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INTERLACING OF EIGENVALUES
AND INVARIANT FACTORS

J. F. QUEIRO, E. M. SA, A. P. SANTANA AND O. AZENHAS

(communicated by M. Goldberg)

Abstract. In this note, we explain the analogy between interlacing properties of invariant factors
of matrices over a principal ideal domain R and of eigenvalues of complex Hermitian matrices.
This is done by looking at the interlacing theorems as dealing with very special cases of the
problems of describing the invariant factors of a product of R -matrices and the eigenvalues of a
sum of Hermitian matrices.

1. Introduction

Let R be a principal ideal domain and let n» > 2 be a natural number. Given
elements ¢,|...|c; and a,_i|...|a; in R, there exists an n x n matrix over R with
the ¢; as invariant factors, containing an (n — 1) X n submatrix with the a; as invariant
factors, if and only if ([11, 16])

civtlailci, i=1,...,n—1.

Itis also well known that given real numbers y; > --- >y, and oy = -+ = 0—1,
there exists an n X n Hermitian matrix with the ¥; as eigenvalues, containing an
(n—1) x (n—1) principal submatrix with the o as eigenvalues if and only if (e.g. [3])

Vi1 S0 <Y, i=1,....,n—1.

The observation of the analogy between these two “interlacing” results has led
several authors to look for explanations for it, as well as for other analogies between
invariant factors of R -matrices and eigenvalues of Hermitian matrices, (see e.g. [1], [2],
[10]).

In the present note we explain the interlacing analogy by looking at the above
results as dealing with very special cases of two important problems in matrix theory:
describing the invariant factors of products of matrices over R and the eigenvalues of
sums of Hermitian matrices.
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2. Interlacing of invariant factors

THEOREM 1. Let ¢, ... |c; and ay—1|...|a; be elements of R. Then the following
three conditions are equivalent:

(a) There exists an n X n matrix over R with the c; as invariant factors, containing
an (n— 1) x n submatrix with the a; as invariant factors.

(b) There exist n X n R-matrices A with invariant factors ay, . ..,a,—1,1, and X
with n — 1 invariant factors equal to 1 such that AX has invariant factors c;.
(¢) culan—1|cn—1] - |calarlcr

Proof. The assertion (a) < (c) is the interlacing result mentioned in the introduc-
tion.
We base the proof of (a) < (b) on the following matrix factorization suggested in

[4]:
el LS e e] 2

where Aj is (n—1)x (n—1), xis 1 x (n—1) and & is 1 x 1. Note that the middle
factor is unimodular.

Let us start with an n X n matrix, call it C, and a submatrix as described in (a).
Of course we may assume that C already has the lower triangular block decomposition
of the lefthand side of (1), where A; has invariant factors a;. So (1) gives us the
factorization we need in (b).

Conversely, assume we have a product AX satisfying all conditions in (b). Now
AX is obviously equivalent to a matrix product much like the righthand side of (1),

namely
e @

where V is unimodular and A; is (n — 1)-square with invariant factors a,_1]|...|a; .
But here we cannot guarantee that V has the block-lower-triangular form of the middle
factor in the first factorization. We remove this obstacle in the following way. First,
we remark that the problem is localizable: For each fixed prime p € R, we can restrict
ourselves to matrices over the local domain R, , i.e., work only with powers of p. Then
we use, with minor changes, Lemma 5.1 of [13] and the argument under that lemma to
show that V may in fact be transformed into a matrix like the middle unimodular factor
of (1). So we started with a product AX as in (b), and we end up with a matrix (1),
equivalent to AX and having A; as a submatrix. This finishes our proof that (a) and
(b) are equivalent. O

We remark that, in the matrix product situation, we can multiply throughout by an
element of R, and obtain the following:

COROLLARY. Given elements cy|...|c1 and ay|...|a; in R, there exist n X n
R -matrices A with invariant factors a,|...|a; and X with n — 1 invariant factors
equal to 1 such that AX has invariant factors cy|. . .|c; if and only if

anlenlan—1|cn—1] - - |calailer -
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REMARK. Unfortunately, in the second part of the above proof we used a non-
elementary localization technique, combined with a triangular decomposition of uni-
modular matrices over principal local domains. This can hardly be considered an
elementary argument. In fact, it seems that we cannot pass without some tricky maneu-
ver to transform AX into a matrix—e.g., like the one on the left side of (1)—exhibiting
the desired matrix-submatrix pattern, as we see with the following 2 x 2 example:
Given a,p,q,r,s, & in R, such that ps — gr = 1, consider the factorization

ap ag€ | [a O P q 10
Tl )
If either p,r, or s is a unit (as it holds in the local case) then it is easy to find
upper-triangular row and column elementary transformations that reduce the middle
unimodular factor to a lower triangular unimodular matrix. But in the general case
we cannot expect things to be so easy: As a matter of fact, the existence of LUL- or
ULU-factorizations for 2 x 2 [n x n] unimodular matrices characterizes local principal

ideal domains [13, Lemma 5.1].
On the other hand, using localization, we have shown that our 2 X 2 matrix is

equivalent to one like
a 0 10 10
01 x 1 0 & |-

We wonder if a simple proof of this fact can be found without the localization step.
More generally, we have the following:

OPEN PROBLEM. Find an explicit equivalence, without localization, which trans-
Sforms (2) into (1).

3. Interlacing of eigenvalues of Hermitian matrices

THEOREM 2. Let vy =2 -+ =2 ¥, and o = --- = 04,—1 be nonnegative real
numbers. Then the following three conditions are equivalent:

(a) There exists an n x n Hermitian matrix with the V; as eigenvalues, containing
an (n— 1) x (n— 1) principal submatrix with the o; as eigenvalues.

(b) There exist n X n Hermitian matrices A with eigenvalues oy, . . ., 0,—1,0 and
X > 0 with n — 1 zero eigenvalues such that A + X has eigenvalues ;.

(nzomz2yz2 212012

Proof. The assertion (a) < (c) is the interlacing result mentioned in the introduc-
tion.

The proof of (a) < (b) is essentially due to R. C. Thompson [15] and is based on
the following observation of Wielandt [17]: If welet N be n x (n — 1), x be n x 1,
and denote by M the matrix [N |x], then the n x n positive semidefinite matrices

MM* = NN* + xx* and M*M = [NN N'x ]

X*N  x*x

have the same eigenvalues. [
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We remark that in the Hermitian sum situation, we can add a real scalar throughout,
and obtain the following:

COROLLARY. Given real numbers v, = --- 2 Y, and Q1 = --- > Q,, there exist
n X n Hermitian matrices A with eigenvalues oy > --- > o, and X > 0 with n — 1
zero eigenvalues such that A + X has eigenvalues yy > - - > ¥, if and only if

'}/120512'}/22"'2%1—1>an—l>'}/n>an-

4. Relating the two situations

We have seen in section 2 that in the invariant factor interlacing situation, we are
dealing with a very particular case of the problem of describing the invariant factors of
a product of two square R -matrices, given their invariant factors. In this problem, it is
enough to consider the non-singular case [12].

NOTATION. We deal with the local version of the problem. Denote by IF, the
set of triples (a, B,y) of n-tuples o = (oty,...,0), B = (B1,...,B,) and v =
(Y1, ..., %) of nonincreasing nonnegative integers for which there exist n x n non-
singular R, -matrices A, B and C with invariant factors p*,... p*, ph o phe
and p" ..., p¥ suchthat C = AB.

Analogously, we have seen in section 3 that in the Hermitian matrix interlacing
situation we are dealing with a very particular case of the problem of describing the
eigenvalues of a sum of two Hermitian matrices given their eigenvalues.

NOTATION. Denote by E, the set of triples (¢, B,7) of n-tuples of nonincreasing
real numbers for which there exist n x n Hermitian matrices A, B and C with
eigenvalues o, ..., 0, Bi,-..,B, and y1,..., ¥, such that C = A 4+ B. There is no
loss of generality in working with nonnegative numbers only, and we include this in the
definition of E,, .

THEOREM 3. One has
IF, =E, N7 (3)

Proof. From [6], we know that IF, = LR,, where LR, is the set of triples

(a7ﬁ7Y) of n—tuples a = (ala .- 'aan)v ﬁ = (ﬁh' .- 7ﬁn) and Y = (yh' . ~’%1)
of nonincreasing nonnegative integers such that y can be obtained from o and f3,
according to the combinatorial Littlewood-Richardson rule [9].

In [7], Klyachko has shown that for integer n-tuples o, 8 and y, one has

(a,B,7) €E, < Iyen (Na, NB,Ny) € LR,
And very recently ([8]) Knutson and Tao proved that
(Na,NB,Ny) € LR, = (a,B,y) € LR,.

Putting these three facts together gives the stated result. [
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This relation between invariant factors and eigenvalues (which, as seen in the proof,
follows readily from the deep results in [6], [7], [8]) explains, in light of Theorems 1 and
2, the interlacing analogy for submatrices.

REMARKS. 1. The equality (3) was conjectured for several years, on the strength
of analogies between the two sets. In [13] it was shown that the inclusion LR, C E,
follows from a theorem of Heckman [5] on representations and coadjoint orbits of
compact connected Lie groups.

2. The set LR, , in the case where the second rn-tuple is forced to have at most
one nonzero component, is described explicitly by the so-called Pieri rule. This, not
unexpectedly, is precisely the family of interlacing inequalities

Nz 2202 2%20,

plus the obvious condition
2y =20 + B

(which is the only restriction involving £ ).

3. By Theorem 3, the integral vectors of E, are the elements of LR, . It follows
from a result in [7] that E,, is a polyhedral cone in R*" defined by a finite set of rational
homogeneous linear inequalities in &,  and y. Such a cone is generated by its
integral vectors (see e.g. [14]), and therefore each inequality satisfied by the integral
generators holds for all vectors in the cone. So the study of the case of integral spectra
is enough to understand the situation concerning eigenvalues of Hermitian matrices.

REFERENCES

[1] D. Carlson, Minimax and interlacing theorems for matrices, Linear Algebra and its Applications 54
(1983), 153-172.
[2] D.Carlsonand E. Marques de S4, Generalized minimax and interlacing theorems, Linear and Multilinear
Algebra 15 (1984), 77-103.
(3] Ky Fan and G. Pall, Imbedding conditions for Hermitian and normal matrices, Canad. J. Math. 9 (1957),
298-304.
[4] 1. Gohberg and M. A. Kaashoek, Unsolved problems in matrix and operator theory, II. Partial multiplic-
ities for products, Integral Equat. and Oper. Theory 2 (1979), 116-120.
[5] G.J. Heckman, Projections of orbits and asymptotic behavior of multiplicities for compact connected
Lie groups, Invent. Math. 67 (1982), 333-356.
[6] T.Klein, The multiplication of Schur functions and extensions of p -modules, J. London Math. Soc. 43
(1968), 280-284.
[7] A. Klyachko, Stable bundles, representation theory and hermitian operators, Selecta Mathematica 4
(1998), 419-445.
(8] A.Knutson and T. Tao, The honeycomb model of GL,(C) products I: Proof of the saturation conjecture,
J. Amer. Math. Soc. 12 (1999), 1055-1090.
(9] 1. G. MacDonald, Symmetric Functions and Hall Polynomials, Oxford University Press, Oxford, 1995.
[10] J. F. Queird, Generalized approximation numbers, Portugaliae Mathematica 43 (1985/86), 157-166.
Correction, ibidem, 45 (1988), 59.
[11] E.Marques de Sé, Imbedding conditions for A -matrices, Linear Algebra and its Applications 24 (1979),
33-50.
[12] E.Marques de S4, Interlacing Problems for Invariant Factors (English version of a Portuguese unpub-
lished draft of 1978), Textos de Matematica - Série B, Dep. Matematica, Univ. Coimbra, 1998.
[13] A.P. Santana, J. F. Queiré and E. Marques de Sd, Group representations and matrix spectral problems,
Linear and Multilinear Algebra 46 (1999), 1-23.



154 J.F. QUEIRG, E. M. SA, A. P. SANTANA AND O. AZENHAS

[14] A. Schrijver, Theory of Linear and Integer Programming, John Wiley, Chichester, 1986.

[15] R.C. Thompson, The behavior of eigenvalues and singular values under perturbations of restricted rank,
Linear Algebra and its Applications 13 (1976), 69-78.

[16] R. C. Thompson, Interlacing inequalities for invariant factors, Linear Algebra and its Applications 24
(1979), 1-32.

[17] H. Wielandt, Topics in the Analytic Theory of Matrices, Lecture Notes, Univ. Wisconsin, 1967.

(Received May 22, 1998) J. F. Queird, E. M. Sd, A. P. Santana and O. Azenhas

. Departamento de Matemdtica
(Revised September 25, 1999) Universidade de Coimbra

3000 Coimbra
Portugal

Mathematical Inequalities & Applications
ele-math.con

mia@ele-math.con



