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GENERAL INCLUSION RELATIONS FOR ABSOLUTE SUMMABILITY
EKREM SAVAS

(communicated by H. M. Srivastava)

Abstract. 'We obtain sufficient conditions for the series Y a, , which is absolutely summable of
order k by a triangular matrix method A, 1 < k <5 < oo, to be such that > ay, is absolutely
summable of order s by a triangular matrix B. As corollaries, we obtain a number of inclusion
theorems.

In arecent paper, the author [1] obtained necessary conditions for a series summable
|[Ak], 1 < k < s < oo, to imply that the series is summable |B,| where A and B are
lower triangular matrices. In this paper we obtain sufficient conditions for a series
summable [A|, 1 < k < s < oo, to imply that the series is summable |B;|. Using
these results we obtain a number of corollaries.

Let T be a lower triangular matrix, {s,} a sequence.

Then
n
T, = Z tavSy.
v=0

A series Y a, is said to be summable |T|;, k > 1 if

> AN = T [f < oo (1)

n=1

We may associate with 7' two lower triangular matrices T and 7" as follows:

n
fnv:Ztnry n,v=0,1,2,...,
r=v

and
th:fnvfﬁlfl,v, n:172,37....
With s, := >, a;.

n

n i n n n
Y = Zlm'si = Ztnizav = Z“vZ’m‘ = Zt:“’a"
i=0 v=0

i=0 v=0 v=0 i=v

Mathematics subject classification (2000): 40G99, 40G03, 40D15.
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factor.
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and
n

n
Yo =y 1 = Z(fnv - Eq—l,vav) = anvav- (2)
v=0 v=0
We shall call T a triangle if 7 is lower triangular and t,, # O for each n. The
notation A,&,, means dny — dpy+1 -

THEOREM 1. Let 1 < k < s < 00. Let A and B be triangles satisfying

. |bnn‘ 1/s—1/k
(i) = o(viiy,
|ann‘

) (nlXa])~* = 0(1),
(l”) |ann — Aptln| = 0(‘annan+l,n+l|);
)

(iv Z |Av(@n\,)| = O(|bm),
V)Y (bl Ay (Bav)| = OV o),

i) > [bwllbuyet] = O(buil).,

(vii) > (1lban])* ™ [buvai] = O((VIbw]) ™),

n=v+1
and

(viii) g n'~ 1‘ E bnv

Then zf Zan is summable |A|x, it is summable |B|;.

A/

Proof. If y, denotes the n-th term of the B -transform of a sequence {s,}, then
n n i n n n
Yn = Z bnisi - Z bni Zav - Zav ani - Z bnvav-
i=0 i=0 v=0 v=0 i=v v=0
n—1
Yn—1 = Z bnfl,vav-
v=0

n
Yo =y —yn-1= Zi)nvaw (3)

where s, = Z?:o a;. Let x, denote the n-th term of the A -transform of a series > ay,,
then as in (3)

n
X, =X, — Xp_1 = Z&nvav. 4)
v=0

Since A is a triangle, it has a unique two-sided inverse, which we shall denote by A".
Thus we may solve (4) for a, to obtain
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ay = Z &:1VX (5)
v=0

Substituting (5) into (3) yields

n n v
Yn = Z i)nvav = Z I;nv ( Z &(/,Xz)
—| v=0 i=0
v—2
- anv(zacixi +&/ IXV 1 +ava )
i=0

v=0
n
- Z il Xo + Z iK1+ Zav,x
n—1 n—1 n v—2
= bnn&:an + Z bnv&(/\/xv + Z bn,v+1&(;+1,\;Xv + Z bnv Z &/ X
v=0 v= = i=0

_ nan + Z nvavv + bn v+1av+1 v Xv + anv Z&(/IXZ

b n—1
= a Xn + E nvavv + bn V+1avv - bn V+lavv
nn
v=0

n v=2
7 Al 7 N
+bn,v+lav+1’v)Xv + § bnv § aVin
v=2 i=0

:annX +ZAV Xv+zbnv+l "V+a"+1"X"+anvZfl/X

Using the fact that

1 rayy,—a

/ Al o 1%% v+1,v

ayy + av+l,v - ( )v (6)
ayy Ay1,v+1

and substituting (7) into (6), we have the following

Y annX + Z
Ayy — Qvyly
+anv+1( )Xv—l—anvZ

AyyAy41,v+1

- Tnl + Tn2 + TnS + Tn47 say .

By Minkowski’s inequality it is sufficient to show that

> Tl < oo, i=1,2,3,4.
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Using (i)
Zl’lA 1‘Tnl| = Z ﬂXﬂ
n=1 —
1) Zns_l(nl/s—l/k)s Xn’s
n=1
1) i nk—l ‘Xn|k (ns_s/k—k+l ‘Xn|5—k>.
n=1

s—k
But n’—s/k—kH1|x, ok = (nlfl/k\x,,|) - 0((n|Xn|)“*k) 0(1), from (ii) of

Theorem. Since Y a, is summable |Alz, J; = O(1). Using (i), (ii), (iv), (v) and
Holder’s inequality,

n—1

o ~
Ay(b
nsfl‘Tnz|s — Znsfl‘ V( nV)XV

a
n=1 v=0 w

n_l
w STV b A ()l X0}

1 v=0

M8

.12::

3
I
_

/A
M8

n

n—1

= 0(1) 3w (3o b 1A (b)) )(Zm ) -

n=1 v=0

8

Mg

= 0(1) ) (nlbml)" IZVI Kbyl = [Av(Buv)lIXy

n=1 v=0
=0(1) Z Vl_s/k|bVV‘_s‘XV|s Z (D) AV (b))
v=1 n=v+1
=0(1) Z Vl_s/k|bVV‘_s‘XV|SVs_l [bw[* = 0(1) Z VS_S/k‘XVP
v=1
— 0(1) Z V=1 |Xv|k(vs—s/k—k+l ‘Xv|s_k)
v=1
=0(1) Y _Vx = o).

Il
—

\%

Using (ii), (iii), (vi) and (vii) and Holder’s inequality,

s—1 s s—1 Ayy — Qyily
n |Tn3| E n ’E bnv+1( )Xv

AyyQyi1,v+1
s—1 E
n ( ‘bn V+1|

x1)

s

Mg

3
Il
—_

Ayy — Ay4l,v

I\
Mg

AyvQyi1,v+1

3
Il
—_
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oo n—1
= o) 3w (X lowsi 1)
n=1 v=0
oo n—1 ‘b ‘
=o)X n (3 () nwaalixel)
n=1 v=0
oo n—1 n—1 _
= 0(1) Zns_l( ‘bvv‘l b|bn v+1HXv )(Z ‘bvv|bn v+l )
n=1 v=0
o] n—1
=0(1 )Z( |bun])*™ 1Z|bvv|l_5‘bnv+l|‘x
n=1 v=0
= 0(1) Y [bwl " lIX0F D (11ban)* buvs
v=0 n=v+1
= 0(1) Y [ow| XV b = 0(1) Y vl
v=0 v=0
= 0(1) 3 VXX = 0() SV = 0(1).
v=0 v=0
From (viii),
v—2

Sttt = 3| hwia St =0t

I\J
I
(=}

THEOREM 2. Let A and B be triangles satisfying

(i) Ll _ o(1).

|ann‘

(”) |ann an+ln‘ - (‘aﬂnaﬂ+1,n+1|)’

(i) Z |Av(b O(|buwl),

(iv) Z (”‘bnnDkil‘AV(Bn )= (Vk 1|bVV| )
n=v+1

) Z |bVVWA7n,v+1| = O(|bml),

i) Y albw) T Buyer] = O((VIBW DY),
n=v+1

and

n
(vif) E n*~ 1’ E b,,v

Then, zf Say is summable |Alx, it is summable |Bl.

Vl
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To prove Theorem 2, simply set s=k in Theorem 1.

COROLLARY 1. [5] Let be {p,} a sequence of positive constants, B a triangle
satisfying
(i) Palbwl = O((pa)v' 1),
(i) (nlX,|)~*=o0(1),
n—1

(i) D 1Av(Buv)| = O(lbu]).

o0

(ZV) Z (n‘bﬂn)S7l|Av(@nv)| _ O(VS7l‘bvv|S),
n=v+1

) Z |bvan,v+l| = O(|bm]),
V=

(Vi) Z (n‘bnn|)s_l‘l;n’v+l| = O((v|bvv|)s—l)‘
n=v+1

Then if > a, is summable |N,p,|y, it is summable |B|;.

COROLLARY 2. Let be {p,} a sequence of positive constants, A a triangle satisfy-
ing

(@) pu/(Pulam|) = O(v l/fil/k)’

(ii) (nlXa])™* = 0(1),

(iii) @ — any1a| = O(|amani1n11l),

(iv) Z AV(Py—1)| = O(P,1),
0 e S () <o (B).

n=v+1
n—1
(Vl) ZPVZO(Pnfl)y
v=0
.. - s—1 (TP \*~1 pa _ (va)s—l
(ii) > n (Pn) PPy _0( P, )
n=v+1 v
and
s—1 N
(viii) Z n (P b 1)
n=v+1

Then if > a, is summable \A\k it is summable IN, Dnls,

Proof. With B = (N, p,), conditions (i) - (viii) of Theorem 1 reduce to condi-
tions (i) - (viii), respectively of Corollary 2, since

~ Pan—l

by = . g
Y PnPn—l
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