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Abstract. In this article, we discussed some fruitful estimates for linear canonical Hankel trans-
form on some Gelfand-Shilov spaces of type W. Also boundedness result of wavelet transform
involving the linear canonical Hankel transform on certain W -type spaces.

1. Introduction

The Gelfand and Shilov [9], gives an introduction about generalized functions
space of W -type and discusses various applications to analysis, PDE, stochastic pro-
cesses, and representation theory. Chung [4] provide symmetric descriptions of the
Gelfand-Shilov spaces of types S and W with regard to the Fourier transformation.
These findings provide a clear explanation of why these spaces are invariant to Fourier
transformations. The Gelfand and Shilov [9], Friedman [8] and Gurevich [3] investi-
gated the W -type spaces. They examined the behaviour of Fourier transform in W -type
spaces. Pathak and Upadhyay [14] discussed the spaces generalizing the spaces of type
W in Lp norm. Pathak and Pandey [13] examined certain Gelfand-Shilov spaces of type
W using the continuous wavelet transform. They properly constructed spaces of type
W defined on R×R+ , C×R+ and C×C , the continuity and boundedness results for
continuous wavelet transform was obtained. Pilipovic et al. [15] studied the local and
global properties of wavelet transforms on Gelfand-Shilov type spaces. Upadhyaya et
al. [18] and Prasad and Mahato [16], discussed the characterization of W-type spaces
by using wavelet transform associated with the fractional Fourier transform. For the
more details of W -type spaces Cordero et al. [6] investigated localization operators in
the context of ultra-distributions.

The main objective of this paper is to investigate the nature of linear canonical
Hankel wavelet transform on Gelfand-Shilov type spaces of W -type. This work is mo-
tivated by the work of Mahato and Singh [11], Pathak [16] and Van [19]. In their work
they presented the results for characterizing the inverse of the fractional Hankel trans-
form on some Gelfand-Shilov spaces of type W. Furthermore they constructed some
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spaces of type W , on which they studied the nature of wavelet transform associated
with fractional Hankel transform.

As per [2, 7], the continuous wavelet transform (CWT) Wψ(b,a) is a function of
two parameters and, therefore, contains a high amount of extra (redundant) information
when analyzing a function is defined as:

(
Wψφ

)
(b,a) =

1√
a

∫
R

φ(t)ψ
(

t−b
a

)
dt (1)

=
∫

R

φψb,a(t)dt

where φ ,ψb,a(t) ∈ L2(R) .
The space Lp

μ,ν,α , 1 � p � ∞ as the space of all those real valued measurable
function φ on I such that

‖φ‖Lp
μ ,ν,α

=
∣∣∣∣
∫ ∞

0
|φ(x)|pxνμ−α+2ν+1dx

∣∣∣∣
1
p

< ∞.

The concept of linear canonical transformation (LCT) defined with four parameters
a,b,c,d was developed by the two projects, Collins [5] on the field of paraxial optics
and on the other hand, Moshinsky and Quesne [12] in the field of nuclear physics in
mid seventies. Wolf [20] presented the canonical Hankel transformation of function f
for n-dimension and ν � 1−n . Bultheel et al. [1] introduced K (y,x) to the kernel of
fractional Hankel transform by replacing a = d = cosθ and b = −c = sinθ as:

[
H θ f

]
(ξ ) =

ei(1+ν)( π
2 −θ)

sinθ

∫ ∞

0
f (x)e−i ξ2+x2

2 cotθ Jν

(
xξ

sinθ

)
xdx.

Utilizing the hypothesis of Bultheel [1], Prasad and Kumar [17], characterized lin-
ear canonical Hankel transformation of the integrable function f over positive real
line. Like theory of LCT this transform can be states as depending on three more real
parameters ν,α,β with uni-modular matrix A of order 2× 2 along with condition
νμ +2ν −α � 1 as (

H A
μ,ν,α ,β f

)
(y) =

∫ ∞

0
KA(y,x) f (x)dx, (2)

where, the kernel of the transformations are given as:

KA(y,x) = νβ
e−i π

2 (1+μ)

b
x−1−2α+2νe

iβ
2b (ax2ν+dy2ν)(xy)αJμ

(
β
b

(xy)ν
)

, b �= 0. (3)

The inversion formula of (1.1) is given by:

f (x) =
(
H A−1

μ,ν,α ,β

(
H A

μ,ν,α ,β f
)

(y)
)

(x) =
∫ ∞

0
KA−1

(x,y)
(
H A

μ,ν,α ,β f
)

(y)dy,

where A−1 denotes inverse of the matrix A .
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As per [10], the linear canonical Hankel wavelet ψm,n,A of any function ψ ∈
L2

μ,ν,α(I) by using the LCH-translation and dilation Dm defined as

ψm,n,A = Dm
(
τA
n ψ
)
(t) = DmψA(n,t)

= m−2ν+2αe
ιβ
2b a
(

1
m2ν −1

)
t2ν

e
ιβ
2b a
(

1
m2ν +1

)
n2ν

ψA
( n

m
,

t
m

)
, (4)

for m � 0, n > 0.

LEMMA 1. Let ψ be any arbitrary function belong to L2
μ,ν,α . Then the linear

canonical Hankel transform of ψm,n,A is given by

(
H A

μ,ν,α ,ν ψn,m,A
)
(ω) = e−

ιβ
2b [(m2ν−1)dω2ν−an2ν ](mω)−νμ−α(ωn)αJμ

(
β
b

(ωn)ν
)

×H A
μ,ν,α ,β (zνμ+α ψ(z)e−

ιβ
2b az2ν )(mω).

Now by using Parseval’s relation and Lemma 1, the above defined continuous
wavelet transform

(
WA

ψ f
)
(n,m) becomes

(
WA

ψ f
)
(n,m) =

b
νβ

e−ι π
2 (1+μ)

∫ ∞

0
KA−1

(n,ω)(mω)−νμ−αe
ιβ
2b d(mω)2ν

×
(
H A

μ,ν,α ,β f
)

(ω)H A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mω)dω . (5)

2. The spaces WM,σ ,W Ω,η and W Ω,η
M,σ

In this section, we discuss the definition and characterizations of W -type Gelfand-
Shilov spaces that will be employed in our study of the linear canonical wavelet trans-
form. For defining the spaces WM,σ , WΩ,η and W Ω,η

M,σ we need two functions m(x) ,
(0 � x < ∞) and ω(y) , (0 � y < ∞) , on I be continuous increasing function such that
m(0) = 0 = ω(0) and m(x) → ∞ as x → ∞ and ω(y) → ∞ as y → ∞ , the function
M(ζ ) and Ω(η) for each ζ ,η � 0 are defined as [9],

M(ζ ) =
∫ ζ

0
m(x)dx, (6)

and

Ω(η) =
∫ η

0
ω(y)dy. (7)

The function M(ζ ) and Ω(η) are continuous and increasing, and satisfy with the value
M(0) = 0, M(ζ )→ ∞ for ζ → ∞ and Ω(0) = 0, Ω(η)→∞ for η →∞ by using these
value we can developed the condition for convex inequality which are the following

M(ζ1 + ζ2) � M(ζ1)+M(ζ2), Ω(η1 + η2) � Ω(η1)+ Ω(η2). (8)
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If the function m(x) and ω(y) are mutually inverse, that is, m(ω(x)) = x and ω(m(y))
= y . Consequently, the functions M and Ω described above are referred to as dual in
the Young sense. The Young inequalities in this instance is given by

ζη � M(ζ )+ Ω(η), for each ζ � 0, η � 0. (9)

Now, as per [11, 16, 19] we define the W -type spaces as:

DEFINITION 1. Let q,k ∈ N0 . A smooth function φ(x) belongs to WM,σ ,A (σ >
0) if for every δ > 0 there exist Cq,δ > 0 depending on φ(x) such that

|xk(x1−2νDx)q(e±
ιβ
2b ax2ν

x−νμ−αφ(x))| � Cq,δ exp[−M(σ − δ )x].

DEFINITION 2. The spaces W Ω,η,A , (η > 0) contains all smooth function ψ(z) ,
(z = x+ ιy ∈ C) that for any ρ > 0 satisfy the following inequality

|zke±
ιβ
2b az2ν

ψ(z)| � Ck,ρ exp[Ω(η + ρ)y], k = 0,1,2, . . .

where Ck,ρ > 0 depends on ψ(z) .

DEFINITION 3. Let M(x) be dual to Ω(y) in the Young sense. We define the
space W Ω,η

M,σ ,A , (σ ,η) as the collection of all entire analytic functions φ(z) , (z = x+
ιy ∈ C) that for any ρ ,δ > 0 satisfy the inequality

|zke±
ιβ
2b az2ν

φ(z)| � Cδ ,ρ exp[−M(σ − δ )x+ Ω(η + ρ)y], k = 0,1,2, . . . ,

where Cδ ,ρ is a positive constant depends on φ(z) .

The following recurrence relation [17] we will use in further investigations:(
x1−2νDx

)m [
x−νμJμ (βxν)

]
= (−νβ )mx−ν(μ+m)Jμ+m(βx)ν . (10)

3. Linear canonical Hankel transform on W type spaces

In this section, we have studied about the nature of linear canonical Hankel trans-
form on WM,σ ,A , WΩ,η,A , W Ω,η

M,σ ,A type spaces and will be employed in our study of
wavelet transform.

THEOREM 2. Let M(x) be the function which is dual to the function Ω(y) in the
Young sense. Then the linear canonical Hankel transform H A

μ,ν,α ,β is defined as above

is continuous linear mapping from WΩ,η,A into WM, 1
η ,A .

Proof. Let q,k ∈ N , z = x+ ιy and A is the uni-modular matrix defined as earlier
and φ ∈W Ω,η,A . Then from Definition 2

|zke±
ιβ
2b az2ν

φ(z)| � Ck,ρ exp[Ω(η + ρ)y], k = 0,1,2, . . .
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Now using, definition of LCHT∣∣∣∣∣ωk(ω1−2νDω)q(e−
ιβ
2b aω2ν

ω−νμ−α(H A
μ,ν,α ,β φ)(ω))

∣∣∣∣∣
=

∣∣∣∣∣ωk(ω1−2νDω)q

{
e−

ιβ
2b aω2ν

ω−νμ−α νβ
b

e−ι π
2 (1+μ)

∫ ∞

0
z−1−2α+2ν

×e
ιβ
2b (aω2ν+dz2ν )(zω)αJμ

(β
b

(zω)ν
)
dx

}∣∣∣∣∣
=

∣∣∣∣∣ωk(ω1−2νDω)qω−νμ νβ
b

e−
π
2 (1+μ)

∫ ∞

0
z−1−α+2νe

ιβ
2b dz2ν

Jμ

(
β
b

(zω)ν

)
dx

∣∣∣∣∣
=

∣∣∣∣∣νβ
b

∣∣∣∣∣
∣∣∣∣∣ωk(ω1−2νDω )qω−νμ

∫ ∞

0
z−1−α−2νe

ιβ
2b dz2ν

Jμ

(
β
b

(zω)ν

)
dx

∣∣∣∣∣.
Using recurrence relation (10) in the above equation

=

∣∣∣∣∣νβ
b

∣∣∣∣∣
∣∣∣∣∣ωk

∫ ∞

0

(
−νβ

b
zν

)q

(zω)−ν(μ+q)Jμ+q

(
β
b

(zω)ν

)
z−1−α+2ν+νμ+νq

×e
ιβ
2b dz2ν

dx

∣∣∣∣∣
=

∣∣∣∣∣νβ
b

∣∣∣∣∣
1+q∣∣∣∣∣ωk

∫ ∞

0
(zω)−ν(μ+q)Jμ+q

(
β
b

(zω)ν

)
z−1−α+2ν+νμ+2νqe

ιβ
2b dz2ν

dx

∣∣∣∣∣
�
∣∣∣∣∣νβ

b

∣∣∣∣∣
1+q+k∣∣∣∣∣

∫ ∞

0
(zω)−ν(μ+q)+kJμ+q

(
β
b

(zω)ν

)
z−1−α+2ν+νμ+2νq−ke

ιβ
2b dz2ν

dx

∣∣∣∣∣.
Since μν +2ν−α � 1, where α,ν ∈R and

∣∣∣(ωz)−ν(μ+q)+kJμ

(
β
b (ωz)ν

)∣∣∣ is bounded

on 0 � |ωz| < ∞ by BA
μ,ν,α ,β exp(−Im(ωz)) (say).

In viewing Definition 2 and using the inequality |z|l � (|z|l+2+|z|l)
1+x2 the above ex-

pression becomes∣∣∣∣∣ωk(ω1−2νDω)qe−
ιβ
2b aω2ν

ω−νμ−α(H A
μ,ν,α ,β φ)(ω)

∣∣∣∣∣
� D

∫ ∞

0
BA

μ,ν,α ,β (C−1−α+2ν+νμ+2νq−k,ρ +C−1−α+2ν+νμ+2νq−k+2,ρ)

×exp(−Im(ωz))exp(Ω(η + ρ)(y))
dx

1+ x2

� DBA
μ,ν,α ,β (C−1−α+2ν+νμ+2νq−k,ρ +C−1−α+2ν+νμ+2νq−k+2,ρ)

×exp(−ωy+ Ω(η + ρ)(y))
∫ ∞

0

dx
1+ x2 .
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Now, consider the Young inequality for ωy and replace ω ,y by ω
(η+ρ) and (η + ρ)y ,

respectively

ωy = M

(
ω

η + ρ

)
+ Ω((η + ρ)y)

exp(−ωy+ Ω(η + ρ)(y)) = exp [−|ω ||y|+ Ω(η + ρ)(y))]

= exp
[
−M

( ω
(η + ρ)

)]
.

Assume 1
η+ρ = 1

η − δ , where δ is arbitrary small number. Then the above inequality
becomes ∣∣∣∣∣ωk(ω1−2νDω )q(e−

ιβ
2b ax2νω−νμ−α(H A

μ,ν,α ,β φ)(ω))

∣∣∣∣∣
� C′

−1−α+2ν+νμ+2νq−k,ρ exp

[
−M

(
1
η
− δ

)
ω

]
.

This completes the proof. �

THEOREM 3. Let M(x) and Ω(y) be same as in the above theorem, then the
linear canonical Hankel transform H A

μ,ν,α ,β is continuous linear mapping WM,σ ,A into

WΩ,1/σ ,A .

Proof. Let φ ∈WM,σ ,A , then the definition 1 gives∣∣∣∣∣ωk(ω1−2νDω)qe−
ιβ
2b aω2ν

ω−νμ−α φ(ω)

∣∣∣∣∣� Cq,δ [−M(σ − δ )ω ], k,q = 0,1,2,3, . . .

Now, we see that

|z−νμ−αe−
ιβ
2b az2ν

(H A
μ,ν,α ,β φ)(z)|

=

∣∣∣∣∣z−νμ−αe−( ιβ
2b )az2ν νβ

b
e−ι π

2 (1+μ)
∫ ∞

0
e

ιβ
2b (az2ν+dω2ν )(zω)αJμ

(
β
b

(zω)ν

)

×ω−1−2α+2νφ(ω)dω

∣∣∣∣∣
�
∣∣∣∣∣νβ

b

∣∣∣∣∣
∣∣∣∣∣z−νμ

∫ ∞

0
e

ιβ
2b dω2ν

Jμ

(
β
b

(zω)2ν

)
ω−1−α+2νφ(ω)dω

∣∣∣∣∣
�
∣∣∣∣∣νβ

b

∣∣∣∣∣
∣∣∣∣∣
∫ ∞

0

{
(zω)−νμJμ

(
β
b

(zω)ν

)}
ω−1−α+2ν+νμe

ιβ
2b dω2ν

φ(ω)dω

∣∣∣∣∣
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�
∣∣∣∣∣νβ

b

∣∣∣∣∣|z−k|
∣∣∣∣∣
∫ ∞

0

{
(zω)−νμ+kJμ

(
β
b

(zω)ν

)}
ω−1+2ν−k

×
(

ω−νμ−αe
ιβ
2b dω2ν

φ(ω)

)
dω

∣∣∣∣∣
�
∣∣∣∣∣νβ

b

∣∣∣∣∣|z−k|
∣∣∣∣∣
∫ ∞

0
ωk(ω1−2νDω)−k(zω)−νμ+kJμ

(
β
b

(zω)ν

)

×ω−1+2ν

{
(ω1−2νDω)kω−νμ−αe

ιβ
2b dω2ν

φ(ω)

}
dω

∣∣∣∣∣.
Using recurrence relation equation (10)

�
∣∣∣∣∣νβ

b

∣∣∣∣∣|z|−k

∣∣∣∣∣
∫ ∞

0

(
−νβ

b
ω−ν

)−k

(zω)−ν(μ−k+k)Jμ+k

(
β
b

(zω)ν

)
ω−1+2ν

×
{

(ω1−2νDω)kω−νμ−αe
ιβ
2b dω2ν

φ(ω)

}
dω

∣∣∣∣∣
�
∣∣∣∣∣νβ

b

∣∣∣∣∣
1+k ∫ ∞

0

∣∣∣∣∣(zω)−νμJμ+k

(
β
b

(zω)ν

)∣∣∣∣∣
×
∣∣∣∣∣ω−1+2ν+k

{
(ω1−2νDω)kω−νμ−αe

ιβ
2b dω2ν

φ(ω)

}
dω

∣∣∣∣∣.
Since νμ + 2ν −α � 1, where μ ,α ∈ R ,

∣∣∣(zω)−νμJμ+k

(
β
b (zω)ν

)∣∣∣ is bounded on

0 � |(zω)| < ∞ by CA
μ,ν,α ,β exp(−Im(z))(say). Then the above expression estimate as∣∣∣∣∣z−νμ−α+ke−

ιβ
2b az2ν

(H A
μ,ν,α ,β φ)(z)

∣∣∣∣∣
� D

∫ ∞

0
Ck,δ exp[−M(σ − δ )ω ]CA

μ,ν,α ,β exp(−ωy)ω1+2νdω

� DCA
μ,ν,α ,βCk,δ

∫ ∞

0
exp[−M(σ − δ )ω ]exp(ωy)ω1+2νdω

� DCA
μ,ν,α ,βCk,δ

∫ ∞

0
exp[−M(σ − δ )ω ]exp(ωy)ω1+2νdω

� DCA
μ,ν,α ,βCk,δ

∫ ∞

0
exp[ωy−M(σ −2δ )ω ]exp[δω ]ω1+2νdω .

We can set a real positive number δ , such that 1
(σ−2δ ) = 1

σ + ρ , where ρ is arbitrarily

small together with δ . Finally we have∣∣∣∣∣z−νμ−α+ke−
ιβ
2b az2ν

(H A
μ,ν,α ,β φ)(z)

∣∣∣∣∣ � Dk,σ exp

[
Ω

(
1
σ

+ ρ

)
y

]
,
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where Dk,σ = DCA′
μ,ν,α ,βCk,δ

∫ ∞
0 exp[δω ]ω1+2νdω . �

THEOREM 4. Let M(x) and M1(x) are dual to Ω1(y) and Ω(y) , respectively, in
the Young sense. Then the linear canonical Hankel transform H A

μ,ν,α ,β is a continuous

linear mapping from W Ω,η
M,σ ,A into WΩ1,1/σ

M1,1/η,A .

Proof. Assume that z = u+ ιv , ω = x+ ιy and φ ∈WΩ,η
M,σ ,A . Then we obtain

|(H A
μ,ν,α ,β φ)(z)| =

∣∣∣∣∣νβ
b

e−ι π
2 (1+μ)

∫ ∞

0
e

ιβ
2b (aω2ν+dz2ν )(ωz)αJμ

(
β
b

(ωz)α

)

×ω−1−2α+2νφ(ω)dx

∣∣∣∣∣
�
∣∣∣∣∣νβ

b

∣∣∣∣∣
∫ ∞

0
|e ιβ

2b (aω2ν+dz2ν )(ωz)αJμ

(
β
b

(ωz)α

)
ω−1−2α+2νφ(ω)dx|

�
∣∣∣∣∣νβ

b

∣∣∣∣∣
∫ ∞

0
|(ωz)−νμJμ

(
β
b

(ωz)α

)
||e ιβ

2b dz2ν
zνμ+α |

×|ω−1−α+2ν+νμe
ιβ
2b dω2ν

φ(ω)|dx.

Since νμ + 2α −α � 1, μ ,α ∈ R and
∣∣∣(ωz)νμJμ

(
β
b (ωz)α

)∣∣∣ is bounded on 0 �

|(ωz)| < ∞ by CA
μ,ν,α ,β exp(−Im(ωz)) (say).

|(H A
μ,ν,α ,β φ)(z)| �

∣∣∣∣∣νβ
b

∣∣∣∣∣
∫ ∞

0
CA

μ,ν,α ,β exp(−xv−uy)|e ιβ
2b dz2ν

zνμ+α |

×|ω−νμ−αe
ιβ
2b aω2ν

φ(ω)||ω−1+2ν+2νμ |dx

�
∣∣∣∣∣νβ

b

∣∣∣∣∣CA
μ,ν,α ,β

∫ ∞

0
exp(−xv−uy)|e ιβ

2b az2ν
zνμ+α |

×Cδ ,ρ exp[−M(σ − δ )x+ Ω(η + ρ)y]|ω−1+2ν+2νμ|dx

� D′|e ιβ
2b az2ν

zνμ+α |
∫ ∞

0
exp(−xv−uy)

×exp[−M(σ − δ )x+ Ω(η + ρ)y]|ω−1+2ν+νμ|dx.

Therefore,

|e− ιβ
2b az2ν

z−νμ−α(H A
μ,ν,α ,β φ)(z)|

� D′
∫ ∞

0
exp[xv−M(σ − δ )x]exp[−uy+ Ω(η + ρ)y]|ω−1+2ν+νμ|dx
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= D′
∫ ∞

0
exp

[
Ω1

(
y

σ −2δ

)]
exp

[
−M1

u
η + ρ

]
|exp[−M(δx)]ω−1+2ν+νμ |dx

� Cδ ′,ρ ′ exp

[
−M1

(
1
η
− δ ′

)
u+ Ω1

(
1
σ

+ ρ ′
)

v

]
,

where Cδ ′,ρ ′ = D′ ∫ ∞
0 |exp[−M(δx)]ω−1+2ν+νμ |dx. �

4. Wavelat transform on W -type spaces

In this section, we have studied about the continuity and boundedness properties
of LCH wavelet transform on suitably constructed Gelfand-Shilov space of type W .
In order to continue our study about LCH wavelet transform on the above mentioned
space, we shall need to introduce the following function spaces.

DEFINITION 4. The space W̃M,σ ,A , σ > 0 is defined to be the collection of all
complex valued infinitely differentiable functions φ(n,m) ∈ C∞(C×R+) , for δ > 0,
and ν as earlier satisfy the following inequality,

∣∣∣(n1−2ν ∂
∂n

)k( ∂
∂m

)l{
n−νμ−αe−

ιβ
2b an2ν

φ(n,m)
}∣∣∣

� Ck,l,δ exp
[
−M

{( n
1+m

)
(σ − δ )

}]
, where k, l = 1,2,3 . . .

and Ck,l,δ are positive constant depends on the function φ .

DEFINITION 5. The spaces W̃Ω,σ ,mσ ,A , σ > 0 and ν as earlier contains of the
function φ(s,m) ∈C∞(C×R+) entirely analytic with respect to s = b+ ιλ which for
any ρ ,ρ ′ > 0 satisfy inequality

∣∣∣ 1
(1+ |m|−t)

(
m1−2ν ∂

∂m

)t
φ(s,m)

∣∣∣
� Ct,ρ exp

[
Ω(σ + ρ)λ + Ω(σΩ + ρ ′)λ

]
, with t = 0,1,2 . . .

where all positive constant Ct,ρ depend on φ .

THEOREM 5. Let Ω(y) is dual to M(x) in the Young sense. Suppose that

H A
μ,ν,α ,β

(
(.)−νμ−αe−

ιβ
2b d(.)2ν

ψ(.)

)
(mω) ∈WM,σ ,A and H A

μ,ν,α ,β ( f ) ∈WM,σ ,A,

then the linear canonical Hankel wavelet transform is a continuous linear mapping
from WM,σ ,A into W̃Ω,1/σ ,1/mσ ,A .
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Proof. Since H A
μ,ν,α ,β

(
(.)−νμ−αe−

ιβ
2b d(.)2ν

ψ(.)
)
(nω) ∈ WM,σ ,A , H A

μ,ν,α ,β ( f ) ∈
WM,σ ,A , therefore LCHT can extended to the complex value of s = n+ ιλ according to
the definition 5, thus we obtain∣∣∣(m1−2ν ∂

∂m

)t
(WA

ψ f )(s,m))
∣∣∣

=
∣∣∣ b
νβ

e−
ιπ
2 (1+μ)

(
m1−2ν ∂

∂m

)t ∫ ∞

0
KA−1

(ω ,s)(mω)−νμ−αe
ιβ
2b d(mω)2ν

×H A
μ,ν,α ,β ( f )H A

μ,ν,α ,β (zα+νμe−
ιβ
2b az2ν

ψ(z))(mω)dω
∣∣∣

=
∣∣∣ b
νβ

e−
ιπ
2 (1+μ)

∫ ∞

0

(
m1−2ν ∂

∂m

)t νβ
b

eι π
2 (1+μ)e−

ιβ
2b (aω2ν+ds2ν)(ωs)α

×Jμ

(β
b

(ωs)ν
)

ω−1−2α+2ν(mω)−νμ−αe
ιβ
2b d(mω)2ν

H A
μ,ν,α ,β ( f )

×H A
μ,ν,α ,β f (zα+νμe−

ιβ
2b az2ν ψ(z))(mω)dω

∣∣∣
=
∣∣∣∫ ∞

0

[
e−

ιβ
2b aω2ν

ω−1−α+2νH A
μ,ν,αβ ( f )e−

ιβ
2b as2ν

Jμ

(β
b

(sω)ν
)](

m1−2ν ∂
∂m

)t

×
{
e

ιβ
2b d(mω)2ν

H A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mω)(mω)−νμ−α

}
dω sα

∣∣∣
=
∣∣∣∫ ∞

0

[
e−

ιβ
2b aω2ν

ω−1−α+2ν+μH A
μ,ν,αβ ( f )e−

ιβ
2b as2ν

(ωs)−μJμ

(β
b

(sω)ν
)](

m1−2ν ∂
∂m

)t

×
{
(mω)−νμ−αe

ιβ
2b d(mω)2ν

H A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mω)

}
dωsα+μ

∣∣∣.
Since

∣∣∣(ωs)−μJμ

(
β
b (sω)ν

)∣∣∣ is bounded by 0� |(ωs)|< ∞ by DA
μ,ν,α ,β exp(−Im(sω))

(say), the above inequality

∣∣∣(m1−2ν ∂
∂m

)t
(WA

ψ f )(s,m))
∣∣∣

�
∣∣∣∫ ∞

0
|e− ιβ

2b aω2ν
ω−1−α+2ν+μ+tH A

μ,ν,α ,β f (ω)|DA
μ,ν,α ,β exp(−λ ω)

×
∣∣∣(mω)t

(
(mω)−t ∂

∂ (mω)

)t{
(mω)−νμ−αe

ιβ
2b d(mω)2ν

×H A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mω)

}∣∣∣∣∣∣sα+μe−
ιβ
2b as2ν

∣∣∣|m|−tdω

�
∫ ∞

0
|e− ιβ

2b aω2ν
ω−νμ−α(H A

μ,ν,α ,β ) f (ω)||ω−1−2ν+μ+t+νμ ||m|−t

×
{

DA
μ,ν,α ,β exp(−λ ω)

}∣∣∣∣∣
(

(mω)−t ∂
∂ (mω)

)t{
(mω)−νμ−αe

ιβ
2b d(mω)2ν

∣∣∣∣∣
×H A

μ,ν,α ,β (zα+νμe−
ιβ
2b az2ν ψ(z))(mω)

}
(mω)t

∣∣∣sα+μe−
ιβ
2b as2ν

∣∣∣dω .
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Now using the Definition 1, we got∣∣∣∣∣
(

m1−2ν ∂
∂m

)t

(WA
ψ f )(s,m)

∣∣∣∣∣
� DA

μ,ν,α ,β (1+ |m|−t)
∣∣∣sα+μe−

ιβ
2b as2ν

∣∣∣∫ ∞

0
exp(λ ω)Cδ ,α exp[−M(σ − δ )ω ]

×Cδ ,α ′ [−M(σ − δ ′)(mω)]ω−1−2ν+μ+t+νμ dω

� D′A
μ,ν,α ,β (1+ |m|−t)

∣∣∣sσ+μe−
ιβ
2b as2ν

∣∣∣∫ ∞

0
exp
[
2λ ω −M(σ − δ )ω

−M(σ − δ ′)(mω)
]
ω−1−2ν+μ+t+νμ dω .

Applying the Young’s inequality properties, the above expression can be written as:

−M[( σ − δ )ω ]+ |λ ω | � −M[δω ]+ Ω
[ λ

σ −2δ

]
−M[(σ − δ ′)mω ]+ |λ ω | � −M[δ ′mω ]+ Ω

[ λ
m(σ −2δ ′)

]
.

Therefore, we obtain the above expression

� D′A
μ,ν,α ,β (1+ |m|−t)

∣∣∣sα+μe−
ιβ
2b as2ν

∣∣∣exp
[
Ω
( λ

σ −2δ

)
+ Ω

(λ
m

1
σ − δ ′

)]
×
∫ ∞

0
ω−1−2ν+μ+t+νμ exp[−M(δω)]dω .

Since
∫ ∞
0 ω−1−2ν+μ+t+νμ exp[−M(δω)]dω < ∞ and we can choose real number ρ ,

ρ ′ such that

1
mσ − δ ′ =

1
mσ

+ ρ ′ and
1

σ −2δ
=

1
σ

+ ρ .

We thus obtain the above expression bounded by∣∣∣∣∣ 1
(1+ |m|−t)

(
m1−2ν ∂

∂m

)t{
sα+μe

ιβ
2b as2ν

}
(WA

ψ f )(s,m)

∣∣∣∣∣
� Cα ,ρ ,ρ ′ exp

[
Ω
( 1

σ
+ ρ
)

λ + Ω
( 1

mσ
+ ρ ′

)
λ
]
,

where Cα ,ρ ,ρ ′ = D′ ∫ ∞
0 ω−1−2ν+μ+t+νμ exp[−M(δω)]dω . �

THEOREM 6. Let Ω(y) is dual to M(x) in the Young sense, and suppose H A
μ,ν,α ,β

∈WΩ,η,A and H A
μ,ν,α ,β

(
(.)−νμ−αe−

ιβ
2b d(.)2ν

ψ(.)
)

(mω) ∈WΩ,η,A .

Then the linear canonical wavelet transform (WA
ψ f )(n,m) is a continuous linear

mapping from WM,η,A into W̃ Ω,1/η,A .
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Proof. Since φ ,ψ ∈WΩ,η,A , following the technique of Gelfand and Shilov [9],
the expression for the linear canonical wavelet transform defined by (5) can be written
as (γ = η + ιω)

(WA
ψ f )(n,m)

=
b

νβ
e−ι π

2 (1+μ)
∫ ∞

0
KA−1

((η + ιω),n)((η + ιω)m)−νμ−αe
ιβ
2b d(m(η+ιω))2ν

×(H A
μ,ν,α ,β f )(η + ιω)H A

μ,ν,α ,β (zα+νμe−
ιβ
2b az2ν ψ(z))(m(η + ιω)dη

=
b

νβ
e−ι π

2 (1+μ)
∫ ∞

0
KA−1

(γ,n)(γm)−νμ−αe
ιβ
2b d(mγ)2ν

×(H A
μ,ν,α ,β f )(γ)H A

μ,ν,α ,β (zα+νμe−
ιβ
2b az2ν ψ(z))(mγ)dη .

Then,

∣∣∣∣∣
(
n1−2ν ∂

∂n

)k( ∂
∂m

)l
n−νμ−αe

ιβ
2b an2ν

(WA
ψ f )(n,m)

∣∣∣∣∣
=

∣∣∣∣∣ b
νβ

(
n1−2ν ∂

∂n

)k( ∂
∂m

)l ∫ ∞

0
n−νμ−αe

ιβ
2b an2ν

KA−1
(γ,n)(γm)−νμ−α

×e
ιβ
2b d(mγ)2ν

(H A
μ,ν,α ,β f )(γ)H A

μ,ν,α ,β (zα+νμe−
ιβ
2b az2ν ψ(z))(mγ)dη

∣∣∣∣∣
=

∣∣∣∣∣
∫ ∞

0

(
n1−2ν ∂

∂n

)k( ∂
∂m

)l[
n−νμ−αe−

ιβ
2b an2ν

γ−1−2α+2νe
ιβ
2b (an2ν+dγ2ν )

×Jμ

(β
b

(γn)ν
)
(mγ)−νμ−αe

ιβ
2b d(mγ)2ν

H A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)

×(H A
μ,ν,α ,β f )(γ)dη

]∣∣∣∣∣
=
∫ ∞

0

∣∣∣∣∣
(
n1−2ν ∂

∂n

)k[
n−νμJμ

(β
b

(γn)ν
)]

e
ιβ
2b mγ2ν

γ−1−α+2ν(H A
μ,ν,α ,β f )(γ)

×
( ∂

∂m

)l[
(mγ)−νμ−αe

ιβ
2b d(mγ)2ν

H A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)dη

]∣∣∣∣∣
�
∫ ∞

0

∣∣∣∣∣
(
n1−2ν ∂

∂n

)k[
(γn)−νμJμ

(β
b

(γn)ν
)]

e
ιβ
2b aγ2ν

γ−1−α+2ν+νμ(H A
μ,ν,α ,β f )(γ)

×
( ∂

∂m

)l[
e

ιβ
2b d(mγ)2ν

(mγ)−νμ−αH A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)

]
dη

∣∣∣∣∣.
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Therefore the above expression becomes,

∣∣∣∣∣
(
n1−2ν ∂

∂n

)k( ∂
∂m

)l
n−νμ−αe

ιβ
2b an2ν

(WA
ψ f )(n,m)

∣∣∣∣∣
� D

∫ ∞

0

∣∣∣(n1−2ν ∂
∂n

)k[
n−νμJμ

(β
b

(γn)ν
)]∣∣∣∣∣∣e ιβ

2b aγ2ν
γ−1−α+2ν+νμ(H A

μ,ν,α ,β f )(γ)
∣∣∣

×
∣∣∣∣∣
( ∂

∂m

)l[
e

ιβ
2b d(mγ)2ν

(mγ)−νμ−αH A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)

]
dη

∣∣∣∣∣.
Now, using recurrence relation equation 1, we obtain

= D
∫ ∞

0

∣∣∣(−νγν)k
[
(γn)−ν(μ+k)Jμ+k

(β
b

(γn)ν
)]∣∣∣

×
∣∣∣e ιβ

2b aγ2ν
γ−1−α+2ν+νμ+νk(H A

μ,ν,α ,β f )(γ)
∣∣∣

×
∣∣∣∣∣
( ∂

∂m

)l[
e

ιβ
2b d(mγ)2ν

(mγ)−νμ−αH A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)

]
dη

∣∣∣∣∣
= D

∫ ∞

0

∣∣∣(−ν)k
[
(γn)−ν(μ+k)Jμ+k

(β
b

(γn)ν
)]∣∣∣

×
∣∣∣e ιβ

2b aγ2ν
γ−1−α+2ν+νμ+2νk(H A

μ,ν,α ,β f )(γ)
∣∣∣

×
∣∣∣∣∣
( ∂

∂m

)l[
e

ιβ
2b d(mγ)2ν

(mγ)−νμ−αH A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)

]
dη

∣∣∣∣∣.

Since
∣∣∣(γn)−ν(μ+k)Jμ+k

(
β
b (γn)ν

)∣∣∣ is bounded on 0 < |(γn)| < ∞ by EA
μ,ν,α ,β

exp(−Im(γn)) , using Definition 4 and the inequality |z|l � (|z|l+2+|z|l)
1+x2 the above ex-

pression becomes

∣∣∣∣∣
(
n1−2ν ∂

∂n

)k( ∂
∂m

)l
n−νμ−αe

ιβ
2b an2ν

(WA
ψ f )(n,m)

∣∣∣∣∣
� D′

∫ ∞

0
EA

μ,ν,α ,β exp(−Im(ωn))
∣∣∣e ιβ

2b aγ2ν
γ−1−α+2ν+νμ+2νk(H A

μ,ν,α ,β f )(γ)
∣∣∣

×
∣∣∣∣∣
( ∂

∂m

)l[
e

ιβ
2b d(mγ)2ν

(mγ)−νμ−αH A
μ,ν,α ,β (zα+νμe−

ιβ
2b az2ν ψ(z))(mγ)

]
dη

∣∣∣∣∣
� D′′

∫ ∞

0
exp(−Im(ωn))

{
Ck,−1−α+2ν+νμ+2νk +Ck,−1−α+2ν+νμ+2νk+2

}
×exp[Ω(ζ + ρ)ω ]Cl,ν,μ,α exp[Ω(ζ + ρ ′)(mω)]

dη
1+ |η |2
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� D′′ exp[−ωn+ Ω((ζ + ρ)(1+m)ω)]
∫ ∞

0

dη
1+ |η |2 , if ρ = ρ ′

� D′′′ exp

[
−M

(
n

1+m
1

ζ + ρ

)]∫ ∞

0

dη
1+ |η |2 .

We can set a real number δ > 0 such that 1
ζ+ρ = 1

ζ − δ , we get,

∣∣∣∣∣
(
n1−2ν ∂

∂n

)k( ∂
∂m

)l
n−νμ−αe

ιβ
2b an2ν

(WA
ψ f )(n,m)

∣∣∣∣∣
� Ck,l,ζ ,δ exp

[
−M

(
n

1+m
1

ζ + ρ

)]
,

where Ck,l,ζ ,δ = D′′′ ∫ ∞
0

dη
1+|η|2 . �
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