athematical
nequalities
& Papplications
Volume 9, Number 2 (2006), 269-272

ISOPERIMETRIC INEQUALITY IN TAXICAB GEOMETRY

ISMAIL KOoCAYUSUFOGLU

(communicated by D. Bainov)

Abstract. The history of the Isoperimetric Inequality goes back to 900 BC. Mainly, the Isoperi-
metric Theorem states that “Among all planar shapes in Euclidean geometry, the circle is the
best figure in the plane”.

In this paper, we proved the theorem for Taxicab geometry. Surprisingly (there is a
reason), “Among all planar shapes in Taxicab geometry, the (taxicab) square is the best figure in
the (taxicab) plane”.

“The circle is the most simple, and the most perfect figure.” DANTE.

1. Introduction

The first geometry that any scientist will think of is the Euclidean geometry which
is based on the Euclidean metric,

dp(A,B) = /(x1 — x2)2 + (y1 — y2)?

for A = (x1,y1),B = (x2,y2) in R*>. In 1975, E. F. Krause has defined the Taxicab
geometry by using the taxicab metric

dr(A,B) = |x; — x2| + [y1 — 2

for A = ()Cl,yl),B = ()Cz,yz) in Rz.

He mentioned in his book, “What’s taxicab geometry?”, that the taxicab geometry
is a non-Euclidean geometry. First of all, it is easy to understand for anyone who
has a little bit knowledge about Euclidean geometry. Secondly, the taxicab geometry
has significant applications in the real-world and finally, it is very close to Euclidean
geometry in its axiomatic structure [1].

One may ask “What are the differences between Taxicab geometry and Euclidean
geometry?”. Some of the differences are given in [2]. Mainly,

(1) The axiom of side-angle-side in Euclidean geometry fails in taxicab geometry.

(2) While Euclidean geometry is a good model of the natural world, taxicab
geometry is a better model of urban world that people has built.

(3) While in Euclidean geometry 7mp = 3, 14285, in taxicab geometry mr = 4.

(4) The graphs, in general, are different.
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2. The area in Taxicab geometry

Computing the area in taxicab geometry is based on a unit square. It is proved

in [3] that the area formulas for a square, a rectangle and a triangle are the same as in

Euclidean case. But, the area formula of the Taxicab circle with radius r is % 7y -

To see this, consider the taxicab circle with radius r (Figure 1). Clearly, the area of
triangle A; is half of the area of the square with sides r. And the area of the taxicab

circle, Ac, is 4 times the area of A;. Thus,

Figure 1.

3. The isoperimetric inequality

The isoperimetric inequality is not new. In fact, the history of the Isoperimetric
Theorem goes back to 900 BC. An application is found in the story of Dido. Princess
Dido was a daughter a Tyrian king. She arrived in North Africa, at a site later known
as Carthage (Tunisia). She wanted to buy some land from the local ruler, King Jambas.
They agreed that she could buy all the land she could enclose within a bull’s hide.
Consequently, Dido had the bull’s hide cut into small strips and had the strips stitched
together. Dido put the ribbon on the ground in a way that it would enclose the maximum
area. So, Dido had to solve the isoperimetric theorem! [4]

The isoperimetric theorem states that “Among all planar shapes with the same
area, the circle has the shortest perimeter.” This is equivalent to say that “Among all
planar shapes with the same perimeter, the circle has the largest area.”

Both of the above statements can be expresed as a following inequality: Let L be
the perimeter and A be tha area of the planar shape. Then,

2
LX >4r
which is known as the isoperimetric inequality (equality holds iff the planar shape is a
circle).

Notice that the taxicab circle is a square in Euclidean geometry. So it is not
suprising that the isoperimetric inequality in Taxicab geometry is true for the (taxicab)
square.

THEOREM 1. (ISOPERIMETRIC THEOREM IN TAXICAB GEOMETRY) Among all planar
shapes with the same area in taxicab plane R%., the (taxicab) square has the shortest
perimeter.
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2
Proof. The proof will be in several steps. In first step, we will prove that ﬁ—i = 4my

2
for (taxicab) square. Then we will prove that for a rectangle 2—2 > 4mr. Finally, in

2
Ly
AR’

2
third step, we will prove that for any planar shape v, j—]y/ > O

Step 1. Let Lg be the perimeter and Ag be tha area of the square S with sides a.
Then, Ly = 4a, and As = a?. Hence,
L3 (4a)*
AS o (12 o
Step 2. Let Lg be the perimeter and Ar be tha area of the rectangle R with sides
a,b. Then, Lg = 2(a+ b), and Ag = ab. Thus,

L3 ~ (2(a+ b))?
A_R - ab
4(a+ b)?

=207 (@ b) > dab
b
a

4.4ab
>
ab

=4y

16 = 47TT

Step 3. Let L, be the perimeter and A, be tha area of the planar region y. We can

always choose a rectangle R such that y stays in R (Figure 2). Obviously, Lg < L,
and Az > Ay. Thus,

R

Figure 2.
As a result, we have
L2 12 2
Y R s
— > — > = =47
Ay, T AR T As g

as desired.

Let us now prove as a problem that “when the areas of the taxicab circle and the

square are equal, the perimeter of the square is less then the perimeter of the taxicab
circle”.

THEOREM 2. Let the area of the taxicab square with sides a be equal to the area
of the taxicab circle with radius r. Then the perimeter of the taxicab square is less then
the perimeter of the taxicab circle.

Proof. Since As = a®, Ac = 1mrr?, it follows that

1
As =Ac = a2 = Eﬂrrz.
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Then
L5:4a:4\/§r<8r:Lc

as claimed. [

REMARK 1. The above problem follows from the fact that for taxicab circle with
radius a, it is clear that Lc = 8a and A¢c = %nraz = 242. Hence,

L2C (8a)?
Lo _ —32>4
Ac . 22 = 4

REMARK 2. For the isoperimetric theorem, it is equivalent to say that “Among all
planar shapes with the same perimeter in taxicab plane R>, the square has the largest
area”.

The proof is similar and left to the reader.

REMARK 3. When the perimeters of the taxicab circle and the (taxicab) square are
equal, the area of the (taxicab) square is greater then the area of taxicab circle. So the
buildings are in (taxicab) square or (taxicab) rectangular shapes.

(Is it because the Taxicab geometry is a better model of urban world that people has
built and the (taxicab) squre is the best model for isoperimetric inequality? Maybe!).
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