?
viav+ & / 217 TOUp 4y s / Lav.

/Sn‘ f| + 4 nf }"127 Sn r

By mean value theorem, there exists a constant ry such that

1— t
[Py = c(n) / sav,
n 14 Sn

Iz
and thus

| IVsPav+Conm) [ f2av >
N NG

s r2

02,
By similar arguments as above, we can also demonstrate that the constant % is

sharp. O
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