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ON SOME INEQUALITIES FOR GENERALIZED BETA FUNCTION
L1. DEDIC, M. MATIC AND J. PECARIC

(communicated by A. Elbert)

Abstract. Some integral representations and inequalities for generalized beta function are given.

1. Introduction

In the recent survey paper [1], about gamma and beta functions, S. S. Dragomir, R.
P. Agarwal and N. S. Barnett presented relations, identities, integral representations and
inequalities for the gamma and beta functions. Various aspects of the topic are presented,
from integral representations, fundamental relations and identities, classical inequalities,
convexity and logarithmic convexity to some very recent results on Ostrowski type
inequalities and cubature formulae.

As alittle contribution to the topic, in this paper we look at the natural generalization
B,, n > 2, of the beta function, defined by

T(xp) - T(xn)

Bn(X) = F()Cl ¥ .. +xn)

(L.1)
where x € R%, x = (x1,..,x,), and R, is the set of all vectors x € R" with positive
coordinates.

This function has been considered earlier, e.g. in the monograph [3], by H. Federer.
See Remark 2 below.

We give some integral representations for B,, and prove that B, is strictly de-
creasing and logarithmically convex on R’ . We also prove some inequalities for B,
and for its partial derivatives.

2. Some integral representations

In this section we shall give some integral representations for B, , suitable in
proving inequalities. To simplify notation we first introduce some standard notions
and symbols. For x,y € R” the relation x <y means x; < y forall k = 1,...n.
Further, (x|y) = x1y1 + .. + x,, is the standard scalar product, Xy = (xy1, .., X,Vn) is
the product by coordinates and u = (1,..,1). Also we write |x| = (|x], .., |x,|) and
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x* =x{"-- xf for x >0 and a > 0 or for x > 0 and a € R". The standard basis of
R" is denoted by {ei,..,e,}, where ¢; = (1,0,..,0),..,e, = (0,..,0, 1).
By H(n) we denote the set of all continuous functions ¢ : R" — [0, 00) such that
¢ is differentiable a.e. and ¢’(x) # 0 a.e. and
@(1x) = top(x) forz € [0,00) and x € R"

Here ¢'(x) means the gradient of ¢.
For ¢ € H(n) we introduce

S ={xeR",p(x)=1} and D, = {x € R"; ¢(x) < 1}
the unit sphere and the unit disc of .

Every norm on R” belongs to H(n). If ¢, ¢, € H(n) then ¢, + ¢, € H(n),
o, € H(n) for positive o/, and also max(@;, @), min(@;, @;) € H(n). If a € R",
a#0, and ¢(x) = |(a|x)| then ¢ € H(n). If 0 < p < oo and

||X||p = (bl +.. + |xn‘p)l/p
then || - ||, € H(n) and we write

S”'Hp =SP and DH'”p =D’

n

We denote by 4 the Hausdorff (n — 1)-measure on R". Restriction of # on a nice
surface becomes the usual surface area measure from analysis. By ‘D(p‘ we denote the
Lebesgue measure of Dy, and we write ‘S(p‘ for the surface area of S, i.e. for i(S,).

LEMMA 1. For ¢ € H(n) and F € L, (R") we have

Joresee= [ oo o

where ||@'(x)|| is the standard euclidean norm of ¢'(x).

Proof. See [2, Theorem 7]. This formula is called the polar formula. 0

COROLLARY 1. Let ¢ € H(n) and f : [0,00) — R be such that F = f o @ €
Li(R"). Then

F(9(x))dx = n|Dy| / S rrar,

Proof. By the polar formula for F = f o ¢ we have

_ n ldtdh( )
! (P0)dx = / s(,,f To®I

- / hX) (™ e yetar,
so 19" Jo

If we choose f to be the indicator function of [0, 1), then we get

o 1 o
Rnf((P(X))dX—’Dﬂ —/S o' (x ||/ /sq, o' ()|

¢

R?
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dh(x) .,
/&a Toeor " Pel:

which proves our assertion. |

Therefore

REMARK 1. There are functions ¢ € H(n) for which ‘Dq,’ = oo. Forsuch a ¢
the conditions of the Corollary 1 are not fulfilled i.e. F =f o ¢ isnotin L;(R") for

every f # 0.

COROLLARY 2. For 0 < p < oo we have

L(+1)

rG+1)°

Dyl =2"

Proof. Put ¢(x) =||x||, and f (t) = exp(—#") in Corollary 1 to get

(/R exp(— t|p)dt)" =1 |Dy| /Ooo exp(—)"\dr.

After simple calculation we have the result. |

THEOREM 1. For x € RY, ¢(y) =|ly|,, and 0 < p < oo we have

x) = 2yl pxX—u dh(Y)
B =27 [

Proof. By the polar formula,

pX— u — < tp(x|u)71 px—ud dh(Y)
[ f o ay = [ /sf,;f OF ’|| el

pX—u y —1
y |yl W / f()

forevery f : [0, 00) — R such that the left hand side integral exists.
Let us apply this formula to f (r) = exp(—#). We get

T [ st tan= [ iy S [ expimnet-ta
=1 “R sh | 0

AGIR

and

. % ) = px—u dh(Y) 1 X
[[,re0= / P (),

which gives our formula.
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We also proved, as a side result, the integral formula

/f ) Iy dy = 27 B, / FOPED gy,

COROLLARY 3. For x € R’} we have

B = 5= [ W any
-3/ V) @.1)

Proof. Put p = 1 in Theorem 1. Then ¢(y) =|ly||, and ||¢'(y)|| = V7, a.e.,
which gives the first formula. Further, put p = 2 in Theorem 1. Then ¢(y) =|y[, =
llyll and ||@’(y)|| = 1 for y # 0, which proves the second formula. O

O

and

REMARK 2. The formula (2.1) from Corollary 3 can be found in the monograph
[3, 3.2.13]. More precisely, in [3] the formula (2.1) has been used as the definition
formula for B, while the formula (1.1) has been proved.

COROLLARY 4. Let A, be the (n— 1) -dimensional simplex with vertices ey, .., e,,
where {ey,..,e,} is the standard basis of R". Then

Bn(x) = y)‘7udh(Y)

1
Vi Ja,
Proof. Follows from the first formula of Corollary 3 and

A, ={xeSlx > 0}.
(]

THEOREM 2. For x € R and 0 < p < oo we have
B, =27 (xlu) [ (v ay
Dy

Proof. By the polar formula and Theorem 1, for ¢(y) =||yl|, we have

1
X—U — X—U dh(y)
¥y = / / P =1y gy 4MY)
/Dz,; o Jy o)

g dh(y)
p(xfu) Jg o' (y)l
1

_ znplann x),
e
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which gives our formula. g

COROLLARY 5. For x € R} we have
B.(x) =2-"xu) [ [ ay
Dn

and

5,0 = () [ vy,
Dy
Proof. Put p =1 and p = 2 in Theorem 2. |

COROLLARY 6. Let A, be the open n -dimensional simplexwith vertices 0,eq, .., €,
where {ey,..,e,} is the standard basis of R". Then

mwzmw/wﬂw

An
Proof. Follows from the first formula of Corollary 5 and

A, ={y €Dl;y > 0}.

3. Some inequalities for generalized beta function

In this section we shall prove some inequalities for B,, and its derivatives, using
the integral representations from the preceding section. All these inequalities are valid
for every n > 2, and for n = 2 they become the inequalities for the beta function.
Some of these inequalities are given in [1], and some are new even for n = 2.

THEOREM 3. The function B, is strictly decreasing on R’ ie. if x,y € R,
x <y and x £y, then B,(x) > B,(y).

Proof. By Corollary 3 we have

B9 = 5oz [ W),

Let A, be the set of all y €S} such that |y;| = 0 or 1, for some k = 1,..,n. Then
h(A,) =0 and

By(x) y[* " dh(y).

1
C 2 Jsa,
For every y €S!\A, we have 0 < |y| <u ie. 0 < |y] <1 ,forevery k=1,..,n.
Therefore, the map x — |y|* " is strictly decreasing on R , for every y €SI\A,.
Hence, by integrating over S}\A,, we conclude that B, is strictly decreasing on R™.
]
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REMARK 3. From the definition of the function B,, we see that B, is analytic on
R’ The partial derivatives 0B,, k = 1,..,n, can be represented by integrals using
any integral representation of B, from the previous section e.g.

R dh(y
= i [ I oel

From this formula it follows

OB (xX) “"log |yi| dh(y).

2"\/_
8an(x) <0,
forevery x € R’} and every k = 1, ..,n. This gives another proof of Theorem 3.

THEOREM 4. For 0 < p < oo and x € R" , x 2},u we have

L)
Bn(X) < @

(X|u).

Proof. By Theorem 2 we have
B, =27 (xlu) [ (v ay
Dy

‘px—u

If x > u, then px —u > 0 and |y < 1 forevery y €D, . Therefore

m®<rwme@12“mwm«

n

Now, by Corollary 2,

1 n
oy =2t
I +1)
and we get 1 ) .
B,(x) < 27"p"(x|u)2" GHD = L) (x|u)
rc+1) IE+1) ’
which proves our inequality. |

THEOREM 5. Let W be a positive finite Borel measure on Sy, with a density with
respect to the Hausdorff (n — 1) -measure h, where ¢ € H(n) is such that Sy is
compact, and a € R',. Then the function f : R — R, defined by

f(x) = : 2" du(2),

is logarithmically convex on R,

flox+ (1-a)y) <f®)f(y)' ™ (3.1)
for every o € [0,1] and x,y € R%. Further, if « € R, a < 0 or o > 1, and
x,y € R’ are such that

ox+(1 — o)y € R,
then

flox+ (1-a)y) > f (x)%f (y)' (3:2)
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Proof. The function f is well defined i.e. the integral exists for every x € R",
since S, is compactand u has a density with respect to the Hausdorff (n — 1) -measure
h. The compactness of S, is equivalent to the condition:

o(x) = 0if and only if x = 0.

For o¢ = 0 or 1 the inequalities are trivial. Therefore, to prove the first inequality, we
can assume that 0 < o < 1. We have

flox+(1—a)y) = [ |z au(z)
N

/S |Z|aax—ocu . ‘Z|(1—oc)ay—(l—a)ud‘u(z).
¢

Let us apply the Holder inequality to this relation with

p:

We get

o 1—o
flox+(1-a)y) < ( : Z““W(Z)) (S Izay“du(2)> =f(x)°f(y)'%,

which proves the first inequality.
The second inequality follows by applying the reverse Holder inequality. g

COROLLARY 7. Let g : Ry — Ry, g(t) = f(m1), where f is from Theorem 5.
Then g is logarithmically convex on Ry i.e.

glas + (1 —a)r) < g(s)*g()' (3-3)

for every o € [0,1] and s,t € R,. Further, if « € R, o« < 0 or o > 1 and
s,t € Ry are such that
os+ (1 — o)t € Ry,

then
glas+ (1 —a)r) > g(s)%e()' . (34)

Proof. Follows immediately from Theorem 5 for x =ru. g
THEOREM 6. Let U be a positive finite Borel measure on D, with a density with

respect to the Lebesgue measure, where @ € H(n) is such that S, is compact, and
a € R. Then the function f : R — R, defined by

f(x) = / 2™ du(2),

satisfies the inequalities (3.1) and (3.2).
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Proof. Similar to the proof of Theorem 5. g

COROLLARY 8. Ler g : Ry — Ry, g(r) = f(m), where f is from Theorem 6.
Then g satisfies the inequalities (3.3) and (3.4).

Proof. Follows from Theorem 6 for x =ru. 0

THEOREM 7. The function B, satisfies the inequalities (3.1) and (3.2).

Proof. By corollary 3 we have

1 _
B.(x) = = [ |z " dh(z).
2 Jg
The assertion follows from Theorem 5 for a =2u, ¢(x) = ||x|| and u = 1h. O

THEOREM 8. The function f : R", — R, defined by
B, (ax)

(a[x)

is strictly decreasing on R”., for every a € R, and satisfies the inequalities (3.1) and

(3.2).
Proof. By Corollary 5

o Bn(ax) - ax—u
P00 =Tt = [y

Repeat now the argument of the proof of Theorem 3 to conclude that this function is
strictly decreasing on R’,, for every a € R’}

The last assertion follows from Theorem 6 for ¢(x) = ||x|| and du(y) = dy.
]

fx) =

COROLLARY 9. Let a € R, and g : Ry — R, be defined by g(t) = B,(ra).
Then g is strictly decreasing on R, and satisfies the inequalities (3.3) and (3.4).

Proof. Follows from Theorem 3 and Corollary 7. (]

COROLLARY 10. The function g : Ry — Ry defined by
L()"
1) =

is strictly decreasing on R, for every n > 2, and satisfies the inequalities (3.3) and
(3.4).

Proof. Put a = u in Corollary 9. 0

COROLLARY 11. Let a € R, and g : Ry — R be defined by
B,(ta)

g(1) = :

t
Then g is strictly decreasing on R, and satisfies the inequalities (3.3) and (3.4).
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Proof. Follows from Theorem 8 for x =ru. O

COROLLARY 12. The function g : R, — R defined by

_ I
~ T(nt)

8(1)
is strictly decreasing on R, for every n > 2, and satisfies the inequalities (3.3) and
(3.4).

Proof. Put a = u in Corollary 11. O

THEOREM 9. Let f : R, — R, be defined by
f(x) = (—w)"0"B,(x),

where m is a multi-index and O™ = 9" - - 9" is the m-partial derivative operator.
Then f is strictly decreasing on R',, and satisfies the inequalities (3.1) and (3.2).

Proof. By remark 3 we have
1 X—u m
= — -1 dh
f(x) NG /S ly|" " (—1logly|)™ dh(y),

where
log|y| = (log |y1], .., 1og [ynl)-

The first assertion is proved as in Theorem 3. The last assertion follows from Theorem
5 for ¢(x) = [|x||;, a=u and

du(y) :2"i/ﬁ (—log|y|)™ dh(y).

|
THEOREM 10. Let a € R, and f : R, — R be defined by
B, (ax)
f(x) = (—u)mo™ :
(alx)
Then f is strictly decreasing on R, and satisfies the inequalities (3.1) and (3.2).
Proof. We have

7o) = [ 1y (- 2atogly) " dy.
D)'l

The first assertion is proved as in Theorem 3. The last assertion follows from Theorem
6 for ¢(x) = x|, and
du(y) = (—2alogly|)™ dy.
O
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COROLLARY 13. Let a € RY and g : Ry — R, be defined by

k
) = (-1 5B (a).

Then g is strictly decreasing on R, and satisfies the inequalities (3.3) and (3.4), for
every k € N and n > 2.

Proof. All the assertions follow from Theorem 9 for x =ta and Corollary 7, since

1 ta—u k
= — —1 dh .
g(1) 2/n /S}l | (a| —logly[)" dh(y) >0

O

COROLLARY 14. Ler a € RY and g : Ry — R, be defined by

k
() = (-2 BR)

Then g is strictly decreasing on R, and satisfies the inequalities (3.3) and (3.4), for
every k € N and n > 2.

Proof. All the assertions follow from Theorem 10 for x =fu and Corollary 8, since
ol0) = alu) [ Iy (2al ~ log|y))"dy > 0.
Dll
O

COROLLARY 15. Let g : Ry — R, be defined by

(d Ty

g0 = (=1) di* T(nt)

Then g is strictly decreasing on R, and satisfies the inequalities (3.3) and (3.4), for
every k € N and n > 2.

Proof. Put a = u in Corollary 13. (]

COROLLARY 16. Let g : Ry — R, be defined by

(d T(1)"

8() =17z T (nt)’

Then g is strictly decreasing on R, and satisfies the inequalities (3.3) and (3.4), for
every k € N and n > 2.

Proof. Put a = u in Corollary 14. (]
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