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A NEW p-NUMERICAL RADIUS

MOHAMMAD EL-HADDAD, OMAR HIRZALLAH AND FUAD KITTANEH
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Abstract. The p-numerical radius of a Hilbert space operator A is defined as

[Re ()],

for 0 < p < oo, where Re () is the real part and |[|-|,, is the Schatten p-norm (quasi-norm). In
this paper, a more natural p-numerical radius is defined as

Wp (A) = sup
0eR

- (2><A¢,,¢,->>”)l/p

(Z)j} ons. \ Jj

for 0 < p < . Properties and inequalities related to this new p-numerical radius are given.

1. Introduction

Let B (H) be the space of all bounded linear operators acting on a separable com-
plex Hilbert space H occupied with an inner product (-,-). The absolute value of an
operator A € B(H), denoted by |A], is the positive square root of the positive opera-
tor A*A, that is, [A] = (A*A)'/2. For an operator A € B(H), let Re(A) = 4£A~ and
Im(A) = AE—;“* denote the real part and the imaginary part of A, respectively.

The usual operator norm, denoted by ||-||, is the norm on B (H) defined as
|A[] = sup {[|Ax]| : x € H, |lx[| = 1}
Equivalently,
IA[| = sup {[{Ax,y)| : x,y € H, [|x]| = |[y[| = 1}. (L.

Moreover, if A is normal, then the usual operator norm of A becomes
|A[] = sup {|(Ax,x)| : x € H, ||x[| = 1}. (1.2)

The numerical radius of an operator A € B (H) is denoted by w(A) and is defined
as
w(A) = sup{|(Ax,x)| : x € H, ||x|| = 1}. (1.3)
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It is known that w(-) defines a norm on B (H), which is equivalent to the usual operator
norm ||-]|. In fact, if A € B(H), then

A
”z_H <w(A) < JJA]. (1.4)

Moreover, if A> =0, then w(A) = @. Also, if A is normal, then w(A) = ||A]|.
One of the distinguishable characterizations of the numerical radius is the one
introduced by Yamazaki [16], which asserts that if A € B (H), then

w(A) = sup HRe (e A) H = sup
0cR 0cR

‘Im (efeA) H . (1.5)

Also, the numerical radius satisfies the weak unitary invariance property, that is, if
A €B(H), then
w(U*AU) =w(A) (1.6)

for every unitary operator U in B (H). Another useful property of the numerical radius
is the self-adjointness property, that is,

w(A®) = w(A)

for every A € B (H). This property can be easily derived from the relations (1.5).
For a compact operator A € B(H), the Schatten p-norm, denoted by ||-[|,,, is
defined on B (H) by

1/p
lAll, = sup <Z|<A¢,,»,w,->}”> (L.7)
J

{0} {wi} ons

for 1 < p < oo, where the the supremum is taken over all orthonormal sets (o0.n.s.)
{9}, {u/J} in H. In particular, when A € B (H) is normal, we have

1/p
IAll, = sup <Z|<A¢j,¢j>|”> : (1.8)
J

{d)j} 0.n.s.

Note that for 0 < p <1, [|-||, is a quasi-norm (it does not satisfy the triangle inequality).
Moreover, an important fact for the Schatten p-norms, when 2 < p < oo, is that

1/p
IA]l, = sup <2|\A¢,~H”> : (1.9)
{d)_,-}o.n.b. j

where the the supremum is taken over all orthonormal bases (0.n.b.) {q) j} for H. Also,
one of the useful properties of the Schatten p-norms (quasi-norms) is that

5301, =10551],-

(A (1.10)
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for A,B € B(H) and for 0 < p < eo. We say that an operator A € B (H) belongs to the
Schatten p-class, which is denoted by B), (H), if [|A[|, <<e. Indeed, lim [|A[|,=[|A[.
p—roe

For comprehensive accounts of the Schatten p-norms, we refer the reader to [8], [13],
and [17].

The relations (1.5), inspired Abu-Omar and Kittaneh [1] to define generalized nu-
merical radii of operators. Among these generalized numerical radii is the p-numerical
radius (see, e.g., [2], [3], [4], [7], [10], [1 1], and [12]), which is defined as follows: For
0 < p < oo, define the p-numerical radius w, (-) on B, (H) as

wp (A) = sup

‘Re <e"9A>H for A € B, (H). (1.11)
0eR 14

Equivalently, we have

w,,(A)ZSlé%Hm1 (eieA)Hp for A € B, (H). (1.12)

Some of the nice properties of the p-numerical radius are the following (see, e.g., [5]
and [9]): For A,B € B, (H) and 0 < p < oo, we have

cpllAll, <wp(A) <Al (1.13)
where NIV .
C”:{zlﬂ/;’, ng;w' (1.14)
In particular, we have
e <o) < (115)
Moreover, we have
wI,([gg]) < (Wh(A)+wh(B)"” (1.16)
and
w,,qg‘é]) =2Pw, (A). (1.17)
It can be seen (see, e.g., [14]) that
Wy ([g‘g]) - 2‘1+1/1’;1€1§)’A+ei63* ) (1.18)

for 0 < p < oo,

In this paper, we focus our attention on a new generalized numerical radius. In
Section 2, inspired by the relations (1.1), (1.3), and (1.7), we introduce a more natural
p-numerical radius and we study some properties of this new notion. In Section 3, we
focus our attention on presenting some properties of our new p-numerical radii of the
diagonal parts and the off-diagonal parts of 2 x 2 operator matrices. In Section 4, we
introduce lower and upper bounds for the new p-numerical radii of the off-diagonal
parts of 2 x 2 operator matrices.



1266 M. EL-HADDAD, O. HIRZALLAH AND F. KITTANEH
2. The new p-numerical radius

In accordance with the relations (1.1), (1.3), and based on the relation (1.7), one
might introduce the definition of the p-numerical radius of an operator as follows.

DEFINITION 2.1. The p-numerical radius of an operator, denoted by n, (+), is
defined on B, (H) by

1/p
wi= s (Slasa))
{(IJJ-} ons. \ J

for 0 < p < oo,

REMARK 2.2. Each of the following statements can be easily verified.

(a) lim n,(A) =w(A) forevery A € B, (H).

p—soo
(b) For 0 < p < oo, the relations (1.3), (1.7), and Definition 2.1 imply that
w(A) <y (4) < Al e}
forevery A€ B, (H).

(¢) For 0 < p < o, the new p-numerical radius n, (-) is weakly unitarily invariant,
that is,

n, (U*AU) =1, (A) 2.2)
for every A € B, (H) and for every unitary U € B (H).

(d) For 1 < p < oo, the new p-numerical radius n, (-) is anorm on B, (H).

Based on Definition 2.1, a result that relates n, (-) and w, (-) can be seen in the
following theorem.

THEOREM 2.3. Let A € B, (H). Then

wp (A)

Cp

2.3)

wp (A) <np(A) <

for 0 < p <o, where c, is defined in the relation (1.14).
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Proof. For the first inequality of (2.3), let 6 € R. Since Re (¢"A) is self-adjoint,
we have

|Re (¢%4) Hp = (2 (Re () ¢/,¢j>|p> " (by the relation (1.8))
9 ons. \'J

» 1/p
—  sup (2 Re<ei9A¢j7¢j>’>

{d)_,-} 0.N.8. j

1/p
< s (S[(em00)f)

{(IJJ-} ons. \ J

- (Slasl) "

{d)_,-} 0.n.s.
= n,(A) (by Definition 2.1). (2.4)

By taking the supremum in both sides of the inequality (2.4) over all real numbers 6 in
wp(A) = sup

R, we have
‘Re <€i9A> H
0eR p

< n,(A) (by the inequality (2.4)). (2.5)

For the second inequality of (2.3), we have

np,(A) < [|A]], (by the second inequality of (2.1))
A
< W”c—() (by the first inequality of (1.13)),
P
as required. [J

In the following example, we compute the two p-numerical radii w, (-) and n), (-)
for certain matrices. This example shows that the inequalities (2.3) are sharp.

EXAMPLE 2.4. Let A = [8 (1)] , B= [(1) ?} ,and let 0 < p < oo. Then

wy (A) = 271417 (by the relation (1.18)).

Also, by direct computations, we have

/p
n, (A) = sup <2|<A(p/,¢j>’p> :{¢,} is orthonormal set in C*
7

— 2—1+1/p.
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On the other hand, we have

wp(B) = zlelﬁ ‘Re (ei9A> Hp

sup(|cos(6)|p+\sin(6)|p)l/p.
BeR

In particular, letting p = 2, we have

wy (B) =1,
while the normality of B implies that
n(B) = 1B, = V2.
Consequently, n,(A) =w,(4) and ny (B) = ch—(zm. In this example, we see that the

inequalities (2.3) are sharp. Also, in this example, we see that our new p-numerical
radius 1, (-) and the old p-numerical radius w), (-) are different concepts.

We need the following lemma for scalars. It follows from the convexity of the
function f (1) =17 on [0,00) for 1 < p < co.

LEMMA 2.5. Let a and b be positive real numbers. Then
(a+b)P < 2P~ (a? +DP)

for 1 < p <o, and
(a+b)’ =207 (aP +bP)

for0<p< 1.

In the following theorem, we give some upper and lower bounds for our new p-
numerical radii of operators.

THEOREM 2.6. Let A € B, (H). Then

y (4) < 212777 ([Re (A) [+ 11m (4) ) v 2.6)

for 2 < p < oo, and

ny(A) > 2'2717 |Re (A) +Im (4) 2.7)

p

for 0<p<1.
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Proof. Let {q)j} be an orthonormal set in H, and let 2 < p < eo. Then

np(A) = sup Y (|(49;,0)]")

0jyons. J

= sup Z(l((Re(A)+i1m(A))¢j»¢j>’p)

= sup Z(}RC(<A¢,/’¢j>)+ilm(<A¢JH¢j>)}p)
{9;}ons. Jj

/2
- 5 (((Retaos. 0 + (man0)?)"™) @8
¢jyons. j
<W“{? Y (IRe(49;,9;)|" + [Im(A¢;,0;)|")
Ojjons. Jj
(by Lemma 2.5)

:21’/2‘1{ Sfp (2}<RG(A)¢17¢1>|17+2KIm(A)‘Ph‘PJW)
0j}ons. \ J J

<2727 ([Re ()15 +[ltm (4)]7)
On the other hand, let 0 < p < 1. Then
2 2\P/2
)= s 3 ((Re(40,0))" + m(401.0,))°)")

{(IJJ-} o.ns. Jj
(by the relation (2.8))
’ Wl{ To 2 ([Re(A9;,0;)|" + [tm (49;,0;)[")
¢jyons. j
(by Lemma 2.5)

> 20271 sup Y ([(Re(A) ¢7,65)| + [(Im (A) 97,6;)])”

{9} ons. j

> 2271 qup Y [(Re(A)¢;,0;) + (Im(A) ¢;,9;)|"
{q),}ons J

=271 sup 3| ((Re(A) +1m(A)) b5, ;)|
{q)_,-}o.n.s. J

= 271271 (||Re (A) + Im (4) 1)
as required. [

3. Properties of the new p-numerical radii of the diagonal parts and the
off-diagonal parts of 2 x 2 operator matrices

In this section, we are interested in studying some properties of our new p-nume-
rical radii of the diagonal parts and the off-diagonal parts of 2 x 2 operator matrices.
First, we start with the following theorem that involves some of the these properties.
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THEOREM 3.1. Let A,B € B, (H), andlet 0 < p < oo. Then
(@) [A0]\ _ (B0
a ﬂp _OB_ —ﬂp _OA .
[0 A] [0 B
(b) n1’(_30_ A OD'

|
IR
|

0 eiﬁB]>f0revery o, €R.
0 AT
(d) “F(_B 0]

I
=
S

[0 %A
_eiBB 0 ])forevery o, €R.

I
=
S

Il
=
=
e N

Proof.
Part (a): We have

w([55]) = (7] [55] 73]

(by the identity (2.2))

= ([04]):

where I is the identity operator in B (H).
Part (b): We have

o (58] (3] 4] ) o
(22

Part (c): We have

AO0TY 0 2177 TAO][ 0 €2
" loB|) ="\ 2 0 0B| P21 o

(by the identity (2.2))

eiB-a)/2g 0
=1y 0 ola=B)/27
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Part (d): We have

w([56]) =

—la/21 0 1°To0A][e 21 0
e P21 1BO 0 e P2

(by the identity (2.2))

([
()
(

Jila—B)/24
+B)/2 0
. /[' oo ')

0 (%A
= ([o85%"])-

Other properties of the new p-numerical radii of the diagonal parts of 2 x 2 oper-
ator matrices can be seen in the following theorem.

:np

THEOREM 3.2. Let A,B € B, (H), andlet T = [‘3 g} . Then
1
n, (7) > max (np (A),n,(B), 3™ (A +B)) (3.1)
and
» NP
n, (7)< (JAllp+1813) (3:2)
Jor 0 < p oo

Proof. Let {¢;} be an orthonormal set in H. Then the set {n;}, where n; =
[%j ] ,is orthonormal in H & H. It follows that

(St0or) i DIE "

1/p

< s (Slree))
{é_,-}o.n.s. Jj

— n, (T). (33)

By taking the supremum in both sides of the inequality (3.3) over all orthonormal sets

{¢;} in H, we have
n, (A) <n,(T). (3.4)

Similarly, we have
n,(B) <n,(T). (3.5)
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(pJ: } . Then {g;} is an orthonormal set in H & H. It

Moreover, let ¢; = % [ 0
j

follows that

1/p

N =

J

(Stwsma0r) i (Strssr)
< sup <;|<T§ia§j>}p>l/p

&jtons.

— n,(T). (3.6)

By taking the supremum in both sides of the inequality (3.6) over all orthonormal sets
{¢;} in H, we have

%np (A+B)<n,(T). (3.7

Now, the inequality (3.1) follows from the inequalities (3.4), (3.5), and (3.7).
The inequality (3.2) follows from the second inequality of (2.1) and the fact that

» 2\ /P
11, = (Al +1812) . O

A direct application of Theorem 3.2 can be seen in the following corollary.

A0

COROLLARY 3.3. Let A€ B, (H), and let S = [‘3 ﬂ and T = [O 0

} . Then

ny(4) <y (8) <277 A,

and
n, (A) <np (T) < ||A],

for 0 < p < oo,

In the following theorem, we give properties of the new p-numerical radii of the
off-diagonal parts of 2 x 2 operator matrices.

THEOREM 3.4. Let Ac B, (H), andlet T = [gg} . Then
1 P P l/p
S0y (A+B) <, (T) < (|45 +11817) (3.8)

for 0 < p Koo,
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Proof. Let {¢;} be an orthonormal set in H, and let ¢; = % [g’ ] . Then {g;}

is an orthonormal set in H & H. It follows that

% (;}<(A+B)¢fa¢j>|p> i <;|<T€j7€j>|p> "

< sup <;|<T§ia§j>}p>l/p

&jtons.

— n,(T). (3.9)

By taking the supremum in both sides of inequalities (3.9) over all orthonormal sets
{0} in H, we have

1
St (4+B) <, (T),

which proves the first inequality of (3.8). The second inequality of (3.8) follows from
1/p
the second inequality of (2.1) and the fact that |||, = <||A||§ + ||BH£> . O

A direct application of Theorem 3.4 can be seen in the following corollary.

0A

0A
COROLLARY 3.5. Let A€ B, (H), and let S = [A O} and T = [O 0

} . Then

n, (4) <np (5) <2714,

and

1
S0y (4) <1, (T) < Al

for 0 < p Koo,

4. Inequalities for the new p-numerical radii of the off-diagonal parts
of 2 x 2 operator matrices

In this section, we introduce further properties concerning our new p-numerical

radii of the off-diagonal parts of 2 x 2 operator matrices. We start with the following
Clarkson type lemma.

LEMMA 4.1. Let a and b be complex numbers, and let 2 < p < oo. Then
2(|al” + |bI") < la+ b +|a—b” <277 ([a| + [b]").
These inequalities can be reversed for 0 < p < 2.

Now, we have the following result.
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THEOREM 4.2. Let A,B € B, (H), and let R = 0A+B S= 0A-B ’
0 O 0 O
0A

andT:[BO

] . Then

1/p
cp (IAl5+1BI3)
2P A B, 27 P A= B,
¢p is defined in the relation (1.14).

(@) n,(T)>max for 0 < p < oo, where
(b) n,(T) <2172/ (ab (R)+nb(8)) "7 for 2 < p < eo.

Proof.
Part (a): We have

n,(T) = cp|T||, (by the first inequalities of (1.13) and (2.3))

1/p
= cp (a5 +11B12)

4.1
On the other hand, we have
n,(T) = wy (T) (by the first inequality of (2.3))
= sup ‘Re <ei6T>“
0cR r

_ lsu 0 e9A 4 e~ 9B

- 296% efiBA*_Fei@B 0 »

=271 /Psup ||e®A e~ 0B*

6eR P
> 2—1+1/Pmax<||A+B*Hp,HA—B*Hp). 4.2)

Now, Part (a) follows from inequalities (4.1) and (4.2).

0A 0 .
Part (b): Let T| = [—B 0] ,andlet {&;} = { {WJ;} } be an orthonormal set in
H @ H. Then

(T&. 801"+ (1€, 8"

= [{Aw;.0;) + (B, vi)[" + [(Aw;, 0;) — (Boj wi) |

<2771 ([(awy 00| + [(Boj. wj)|")
(by the second inequality of Lemma 4.1)

=271 ([(Aw 00"+ [(B'w,97)[")

<272 ([((A+BY) vy 0)| "+ (A= B) v 0,)]") (4.3)
(by the first inequality of Lemma 4.1)

=202 (|(RE;,&)[" +1(s&1.)").
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Consequently,

S (78.E) P <22 (;|<Rs,-7¢j>v’+;|<sa,-,a,->|") e

J
By taking the supremum in both sides of the inequality (4.4) over all orthonormal sets
{&} in H& H, we have

nb (T) <2772 (b (R) +nb(S))
as required. [

A direct application of Part (b) of Theorem 4.2 can be stated as follows.

COROLLARY 4.3. Let A,Bc B, (H), andlet T = B‘é] . Then
1-2/p x| D o p
m (1) <2' 727 (|l + B*[D + 1A~ B} 4.5)

for 2 < p oo,
Proof. We have
n, (T) < 217%/7 (nb (R) +nb (S))l/p (by Theorem 4.2 (b))
< 21-2p <||R||§ + HSHﬁ) i (by the second inequality of (2.1))
=212/ (la+ B+ ||A—B*H§>l/p,

as required. [

REMARK 4.4. Another formulation of the inequality (4.5) can be stated as fol-

lows: Let A,B € B, (H), andlet T = {gg] . Then
1/p
ny (T) <227/7 (|Re ()17 + ltm () 1) (4.6)

for 2 < p < oo. In particular, taking B = A, we have

1/p
np (4) <2277 (|[Re (A) |+ ltm (4) ) (4.7)
In fact, the inequality (4.6) follows from the inequality (4.5), by observing that
lA+B[[} =27V |[Re (7))}, and [|A — B[} = 27" [Im (7))}

while the inequality (4.7) follows from the inequality (4.6) by letting B = A and using
the first inequality of (3.8).
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An application of Theorem 4.2 and Corollary 4.3 can be seen in the following
corollary.

COROLLARY 4.5. Let A€ B, (H), and let S = [E\ g} and T = [86\} . Then
27 ALL, <y (8) < 22THPYAL, (4.8)
27U, < mp (T) <2717 A, (4.9)

Jor 2 < p < oo,

Proof. The first inequality of (4.8) follows by applying Part (a) of Theorem 4.2
for 2 < p < o and taking B = A, while the second inequality of (4.8) follows from
Corollary 4.3 by taking B = A and the facts that |[Re (4)|, < [|A[|, and [[Im(A)]], <
4l

The inequalities of (4.9) follow by applying Part (a) of Theorem 4.2 for 2 < p < oo
and Corollary 4.3 by taking B=0. [

Another result can be stated as follows.

THEOREM 4.6. Let A,B € B, (H), andlet T = [gﬂ. Then
2 2 %12
n2 (T <2H AP+ |B H (4.10)
»(T) AF+IBT

for 0 < p < oo,

/} } be an orthonormal set of H @ H. Then

Proof. Let {&;} = { m;

(T&,&) "+ [(Ti&, &)
< |(A+B) v, 0 + (A= B") y;,0;)| (by the inequality (4.3))
< (H(A+B*)w;|\2+ |\(A—B*)%H2) los]|*
<[lAa+B) il + (A= B wy

2( (12 +187) v )

=2(|o w009

Sl e’ <2\ g e s e 54)

and so
p/2

(4.11)

J
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By taking the supremum in both sides of the inequality (4.11) over all orthonormal sets
{&} in H® H, we have

2 2 *(2
T <2HA B H s
v <2 up s |

as required. [

Now, we have the following three corollaries.

COROLLARY 4.7. Let A € B, (H). Then

271+1/p HA”I7 < n, <|:Im(zA) RCéA):l) < Zl/Pwp (A) (412)

for 0 < p < oo,

Proof. We have
o-1+1/p HAHp — - l+1/p IRe(A)+ iIm(A)Hp

27 [Re () + (—im (4))°,

<, ({—ilrg (A) ReéA)}) (by Theorem 4.2 (a))

_ 0 Re(A)
=n, ({Im(A) 0 ]) (by Theorem 3.1 (d)),
which proves the first inequality of (4.12). For the second inequality of (4.12), we have

(Lt 5]) <Lt "]

(by the second inequality of (2.1))
1/p
= (IRe(A)]2+ [1m (4) 7)
< 21/pwp (A) (by the relations (1.11) and (1.12)),

as required. [J

COROLLARY 4.8. Let A,Bc B, (H), andlet T = B‘é] . Then
02
nt (1) > Fmax (|42 + 8|, 42 B2, ) + | A}, — 18I (4.13)
for 1 < p <o, and
c2
1) > % (|| P+ 182, + 113 - 1212 (@.14)

Sfor 2 < p < oo, where ¢ is defined in the relation (1.14).
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Proof. Let 1 < p <eo. Then

2 2 2 2
n, (T) > c,max (||AHP,HBH1,> (by Theorem 4.2 (a))

2
P
P

9

(Al -+ 181+ | hal — 18113 (4.15)

[

2
2

> 2[4, + 1%, + | lal; — 1817
2
C

> 5 (I8, +| 1Al - 18153 ). @16

which proves the inequality (4.13). For the inequality (4.14), let 2 < p < o and by
using the facts that

Aty = ||, ana =187,
Il = 1aP| , ana 1815 = | 182,

the inequality (4.15) implies that

([50]) = 3 (el Lol w10

C2
> 2 (| 1ar+i82|  +|naiz a1 417
2 (] wpiee], | 1a-1sg]). @

which proves the inequality (4.14). [

0A

COROLLARY 4.9. Let A,BeB,(H), andlet T = {B 0

] . Then

n2(T) > 27*"/Pmax (HA2 +B7|

o IAB"+BAll,)
+2—3+2/1" lA+B°2 - ||A_B*Hf,) (4.18)
for 1 < p < oo, and

— 2 %12 * %
W2 (T) > 272/ Pmax (H A2 +|B"| Hp/z’HA B +BA||p/2>

+2*3+2/1" lA+ B - ||A—B*||f,‘ (4.19)

for 2 < p Koo,
Proof. Let 1 < p <eo. Then
n2(T) > 272/ Pmax (HA +B2,jA —B*||Ii> (by Theorem 4.2 (a))
> 2 342 (H(A+B*)2Hp+ |a—B7| +|havm- ||A_B*||f,D

> 2342/ (H(A+B*)2i (A —B*)2H + j A+ B || —B*||12,D .
p
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It follows that
n2(T) > 27 2*/Pmax (||A2 +B2| . |AB" +B*A||p>
27 A+ B - A - B

which proves the inequality (4.18). For the inequality (4.19), let 2 < p < e and by
using the facts that

A B*Z:HA B*2H d A—B*Z:HA—B*ZH , 420
2= 10+ B aala-mii=|a-sp| @20

we have

2 —2+2/ A2 1A _ R
n2(T) > 2 Pmax(HA+B I2]lA— B ||p) (by Theorem 4.2 (a))

o i

_ 2—3+2/p (H |A+B*‘2H
p/2

A+ B 2 A—B* 2‘
ot B -5 )
(by the relations (4.20))

> 273+2/p (H A+ B+ \A_B*FH +‘ lA+B*| - ||A—B*||f,D :
p/2
It follows that

— 2 %12 * %
w2 (T) > 272/ Pmax (H IA]2 +|B*| Hp/z’HA B +BA||p/2>

’

12| A+ B - A - B

as required. [J

REMARK 4.10. The inequalities (4.10) and (4.19) imply that if A,B € B, (H) and

T:[OA

BO , then

-242/p H A+ |B*‘2H <n2(1)<2 H A + |B*|2H 4.21)
p/2 p/2

for 2 < p oo,

An application of Corollary 4.9 can be stated as follows. This application relates
the new p-numerical radius n, (-) of an off-diagonal part of a 2 x 2 operator matrix
with the old p-numerical radius w), (-) of the products of the off-diagonal parts.

0A

COROLLARY 4.11. Let A,Be€ B, (H), andlet T = [B 0

] . Then

n2 (T) > 27'"%/Pmax (w, (AB) ,w, (BA)).

2
P

Jor 2 < p < oo,
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Proof. Let 0 € R. Then we have

i0
n2(T) =n? ({g eOAD (by Theorem 3.1 (d))

> 2-2+2/p He—if’A*B* +eif’BAH (by the inequality (4.19))
P

— o 142/p HRe <e""BA) (4.22)

I,

By taking the supremum in both sides of the inequality (4.22) over all real numbers 0,

we have
n2 (T) =27 ""/Py, (BA). (4.23)

Also, interchanging A and B and observing that

0B
nlz, (T) = nlz, ({A 0]) (by Theorem 3.1 (b))
imply that
n2 (T) >27""%/Pw, (AB) (by the inequality (4.23)). (4.24)
Now, the result follows from the inequalities (4.23) and (4.24). O

We end this section with the following remark.
. . A0
REMARK 4.12. It is natural to ask for explicit formulas for n, and

0B
0A
Y\ lBo
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