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ON A NEW INEQUALITY SIMILAR

TO HARDY–HILBERT’S INEQUALITY

BICHENG YANG

(communicated by J. Pečarić)

Abstract. In this paper, a new inequality similar to Hardy-Hilbert’s inequality with a best constant
factor is given. As applications, we consider its equivalent form and their associated integral
inequalities.

1. Introduction

If an, bn � 0 , p > 1 , 1
p + 1

q = 1 , and 0 <
∑∞

n=1 ap
n < ∞ , 0 <

∑∞
n=1 bq

n < ∞ ,
then the famous Hardy-Hilbert’s inequality (see Hardy et al. [1]) is given by

∞∑
n=1

∞∑
m=1

ambn

m + n
<

π
sin(π/p)

{ ∞∑
n=1

ap
n

} 1
p
{ ∞∑

n=1

bq
n

} 1
q
, (1.1)

where the constant factor
π

sin(π/p)
is the best possible. Inequality (1.1) is important

in analisys and its applications (see Mitrinovic et al. [2]). Recently, Yang, Gao and
Debnath [3,4,5] gave (1.1) some strengthened versions. By introducing a parameter,
Yang [6] gave an extension of (1.1) as:

∞∑
n=1

∞∑
m=1

ambn

mλ + nλ
<

π
λ sin(π/p)

{ ∞∑
n=1

n(p−1)(1−λ )ap
n

} 1
p
{ ∞∑

n=1

n(q−1)(1−λ )bq
n

} 1
q
, (1.2)

where the constant factor
π

λ sin(π/p)
(0 < λ � min{p, q} ) is the best possible. For

p = q = 2 in (1.1), Yang [7] gave a new extensions as

∞∑
n=1

∞∑
m=1

ambn

(Am + Bn)λ
<

1
(AB)λ/2

B
(λ

2
,
λ
2

){ ∞∑
n=1

n1−λa2
n

∞∑
n=1

n1−λb2
n

} 1
2
, (1.3)
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where the constant factor B
(
λ
2 , λ

2

)
/(AB)

λ
2 (0 < λ � 2 , A, B > 0 , B(u, v) is the β

function) is the best possible. By introducing a nonnegative and homogeneous function
of degree −t ( t > 0 ), Kuang and Debnath [8] gave (1.1) some new generalizations.

The major objective of this paper is to build a new inequality with a best constant
factor similar to (1.1), which is related the double series form as

∞∑
n=2

∞∑
m=2

ambn

ln m + ln n
=

∞∑
n=2

∞∑
m=2

ambn

ln mn
.

For this, we must estimate the weight coefficient of the form

ωr(n) =
∞∑

m=2

1
m lnmn

( ln n
lnm

) 1
r

(r = p, q > 1, n ∈ N \ {1}). (1.4)

2. Lemma and main results

LEMMA 2.1. For 0 < ε < q − 1 ( q > 1 ), we have

∞∑
n=2

∞∑
m=2

1
lnmn

· 1
m(ln m)(1+ε)/p

· 1
n(ln n)(1+ε)/q

>
1
ε

[ π
sin(π/p)

+o(1)
]
(ε → 0+). (2.1)

Proof. Obviously, we have

∞∑
n=2

∞∑
m=2

1
lnmn

· 1
m(lnm)(1+ε)/p

· 1
n(ln n)(1+ε)/q

>

∫ ∞

e

∫ ∞

e

1
ln xy

· 1
x(ln x)(1+ε)/p

· 1
y(ln y)(1+ε)/q

dydx. (2.2)

Setting u =
ln y
ln x

in the following, for x � e and 0 < ε < q − 1 , we obtain

∫ ∞

e

1
ln xy

· 1
y(ln y)(1+ε)/q

dy =
1

(ln x)(1+ε)/q

∫ ∞

1/ln x

1
(1 + u)

· 1
u(1+ε)/q

du

=
1

(ln x)(1+ε)/q

[∫ ∞

0

1
(1 + u)

· 1
u(1+ε)/q

du −
∫ 1/ln x

0

1
(1 + u)

· 1
u(1+ε)/q

du
]

>
1

(ln x)(1+ε)/q

[∫ ∞

0

1
(1 + u)

· 1
u(1+ε)/q

du −
∫ 1/ ln x

0

1
u(1+ε)/q

du
]

=
1

(ln x)(1+ε)/q

[ π
sin(π/p)

+ o(1)
]
− q

(q − 1 − ε)
· 1
ln x

.
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Hence we find∫ ∞

e

∫ ∞

e

1
ln xy

· 1
x(ln x)(1+ε)/p

· 1
y(ln y)(1+ε)/q

dydx

>

∫ ∞

e

1
x(ln x)(1+ε)

[ π
sin(π/p)

+ o(1)
]
dx − q

(q − 1 − ε)

∫ ∞

e

1
x(ln x)1+(1+ε)/p

dx

=
[ π
sin(π/p)

+ o(1)
]1
ε
− qp

(q − 1 − ε)(1 + ε)
(ε → 0+). (2.3)

By (2.2) and (2.3), it follows that (2.1) is valid. The lemma is proved.

THEOREM 2.1. If an, bn � 0 , p > 1 , 1
p + 1

q = 1 , and 0 <
∑∞

n=2 np−1ap
n < ∞ ,

0 <
∑∞

n=2 nq−1bq
n < ∞ , then we have

∞∑
n=2

∞∑
m=2

ambn

ln mn
<

π
sin(π/p)

{ ∞∑
n=2

np−1ap
n

} 1
p
{ ∞∑

n=2

nq−1bq
n

} 1
q
, (2.4)

where the constant factor
π

sin(π/p)
is the best possible. In particular, for p = q = 2 ,

we have ∞∑
n=2

∞∑
m=2

ambn

lnmn
< π

{ ∞∑
n=2

na2
n

∞∑
n=2

nb2
n

} 1
2
. (2.5)

Proof. By Hölder’s inequality and (1.4), we have

∞∑
n=2

∞∑
m=2

ambn

ln mn

=
∞∑

n=2

∞∑
m=2

[ am

(lnmn)1/p

( lnm
ln n

) 1
pq

(m1/q

n1/p

)][ bn

(ln mn)1/q

( ln n
lnm

) 1
pq

( n1/p

m1/q

)]

�
{ ∞∑

m=2

∞∑
n=2

1
ln mn

( lnm
ln n

) 1
q
(mp−1

n

)
ap

m

} 1
p
{ ∞∑

n=2

∞∑
m=2

1
lnmn

( ln n
ln m

) 1
p
(nq−1

m

)
bq

n

} 1
q

=
{ ∞∑

m=2

ωq(m)mp−1ap
m

} 1
p
{ ∞∑

n=2

ωp(n)nq−1bq
n

} 1
q
. (2.6)

For r = p, q and n � 2 in (1.4), setting u =
ln x
ln n

in the following integral, we find

ωr(n) <

∫ ∞

1

1
x ln nx

( ln n
ln x

) 1
r
dx =

∫ ∞

0

1
(1 + u)u1/r

du =
π

sin π(1 − 1
r )

. (2.7)

In view of sin(π/p) = sin(π/q) , by (2.6) and (2.7), we have (2.4).
For 0 < ε < q − 1 , setting ãn and b̃n as

ãm =
1

m(ln m)(1+ε)/p
, b̃n =

1
n(ln n)(1+ε)/q

, for m, n ∈ N \ {1},
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then we have

{ ∞∑
n=2

np−1ãp
n

} 1
p
{ ∞∑

n=2

nq−1b̃q
n

} 1
q

=
∞∑

n=2

1
n(ln n)1+ε

=
1

2(ln 2)1+ε +
1

3(ln 3)1+ε +
∞∑

n=4

1
n(ln n)1+ε

<
1

2(ln 2)1+ε +
1

3(ln 3)1+ε +
∫ ∞

e

1
x(ln x)1+ε dx

=
1

2(ln 2)1+ε +
1

3(ln 3)1+ε +
1
ε

=
1
ε
(1 + o(1)) (ε → 0+). (2.8)

If the constant factor
π

sin(π/p)
in (2.4) is not the best possible, then there exists a

positive number K <
π

sin(π/p)
, such that (2.4) is valid if we change

π
sin(π/p)

to K .

In particular, we have

ε
∞∑
n=2

∞∑
m=2

ãmb̃n

lnmn
< εK

{ ∞∑
n=2

np−1ãp
n

} 1
p
{ ∞∑

n=2

nq−1b̃q
n

} 1
q
.

By (2.1) and (2.8), it follows that

π
sin(π/p)

+ o(1) < K(1 + o(1)) (ε → 0+),

and we have
π

sin(π/p)
� K . This contradicts the fact that K <

π
sin(π/p)

. Hence the

constant factor
π

sin(π/p)
in (2.4) is the best possible. The theorem is proved.

REMARK 1. Inequality (2.4) is more similar to the following Muholland’s inequal-
ity (see [9]):

∞∑
n=2

∞∑
m=2

ambn

mn lnmn
<

π
sin(π/p)

{ ∞∑
n=2

n−1ap
n

} 1
p
{ ∞∑

n=2

n−1bq
n

} 1
q
. (2.9)

THEOREM 2.2. If an � 0 , p > 1 , 1
p + 1

q = 1 , and 0 <
∑∞

n=2 np−1ap
n < ∞ , then

we have ∞∑
n=2

1
n

( ∞∑
m=2

am

lnmn

)p
<

[ π
sin(π/p)

]p ∞∑
n=2

np−1ap
n, (2.10)

where the constant factor
[ π
sin(π/p)

]p
is the best possible. Inequalities (2.10) and

(2.4) are equivalent. In particular, for p = q = 2 , we have

∞∑
n=2

1
n

( ∞∑
m=2

am

ln mn

)2
< π2

∞∑
n=2

na2
n. (2.11)
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Proof. Since
∑∞

n=2 np−1ap
n > 0 , there exists k0 � 2 , such that for any k > k0 ,∑k

n=2 np−1ap
n > 0 , and bn(k) =

1
n

(∑k
m=2

am

ln mn

)p−1
> 0 . Then we have

0 <

k∑
n=2

nq−1bq
n(k) =

k∑
n=2

1
n

( k∑
m=2

am

lnmn

)p
=

k∑
n=2

k∑
m=2

ambn(k)
ln mn

. (2.12)

If we set ãn = an and b̃n = bn(k) , for n = 2, 3, . . . , k ; and ãn = b̃n = 0 , for n > k ,
by using (2.4), we may have

k∑
n=2

k∑
m=2

ambn(k)
lnmn

=
∞∑
n=2

∞∑
m=2

ãmb̃n

lnmn

<
π

sin(π/p)

{ ∞∑
n=2

np−1ãp
n

} 1
p
{ ∞∑

n=2

nq−1b̃q
n

} 1
q

=
π

sin(π/p)

{ k∑
n=2

np−1ap
n

} 1
p
{ k∑

n=2

nq−1bq
n(k)

} 1
q
.

Hence by (2.12), we have

0 <

k∑
n=2

nq−1bq
n(k) =

k∑
n=2

1
n

( k∑
m=2

am

lnmn

)p
<

[ π
sin(π/p)

]p k∑
n=2

np−1ap
n.

It follows that 0 <
∑∞

n=2 nq−1bq
n(∞) < ∞ , since

∑∞
n=2 np−1ap

n < ∞ . Hence by (2.4),
we have

∞∑
n=2

1
n

( ∞∑
m=2

am

ln mn

)p
=

∞∑
n=2

∞∑
m=2

ambn(∞)
lnmn

<
π

sin(π/p)

{ ∞∑
n=2

np−1ap
n

} 1
p
{ ∞∑

n=2

nq−1bq
n(∞)

} 1
q

=
π

sin(π/p)

{ ∞∑
n=2

np−1ap
n

} 1
p
{ ∞∑

n=2

1
n

( ∞∑
m=2

am

ln mn

)p} 1
q
.

By simplification, we have (2.10).
On the other hand, suppose that (2.10) is valid, then by Hölder’s inequality, we

have
∞∑

n=2

∞∑
m=2

ambn

lnmn
=

∞∑
n=2

( 1
n1/p

∞∑
m=2

am

lnmn

)
(n

1
p bn)

�
{ ∞∑

n=2

1
n

( ∞∑
m=2

am

lnmn

)p} 1
p
{ ∞∑

n=2

nq−1bq
n

} 1
q
. (2.13)

By using (2.10) in (2.13), we have (2.4).
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We have showed that inequality (2.10) and (2.4) are equivalent. If the constant

factor
[ π
sin(π/p)

]p
in (2.10) is not the best possible, then by (2.13) we may show that

the constant factor
π

sin(π/p)
in (2.4) is not the best possible. This is a contradiction.

The theorem is proved.

3. The associated integral inequalities

Define the weight function ϖr(x) as

ϖr(x) =
∫ ∞

1

1
y ln xy

( ln x
ln y

) 1
r
dy (r = p, q > 1, x � 1). (3.1)

Setting u =
ln y
ln x

in (3.1), we have

ϖr(x) =
∫ ∞

0

1
1 + u

(1
u

) 1
r
du =

π
sinπ(1 − 1

r )
(r = p, q > 1, x � 1). (3.2)

THEOREM 3.1. If f , g � 0 , p > 1 , 1
p + 1

q = 1 , and 0 <
∫ ∞

1 xp−1f p(x)dx < ∞ ,

0 <
∫ ∞

1 xq−1gq(x)dx < ∞ , then we have
∫ ∞

1

∫ ∞

1

f (x)g(y)
ln xy

dxdy <
π

sin(π/p)

{∫ ∞

1
xp−1f p(x)dx

} 1
p
{∫ ∞

1
xq−1gq(x)dx

} 1
q
;

(3.3)∫ ∞

1

1
y

(∫ ∞

1

f (x)
ln xy

dx
)p

dy <
[ π
sin(π/p)

]p
∫ ∞

1
xp−1f p(x)dx, (3.4)

where both the constant factor
π

sin(π/p)
in (3.3) and the constant factor

[ π
sin(π/p)

]p

in (3.4) are the best possible. Inequalities (3.3) and (3.4) are equivalent.

Proof. By Hölder’s inequality, we have
∫ ∞

1

∫ ∞

1

f (x)g(y)
ln xy

dxdy

=
∫ ∞

1

∫ ∞

1

[ f (x)
(ln xy)1/p

( ln x
ln y

) 1
pq x1/q

y1/p

][ g(y)
(ln xy)1/q

( ln y
ln x

) 1
pq y1/p

x1/q

]
dxdy

<
{∫ ∞

1

∫ ∞

1

f p(x)
ln xy

( ln x
ln y

) 1
q xp−1

y
dydx

} 1
p
{∫ ∞

1

∫ ∞

1

gq(y)
ln xy

( ln y
ln x

) 1
p yq−1

x
dxdy

} 1
q
.

(3.5)

If (3.5) takes the form of equality, then there exists numbers a and b , such that (cf.
[9,p.29])

a
f p(x)
ln xy

( ln x
ln y

) 1
q xp−1

y
= b

gq(y)
ln xy

( ln y
ln x

) 1
p yq−1

x
a.e. in (1,∞) × (1,∞).
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Then we have axp−1f p(x) ln x = byq−1gq(y) ln y a.e. in (1,∞) × (1,∞) . Hence we
have

axp−1f p(x) ln x = byq−1gq(y) ln y = constant a.e. in (1,∞) × (1,∞),

which contradicts the facts that 0 <
∫ ∞

1 xp−1f p(x)dx < ∞ and 0 <
∫ ∞

1 xq−1gq(x)dx
< ∞ . It follows that (3.5) takes the form of strict inequality, and by (3.1) we have
∫ ∞

1

∫ ∞

1

f (x)g(y)
ln xy

dxdy <
{∫ ∞

1
ϖq(x)xp−1f p(x)dx

} 1
p
{∫ ∞

1
ϖp(y)yq−1gq(y)dy

} 1
q
.

Hence by(3.2), we have (3.3).
For 0 < ε < q − 1 , setting ˜f , g̃ as

˜f (x) = g̃(x) = 0, for x ∈ [1, e);

˜f (x) =
1

x(ln x)(1+ε)/p
, g̃(x) =

1
x(ln x)(1+ε)/q

, for x ∈ [e,∞),

then we have
{∫ ∞

1
xp−1 ˜f (x)dx

} 1
p
{∫ ∞

1
xq−1g̃(x)dx

} 1
q

=
∫ ∞

e

1
x(ln x)(1+ε) dx =

1
e
. (3.6)

If the constant factor
π

sin(π/p)
in (3.3) is not the best possible, then there exists a

positive number k <
π

sin(π/p)
, such that (3.3) is valid if we change

π
sin(π/p)

to k .

In particular, by (2.3), we have

[ π
sin(π/p)

+ o(1)
]1
ε
− qp

(q−1−ε)(1+ε)
<

∫ ∞

1

∫ ∞

1

˜f (x)g̃(y)
ln xy

dxdy <
k
ε

(ε → 0+).

Hence we find
π

sin(π/p)
� k . This contradiction follows that the constant factor

π
sin(π/p)

in (3.3) is the best possible.

Since
∫ ∞

1 xp−1f p(x)dx > 0 , then there exists T0 � 1 , such that for any T > T0 ,∫ T
1 xp−1f p(x)dx > 0 , and g(y, T) =

1
y

(∫ T
1

f (x)
ln xy

dx
)p−1

> 0 ( y ∈ (1,∞) ). By (3.3),

we have

0 <

∫ T

1
yq−1gq(y, T)dy =

∫ T

1

1
y

(∫ T

1

f (x)
ln xy

)p
dx =

∫ T

1

∫ T

1

f (x)g(y, T)
ln xy

dxdy

<
π

sin(π/p)

{∫ T

1
xp−1f p(x)dx

} 1
p
{∫ T

1
yq−1gq(y, Y)dy

} 1
q
. (3.7)

Then we find∫ T

1

1
y

(∫ T

1

f (x)
ln xy

)p
dx =

∫ T

1
yq−1gq(y, T)dy <

[ π
sin(π/p)

]p
∫ T

1
xp−1f p(x)dx. (3.8)
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It follows that 0 <
∫ ∞

1 yq−1gq(y,∞)dy < ∞ . For T → ∞ , still by (3.3), neither
(3.7) nor (3.8) takes the form of equality, and we have (3.4).

On the other hand, if (3.4) is valid, then by Hölder’s inequality, we have
∫ ∞

1

∫ ∞

1

f (x)g(y)
ln xy

dxdy =
∫ ∞

1

[ 1
y1/p

∫ ∞

1

f (x)
ln xy

dx
]
[y

1
p g(y)]dy

�
{∫ ∞

1

1
y

(∫ ∞

1

f (x)
ln xy

)p
dx

} 1
p
{∫ ∞

1
yq−1gq(y)dy

} 1
q
. (3.9)

Hence by (3.4), we have (3.3).
Inequalities (3.3) and (3.4) are equivalent. We may show that the constant factor[ π

sin(π/p)

]p
in (3.4) is the best possible, by using (3.3) and (3.9).

The theorem is proved.

REMARK 12. Inequality (3.3) realtes to (2.4) with the same best constant factor;
so does (3.4) to (2.10). They are all new results.

RE F ER EN C ES

[1] G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univ. Press, Cambridge, 1952.
[2] D. S. MITRINOVIC, J. E. PECARIC AND A. M. FINK, Inequalities Involving Functions and There Integrals

and Derivatives, Kluwer Academic Publishers, Boston, 1991.
[3] YANG BICHENG AND GAO MINGZHE, On a best value of Hardy-Hilbert’s inequality, Adv. Math. 26 2

(1997), 159–164.
[4] GAO MINGZHE AND YANG BICHENG, On the extended Hilbert’s inequality, Proc. Amer. Math. Soc. 126

3 (1998), 751–759.
[5] YANG BICHENG AND L. DEBNATH, On new strengthened Hardy-Hilbert’s inequality, Internat. J. Math.

Math. Sci. 21 1 (1998), 403–408.
[6] YANG BICHENG, On an extension of Hardy-Hilbert’s inequality, Chin. Annal. Math. 23A (2002),

247–254.
[7] YANG BICHENG, On new generalizations of Hilbert’s inequality, J. Math. Anal. Appl. 248 (2000),

29–40.
[8] KUANG JICHENG AND L. DEBNATH, On new generalizations of Hilbert’s inequality and their applications,

J. Math. Anal. Appl. 245 (2000), 248–265.
[9] H. P. MULLHOLLAND, Some theorems on Dirichlet series with positive coefficients and related integrals,

Proc. London Math. Soc. 29 2 (1929), 281–292.
[10] KUANG JICHENG, Applied Inequalities, Hunan Education Press, Changsha, 1992.

(Received May 5, 2001) Bicheng Yang
Department of Mathematics

Guangdong Education Colledge
Guangzhou, Guangdong 510303

People’s Republic of China

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


