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ON A NEW INEQUALITY SIMILAR
TO HARDY-HILBERT’S INEQUALITY

BICHENG YANG

(communicated by J. Pecaric)

Abstract. In this paper, a new inequality similar to Hardy-Hilbert’s inequality with a best constant
factor is given. As applications, we consider its equivalent form and their associated integral
inequalities.

1. Introduction

If a,,b, >0,p>1, —+—_1 and 0 < Y 7% ah <00, 0< Y b < oo,
then the famous Hardy- Hllbert S mequahty (see Hardy et al. [1]) is given by

sz+n s1n(77zr/p {Z } {ibq}é (L1)

n=1 m=1

where the constant factor L is the best possible. Inequality (1.1) is important
sin(m/p)

in analisys and its applications (see Mitrinovic et al. [2]). Recently, Yang, Gao and
Debnath [3,4,5] gave (1.1) some strengthened versions. By introducing a parameter,
Yang [6] gave an extension of (1.1) as:

a T ad 5[ i
mbn (p—1)(1-4) p}v{ (qfn(lfx)bq}q 12
szl —‘r}’ll ASln(ﬁ/p){;n ay ;n n ’ ( )

n=1 m=1

where the constant factor m (0 < A < min{p, g}) is the best possible. For

p=¢g=2in(1.1), Yang [7] gave a new extensions as

oo

i Amai;n < (AB 1)1/2 ( ){’Z”l - zznl Abz} (1.3)

n=1 m=1 n=1
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where the constant factor 3(27 2)/(AB)% (0<A<2,A,B>0, B(u,v) isthe
function) is the best possible. By introducing a nonnegative and homogeneous function
of degree —¢ (¢ > 0), Kuang and Debnath [8] gave (1.1) some new generalizations.

The major objective of this paper is to build a new inequality with a best constant
factor similar to (1.1), which is related the double series form as

0o o0 0o o0

2 :2 : ambn _2 :j : ambn
Inm+1Inn Inmn’

n=2 m=2 n=2 m=2

For this, we must estimate the weight coefficient of the form

memn(m") (r=p.g>LneN\(1). (14

Inm

2. Lemma and main results

LEMMA 2.1. For 0 <e <qg—1 (g > 1), we have

oo o0

! 1 1 1 n
< 1 07). (2.1
nz;n; Inmn m(lnm)(HS)/p n(lnn)(1+g)/q > e Lsin(z/p) +o(1)| (¢ — 0%). (2.1)

Proof. Obviously, we have

1
ZZ lnmn m( lnm) 1+¢)/p n(lnn)(1+€)/q

n=2 m=2
>/ / ! ! dyd (2.2)
‘ . X. .
e Jo Inxy x(Inx)(+8/p  y(lny)(i+e)/q 4

1
Setting u = ln_y in the following, for x > e and 0 < € < g — 1, we obtain
nx

> 1 1 < 1
. d = . d
/g nxy y(ny) 974" = (Inx)(ire)/a /l/m(wu) wresa !

B 1 * 1 J Unx 1 J
B (1nx)““>/‘f{ o (Tfu) wm™ J Tgu) wvor “}

1 oo 1 1 d l/lnx 1 d
~ (Inx)(1+e)/q { o (I+u ul+ea “e o u(l+e)/q u}
1 T q 1
= D] -
(Inx)(1+e)/q {sin(n/p) +o(l) (g—1—¢) Inx
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Hence we find

/ / ! ! dydx
e Jo Inxy x(Inx)+8/p  y(lny)(i+e)/q Y

e 1 T q o0 1
” / ()70 [sin(ﬂ:/p) +o(1)]dr - G—1—¢ / g™

_T 1 ap .
- [Sin(ﬂ/P) +0(1)] e (q-1-¢)(l+e) (=0 (2.3)

By (2.2) and (2.3), it follows that (2.1) is valid. The lemma is proved.

THEOREM 2.1. If a,,b, > 0, p > 1, + L1, and 0 < 0%, n~ I < oo,
0 < Y02, n? b} < 0o, then we have

iif:% sin n/p {an 1ap} {an 1bq}$ 24)

n=2 m=2 n=2

where the constant factor L is the best possible. In particular, for p = q =2,
sin(7/p)
we have
a}’ﬂ n
S < afS i3} 23)
n=2 m=2 n=2

Proof. By Holder’s inequality and (1.4), we have

n=2 m=2

0o 00 L omlla ; nn\p /P
ZZZ[ Inmn) l/P( ) (nl/l’)] [ lnrzn)l/q(llnm) (W”
> m\ g mP~! ny\p ni! i
nzlninn(llrrlln) ( ) '"} {Zzlnmn<llrlllm> ( m )bq}

a)q(m)m‘”_laﬁ,}pl {i wp(n)nq_le}é. (2.6)
n=2

¢ ng

<{
>

1
For r =p,q and n > 2 in (1.4), setting u = ln_x in the following integral, we find
nn

*© 1 /lnn\r oo 1 T
(n) < /1 xlnnx(lnx) o /0 (1 +u)u1/r u sinz(1 — %) (2.7)

In view of sin(n/p) = sin(n/q), by (2.6) and (2.7), we have (2.4).
For 0 < £ < g — 1, setting @, and b, as
1 ~

~ 1
am = W> by, = W, form,n e N\ {1},
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then we have

o0 1 o0 1 o0
p*1~p}"{§ qfll}q}" 72
n a n =
{Z n n n lnn (1 n)1+€
n=2 n=2 n=2

oo

I S .S 1
~2(n2)1 " 3(In3)1 T & n(inn)e

1 1 ©
4
S 2(n2)e | 3(n3)e +/g Xnx)iret
1 1 1

- 2(1n2)1+5+3(1n3)1+e+é = 2(l+0(1)) (=07, (28)

If the constant factor ——— in (2.4) is not the best possible, then there exists a
S

in(7/p)

such that (2.4) is valid if we change L to K.
$

in(7/p)

/2
positive number K <
sin(n/p)

In particular, we have

223 i <a{r ) (S

n=2 m=2

<=

By (2.1) and (2.8), it follows that
T

W + 0(1) < K(l + 0(1)) (8 — 0+)7

T . . T
and we have ————— < K. This contradicts the fact that K < ———— . Hence the

sin(7/p) ' sin(7/p)

constant factor L in (2.4) is the best possible. The theorem is proved.
s

in(7/p)
REMARK 1. Inequality (2.4) is more similar to the following Muholland’s inequal-
ity (see [9]):

sznlnmn sin( 77:/p {Zn @ }%{Z”_lbq}é (2.9)

n=2 m=2 n=2

THEOREMZ.Z.Ifa,,ZO,p>1,I% +Ll=1, and0<z P Igh < 0, then

q
we have
1/ a p
- P~1q 2.10
nZ:; n(m_2 lnmn) [sm (m/p) } Zn (2.10)

where the constant factor { - is the best possible. Inequalities (2.10) and

)

(2.4) are equivalent. In particular, for p = q = 2, we have

i%(i lnaﬁ)z<77:zinaﬁ. (2.11)
m=2 n=2
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Proof. Since 2, nP~ la, > 0, there exists ko > 2, such that for any k > ko,
1 m p=1
Sk w7ld > 0, and b, (k) = - (Zk_ 4 ) > 0. Then we have
n

"=2 1n mn

k

0< an_lbq Z %(Z lnmn) Z Z lnmn (2.12)

n=2 n=2

If we set @, = a, and b, = b,(k), for n=2,3,... k;and &, = b, =0, for n > k,
by using (2.4), we may have

aiﬂ ﬂ
Z Z Inmn Z Z Inmn

n=2 m=2 n=2 m=2
T 1 el L
< 7{ n’“l&p}p{ anll;q}q
sin(7/p) nZ:; " nz; "

S

k L
~ el (e}

Hence by (2.12), we have

k

k
DS CES WO ST Erc D o

n= m=2 n=2

:l'—‘

It follows that 0 < >>°) n?~ b (c0) < oo, since Y2, n”~'a}, < co. Hence by (2.4),
we have

o0 1 o0

S n () = )

In mn
n=2 m=2 n=2 m=2

sin n/p {an lap}’_’{gnqlbz(oo)}
- m{?_g”’”“’%}"’{

By simplification, we have (2.10).

On the other hand, suppose that (2.10) is valid, then by Holder’s inequality, we
have

_—

S5 e =3 (i

n=2 m=2 m=2

S {i %<i lnmn) }

n=2 m=2

)(n%bn)

Inmn

(2.13)

Tl
/—/H
S
Q
§
S
——
Q=

By using (2.10) in (2.13), we have (2.4).
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We have showed that inequality (2.10) and (2.4) are equivalent. If the constant
P
%} in (2.10) is not the best possible, then by (2.13) we may show that

the constant factor ——— in (2.4) is not the best possible. This is a contradiction.
sin(7/p)

The theorem is proved.

factor [

3. The associated integral inequalities

Define the weight function @, (x) as

1 /lnx\:
r = _— d :’ 1’ 21 3.1
o) = [ () =g > 1) (3.1)
. Iny .
Setting u = oy (3.1), we have
1 /1N i
o,(x) = “)'du=———(r=p,g>1,x>1). 3.2
W= [ (3) R C=p e Lxs . 62)
THEOREM 3.1. If f,g 20, p> 1, S+ - =1,and 0 < [[" ¥~ 'fP(x)dx < o0,

0 < [ x171g(x)dx < oo, then we have

)RR < g e )"x}%{/lwqugq(x)dx}(;)

A lw%dx)pdy <[] | 7 (3.4)

T T p
where both the constant factor ——— in (3.3) and the constant factor [7}
sin(7m sin(m/p)

in (3.4) are the best possible. Inequalities (3.3) and (3.4) are equivalent.
Proof. By Holder’s inequality, we have

/m/”f(f)g(y)dd
nxy
nx Mxl/q ny\ 7 1/p
/ / (Inx )) Ll_y) UP} {(lng)f;))l/q Gn_z) ic)l_/q} dxdy
)

fP(x (lnx)qxp ! / / lny 5yi~! 7
*—adxay}”.
<{/1 1 lnxy Iny lnxy lnx X Y

(3.5)

If (3.5) takes the form of equality, then there exists numbers @ and b, such that (cf.
[9.p-29])

p 1 prfl q 1 q—1
yi (x) ( nx)q _ 8 () ( ny) Y aein (1,00) x (1,00).
Inxy \Iny y Inxy \Inx X
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Then we have ax’~!fP(x)Inx = by?~'g9(y)Iny a.e.in (1,00) x (1,00). Hence we
have

ax’"'fP(x)Inx = by 'g(y) Iny = constant a.e.in (1,00) x (1, 00),

which contradicts the facts that 0 < [ x"~1f?(x)dx < oo and 0 < [~ x47'g4(x)dx
< 00. It follows that (3.5) takes the form of strict inequality, and by (3.1) we have

//f Y gy < / @, (X)L 7 (x) /w yi! ()dy}é.

Hence by(3.2), we have (3.3).
For 0 < € < q— 1, setting f, g as

f(x)=gx) =0, forx € [1,e);
- 1 B 1

)= (i) gx) = (i) ea” forx € [e, 00),

then we have

([ oo { [Tt = [ = 09

If the constant factor L in (3.3) is not the best possible, then there exists a
Sin(7/p)
positive number k < m, such that (3.3) is valid if we change % to k.
In particular, by (2.3), we have
T 1 f k
S ——r }— FIE0) gy < & 0").
Lm(n/p) +ol) e (qg—1—g)(1+€) 1 e)( 1+£ / / (8 =07
Hence we find ( / ) < k. This contradiction follows that the constant factor
p
Sn(/p) in (3.3) is the best possible.

Since foo X¥IfP(x)dx > 0, then there ex1sts To > 1, such that for any T > Ty,
flrxp—lfp( Ydx > 0,and g(y,T) = (fl Tnxy x) >0 (y € (1,00)). By (3.3),
we have

T T
_ 1 f
o< e [y | ]
1 0-1) 1 YN lnxy lnxy
1 T
L d}’{/ 414 ,Yd}q. 3.7
<Smn/p / P (x)dx Y g'(v. Y)dy (3.7)
Then we find

/lTi(/lle;(—j;)])pdxz /lqulgq(y,T)dy < [m : xp fp )dx. (3.8)
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It follows that 0 < [ y7~1g%(y,00)dy < oco. For T — oo, still by (3.3), neither
(3.7) nor (3.8) takes the form of equality, and we have (3.4).
On the other hand, if (3.4) is valid, then by Holder’s inequality, we have

/100 /lm]%iiy)dmy:/lw{i w&dﬂ v g(y)ldy

y'r )i Inxy

S {/Im %(/100 jl;(—g)de}% {/100 y"‘lg"(y)dy}é. (3.9)

Hence by (3.4), we have (3.3).
Inequalities (3.3) and (3.4) are equivalent. We may show that the constant factor

{ﬁr in (3.4) is the best possible, by using (3.3) and (3.9).

The theorem is proved.

REMARK 12. Inequality (3.3) realtes to (2.4) with the same best constant factor;
so does (3.4) to (2.10). They are all new results.
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