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GENERALIZED MONOTONE ITERATIVE METHOD
FOR INTEGRO DIFFERENTIAL EQUATIONS
WITH PERIODIC BOUNDARY CONDITIONS

JANNA H. WEST AND A. S. VATSALA

(communicated by V. Lakshmikantham)

Abstract. In this paper, we will develop a generalized monotone iterative method for first order
nonlinear integro differential equations with periodic boundary conditions when the forcing
function is the sum of an increasing and decreasing function. We obtain natural monotone
sequences or alternating monotone sequences depending on the coupled upper and lower solution
used and depending on the iterative scheme used to develop the sequence. These sequences
converge to coupled extremal solutions of the integro differential equation.

1. Introduction

It is well known that the method of lower and upper solutions coupled with the
monotone iterative technique is used to obtain the existence of extremal solutions for
both nonlinear initial value problems and nonlinear boundary value problems. In recent
years, the method has been used to obtain existence of solutions to nonlinear integro
differential equations of the form

u' () = f (t,u(t), Tu(t)), u(0)=u(2m).

See [5] for details. In this paper, we extend this method to nonlinear integro differential
equations with nonlinear periodic boundary conditions of the form

' =f(t,u(t), Tu(?)) + g(t,u(t), Tu(t)), u(0)=u(2m) on J = [0,2n], (L.1)

where f,g € C[J X R X R,R], f isincreasing in u and Tu, and g is decreasing in u
and Tu. Also, Tu(t) = [, K(t,s)u(s)ds and K € C[J x J,R.].

It is known that equation (1.1) possess four types of lower and upper solutions as
in [7, 8]. However, we recall only the two types of coupled upper and lower solutions
which we need to develop our results. They are defined as follows:
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DEFINITION 1.1. The functions v, w € C![J, R] are said to be
(i) coupled lower and upper solutions of type I, if

VK (6,v(1), Tv(t)) + g(t, w(t), Tw(z)), v(0) <v(27) on J
w = (e, w(t), Tw(t)) + g(t,v(1), Tv(t)), w(0) = w(2m) on J;
(i) coupled lower and upper solutions of type IL, if
VK (t,w(t), Tw(t)) + g(2,v(2), Tv(t)), v(0) <v(27) on J
w = f(,v(), Tv(t)) + g(t, w(t), Tw(r)), w(0) = w(2m) on J.

We will obtain two results using equation (1.1) when we consider coupled lower and
upper solutions of type 1 or type II. Additionally, we will show that type II can be easily
constructed when f is nondecreasing in u and Tu, and where g is nonincreasing in u
and Tu. Using an appropriate iterative scheme and coupled lower and upper solutions
of type I, we obtain natural sequences which converge to coupled extremal solutions
of (1.1). Similarly, we also prove the existence of coupled extremal solutions of (1.1)
using coupled lower and upper solutions of type II and an appropriate iterative scheme.
In the latter case, we obtain intertwined alternating sequences. Our result generalizes
the earlier known results on the monotone method for integro differential equations
with periodic boundary conditions. See [3] for details. Further, we prove the coupled
extremal solutions reduce to the unique solution of (1.1) under suitable uniqueness
assumptions of f and g. We provide a numerical example to demonstrate the use of
our generalized monotone method.

For each theorem, we will develop monotone sequences using one of two types of
iterative schemes. Moreover, we will develop natural monotone sequences or alternating
sequences which converge to coupled extremal solutions of (1.1).

2. Preliminaries
In this section, we recall some known results, see [5], relative to the following

integro equation
u’ :f(t> M(l), T”U))?
u(O) = u(2 ) on J = [0 27,

where f € C[J x R x R,R], = [y K( s)ds, and K € C[J x J,R.], which
we need in our main results.

We will also recall an important comparison result and an existence result using
Schauder’s fixed point theorem, which are needed in our main results. We merely state
the theorems without proof. See [5] for details.

(2.1)

LEMMA 1. Let p € C'[J,R] be such that
p' < —Mp — NTp,
p(0) < p(27),
where M > 0,N > 0. Then p(t) < 0 for 0 < t < 27 provided the following condition

holds 2Nkom(e*M™ — 1) < M, where 0 < ko = maxK(t,s) for (t,s) € [0,27] x [0, 27]
and K(t,s) > 0. If the inequalities are reversed, then p(t) = 0 on J.

(22)
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THEOREM 2.1. (Schauder) If E is a closed, bounded, convex subset of a Banach
space Band T : E — E is completely continuous, then T has a fixed point.

THEOREM 2.2. Assume that f € C[J x R",R"], K € C[J x J x R",R"] and
[ 1K (o, s,u(s))|do <N, for tg <s<t<ty+a, ucQ=¢ e ClJ,R": (to) = uo
and |¢(1) — uo| < b.

Then equation (1.1) possesses at least one solution u(t) on tg <t <ty < fh+ 0o,
forsome 0 < a < a.

3. Main results

The usual monotone method developed in literature proves the existence of extremal
solutions of equation (2.1) when f is nondecreasing in u and Tu, or when f can be
made nondecreasing by adding a linear term to u and T'u respectively. This is precisely
the onesided Lipschitz condition of f in # and Tu. In this section, we extend the
monotone method to equation (1.1) where f is nondecreasing in u and Tu, and g is
nonincreasing in # and Tu.

To develop our theorems, we will consider equation (1.1), and relative to the lower
and upper solutions v,w € C'[J,R] of (1.1) defined in the introduction section of this
paper, we list the following assumptions for convenience.

(Ag) Assume vo,wy € C![J,R] are the coupled lower and upper solutions of (1.1) with

vo(t) Su < wp and vo < Tu < wp on J.

(A)) Assume f,g € C[J x R,R],and M| + M, > 0, N; + N, > 0 satisfying

2(Ny + Na)kom(2M+MIT _ 1) < My + M,

where ko is the max K(z,s) on [0,27] x [0,27], and either

(i) f(t,u,Tu) = F(t,u,Tu) — Mju — N, Tu is nondecreasing in u and Tu, and
g(t,u, Tu) = G(t,u, Tu) — Mau — N,Tu, where G is nonincreasing in u and Tu, or

(ii) f(t,u,Tu) is nondecreasing in u and Tu, and g(t,u, Tu) = G(t,u, Tu)—
Myu — N,Tu, where G is nonincreasing in ¥ and Tu or

(iii) f (t,u,Tu) = F(t,u, Tu) — Mju — Nyu is nondecreasing in u and Tu, and
g(t,u, Tu) is nonincreasing in u and Tu.

THEOREM 3.1.  Assume that (Ao) and (A1)(i) hold. If u(t) is any solution of
equation (1.1) with vo(t) < u < wo(r) where v = vy, w = wy are lower and upper
solutions of type I, then there exists natural monotone sequences {v,(t)} and {w,(t)}
on J such that v,(t) — p(t) and w,(t) — r(t) uniformly and monotonically and
(p, r) are coupled minimal and maximal solutions respectively to equation (1.1). That

is, (p,r) satisfy
o =F(t,p,Tp) — Mp — N\Tp + G(t,r,Tr) — Mp — N,Tp
:f(t7p>Tp)_M2p_N2Tp+G(t7r7Tr)> (31)
p(0) = p(2m),
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and
¥ =F(t,r,Tr) — Myr — N;Tr + G(t, p,Tp) — Mar — NoTr
=f(t,r,Tr) — Mor — NyTr + G(t,p, Tp), (3.2)
r(0) = r(2m).

Also p < u < r on J, where the iterative schemes are given by the following linear
integro differential equations with periodic boundary conditions:

Vpi1 = F(t,v0, Tv) =M Vg 1 —N1 T 1 +G (1, W, Twy ) —Mavy 1 —Na Ty,

Vn+1 (0) = Vn+1 (277:)
(3.3)
and

W;/1+1 = F(t, Wn, TWn)*MIWnJrI*Nl TWn+1+G(t7 Vi Tvn)*MZWnJrl*NZTWnJrlv

Wy1(0) = w11 (27)
(3.4)

Proof. For any v, € C[[0,2m], R] such that vy < v,,1 < wo, the linear integro
differential equation (3.3) reduces to a simpler linear integro differential equation given
by

Voot + My = =NTv + 01(2),  vir1(0) = vur (27), (3.5)
where M = (M + M), N = (N1 + N;) and 01(¢) = F(t,vn, Tvy) + G(t, Wy, Twy,) .
Furthermore, for any w,; € C[0, 2], R] such that vo < wy,41 < wy, the linear integro
differential equation (3.4) reduces to

W;Hrl +MW” - 7NTW,,+1 + 62(t)7 Wn+1(0) = Wn+1 (277:)7 (36)

where M = (M; + M,), N = (N; + N,) and 0(¢) = F(t,wn, Twy) + G(t, v, Tvy) .
Then, using the method of variation of parameters and the boundary condition
Vur1(0) = vy 127) , we get

(1) = M / N / £)dE | ds)

Yo / -N / £)dE]eM ds. 7

In view of the condition 2Nkom(e*™ — 1) < M, applying Theorem 2.2 to (3.7), we
can show that there exists a solution v, (¢) for equation (3.5). Similarly, we can show
that there is a solution w,(¢) to equation (3.6).

We claim that the solutions of equations (3.5) and (3.6) are unique. For this
purpose, let u,v be two distinct solutions of either (3.5) or (3.6), and let p(r) =
u(r) — v(r), then we get

pl(t) =u'(t) =v'(1)
= —Mu(t) — NTu(t) + o(t) + Mv(t) + NTv(t) — o(z)
= —Mp — NTp,

where p(0) = p(27) . Hence by Lemma 1 it follows u = v.
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Now our aim is to show that
vosv<m <<y swe <o <wp <wy <wy on J. (3.8)
Since vy is a lower solution and vy < wy, we obtain

V(/) < F(l, Vo, TV()) — Mivg — N\Tvy + G(l, wo, TW()) — Mowy — NoTwy
< F(t, Vo, TV()) — Mvyg — N\ Tvy + G(l, wo, TW()) — Myvg — NoTvy.

and since wy is an upper solution, we obtain

W(l) > F(l, wo, TW()) — Miwyg — N\Twy + G(l, Vo, TVO) — M>vy — NoTvg
> F(l, wo, TW()) — Miwyg — N\Twy + G(l, Vo, TVO) — Mowoy — NaTwy.
Then, our claim is to show that vy < v; . For this purpose let p(f) = vo — vy, then
p'(t) = vy — Vi < F(t,vo, Tvg) — Myvo — N1 Tvo + G(t, wo, Two) — Mavy — Navg
— F(l, Vo, TVO) +Mvi + N\ Tvy — G(l, wo, TW()) + Morvi + N Tvy
= —(Ml +M2)(v0 - vl) - (Nl +N2)T(Vo — vl)
= —Mp — NTp,
where (M; +M,) =M >0 and (N +N2) =N > 0. Also p(0) = v(0) — v1(0) <
vo(2m) — v1(2m) = p(27m). Hence by Lemma 1, p(r) < 0, which proves that vy < v;
on J. Similarly, we can show that wy > w; . Next, we will show that v; < w;
p/(t) = Vll — Wll = F(t, Vo, TV()) — Myvi — NiTvy + G(l, wo, TW()) — Myvi — Novy
— F(t, wo, TW()) + Mywy + N\ Tw, — G(t7 Vo, TV()) + Mowy + NoTwy
< —(M1 +M2)(V1 — Vz) — (N1 +N2)T(v1 — Vz)
= —Mp — NTp,
by the monotone nature of f and g,where (M;+M,) = M>0 and (N;+N,) = N>0.
Also p(0) = p(27), hence by Lemma 1, p(z) < 0, which proves that v; < wy Thus,

giving us vo(r) < vi () < wi(f) < wo(z) holds on J. Hence (3.8) is true for k = 1.
Now assume that (3.8) holds for some k > 1, such that,

Vi—1 < Vi < Wik < Wir—1 on J. (39)
Thus, our aim is to show that (3.8) holds for k£ + 1 by proving that
Ve < Vil < Wit < Wi (3.10)
holds on J. For this purpose, let p(t) = vi(r) — vis1(¢), and note that p(0) =
vk(0) = vi1(0) = vk (27) — v (27) = p(27) . We get
P'() = vi(t) = Vi, (1)
= F(t,vk—1, Tvi—1) — Myvg — N1 Tvg + G(t, wi—1, Twg—1) — Mave — NaTwy
— F(t,vi, Tvi) + Mivip1 + NiTvieyr — G(t, we, Twi) + Mavi + NaTveg
< —(My 4+ M2)(vie — vier1) — (N1 + N2) T (vie — Viey1)
= —Mp — NTp
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using (3.9) and the monotone nature of f and g. By Lemma 1 p(z) < 0 which proves
vi(t) < vi1(2) . Similarly, we can prove that wy(7) < wi(?) and vey1 () < we1 () -
This proves that (3.8) holds for k + 1. Hence (3.8) is valid for all k =1,2....

Also, the sequences {v(f)} and {wi(¢)} can be shown to be equicontinuous and
uniformly bounded using (3.7) and a similar form for w,. Thus by Ascoli-Arzela’s
Theorem, subsequences {vy, ()}, {wy, ()} converge to p(f) and r(r) respectively on
J . Since both the sequences {vi(¢)} and {wi(¢)} are monotone, the entire sequences
converge uniformly and monotonically to p(7) and r(z) respectively on J. Therefore,
p(7) and r(r) satisfy the integro period boundary value problems (3.1) and (3.2).

Finally, we claim that p and r are coupled minimal and maximal solutions of
(1.1). Thus we need to show that

vi(t) < p(r) < u(r) < r(r) < wi(f) on J.

Suppose that u is any solution of (1.1), such that vo(¢) < u(r) < wo(f) on J. Itis
easy to show as before using induction that vi(7) < u(r) < wi(r) on J forall k > 1.
Then, taking the limit, we get limg_o vi(f) = p(¢) and limg_ o wi(¢) = r(¢). This
completes the proof.

LEMMA 2. In addition to the assumptions of Theorem 3.1, if for u > u, f and
G satisfy

ftu,Tu) —f(t,a,Ta) < Ky(u—ua) + LiT(u—u), t€J;
G(t,u,Tu) — G(t,u,Tu) > —Ko(u — it) — LoyT(u — u1), t € J,

where K, > 0,L, >0, u=0,1, then p = u = r is the unique solution of (1.1),
provided M, — (K, + K3) > 0 and N, — (L, +L2) >0.

Proof. Since we have p < r, it is enough to show that » < p. For this purpose,
set p(tr) = r — p, we have p(0) = p(27), and

pl(t)=7(t) = p'(1)
=f(t,r,Tr)—Mor—N,Tr+G(t,p,Tp)—f (t,p, TP)+Mrp+N,Tp—G(t,r,Tr)
<K ((r—p)+L i T(r—p)+Kz(r—p)+ L T(r—p)—My(r—p)—N,T(r—p)
= (Ki + Ky — My)(r — p) + (Ly + Ly — N2)T(r — p).

This implies that p’(r) < —Mp—NTp,where (K;+K,—M;) = M and (L, +L,—N;) =
N. Thus p(¢) < 0 which proves r < p. Therefore, p = u = r is the unique solution.
This completes the proof.

REMARK 3.1. When f is nondecreasing and g is non-increasing, we can always
construct coupled upper and lower solutions of type II. We state this result below as a
lemma. Then we will use the constructed upper and lower solutions to develop the next
result.

LEMMA 3.  Suppose that f(t,u,Tu), g(t,u,Tu) are monotone nondecreasing
and monotone nonincreasing in u respectively on J, then there exists coupled lower
and upper solutions of type 11 for equation (1.1).
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Proof. Choose a constant Ry large enough such that

<
—
~
)
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I
—
-~
)
\
=
(=}
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0, v(0) < v(2m) and w(t) = z(t) + Ry > 0, w(0) > w(2m),
where z(¢) is the solution of

7(t) = f(1,0,0) + g(1,0,0), z(0) = z(27) on J.
Then

Vi(t)=7() —0=r(20,0) +g(z,0,0) < f(t,w,Tw) + g(t,v, Tv), v(0) <
w(t) =7Z(t) +0=£(1,0,0) + g(¢,0,0) > f(t,v, Tv) + g(t,w, Tw), w(0) > w(2r).

THEOREM 3.2. Assume the hypothesis of Lemma 3.2 holds, and let vy, wqy be
constructed coupled lower and upper solutions respectively of type II with v(t) <
wo(t) on J, and let (A1) (i) hold. Then for any solution u(t) of equation (1.1) with
vo(t) < u < wo(r) on J, we get the intertwining alternating sequences { vay, Wani1 }
and { Wan,vani1 } satisfying

Vo S W K s S V2 S W] S UK Vol S W < SV SW (3.11)

for every n > 1, provided vo < wy and wy = vi, where the iterative schemes are
given by

Vi1 = F(t, wa, Twy) =M1 —=N1 TV 1 +G (1, v, Tvy) —Mavys 1 —NoTvpiq,  (3.12)
where vy, 11(0) = v (27) on J,
W:Hl:F(t, Vi, TVn)*M1Wn+1 —N,; TWn+1+G(t, Wy, TWn)*MZWnJrl —NoyTwpq, (3. 13)

where wy11(0) = w1 (27) on J.

Moreover, the monotone sequence {vy,, w11} convergesto p and {wa,, vani1}
converges to r on J, where (p,r) are coupled minimal and maximal solutions of
equation (1.1) respectively, satisfying the coupled system

o =F(t,p,Tp) — Mip — NiTp + G(t,r,Tr) — Myp — N, Tp

3.14
— F(t.p) ~ Map — NTp + G, ), B

where p(0) = p(2m) on J,
¥ =F(t,r,Tr) — Myr — NyTr + G(t, p, Tp) — Myr — NoTr (3.15)

:f(t7r) 7M2r*N2Tr+G(tap)7

where r(0) = r(2m) on J.
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Proof. Similar to the results of Theorem 3.1, we can show the existence and
uniqueness of the solution of the linear integro differential equations (3.12) and (3.13).

Now our aim is to show that equation (3.11) holds for every n > 1. First, we need
to show that (3.11) is true for k = 1. Thus we need to show that

VoSwWE S Swy Su<vsSw, <y Sw

holds on J. Now, since vy ,wy are lower and upper solutions respectively, and vy < wy,
we obtain
V(/) < F(t, wo, TW()) — Miwog — N\Twy + G(l, Vo, TV()) — Myvg — N Ty
< F(t, wo, TW()) — Myvg — N1Tvg + G(t, Vo, TV()) — Myvg — NoTvy.

and

W(l) > F(l, Vo, TVO) — Mivyg — N\ Tvy + G(l, wo, TWQ) — Mowy — NaTwy
> F(l, Vo, TVO) — Miwog — N\Two + G(l, wo, TW()) — Mowoy — NaTwy.
We can now show that vy < v; . For this purpose let p(¢) = vo(¢) — v;(z) , then
p/(l‘) = V(/) — V/l < F(l, wo, TW()) — Mivyg — N\ Tvy + G(l, Vo, TV()) — M>vy — Novg
— F(t7 wo, TW()) + Mvi + N Tv, — G(t7 Vo, TV()) + Myvi + NoTvy
=—(Mi+M)(vo —vi) — (N1 + N2)T(vo — v1)
= —Mp — NTp,
where (M, + M;) =M > 0 and (N +N;) =N > 0. Also p(0) = p(2m). Thus,
from Lemma 1, we get p(¢) < 0, which proves vy(7) < v(¢) on J. Similarly, we can
show wy > wy .
Also, let u be any solution of equation (1.1) such that vo(r) < u < wo(¢) on J and
set p(r) = u — vy, we get
p'(t) =u —v| = F(t,u,Tu) — Myu — N\Tu + G(t,u, Tu) — Mau — Nu
— F(t, wo, TW()) + Mvi + N Tv, — G(t7 Vo, TV()) + Movy + N> Tvy
< — (M, +M2)(u —vy) — (N1 +N2)T(u — vl)
= —Mp — NTp,
where (M1+M;) = M > 0 and (N1+N,) = N > 0 using the monotone nature of f and
g and the fact that vo < u < wy. Also p(0) = u(0)—v;(0) = u(27)—v,(27) = p(27).
Thus p(r) < 0. From Lemma 1 we get u < v;. A similar argument yields u > w .
To avoid repetition, we can prove u > vo, U < Wy, U < v3, and u > ws in a similar
fashion. Now we want to show that vo < wy < vy <wz,and v < wy < vy < wy. We
have by hypothesis that vy < w; and wg > v;. For this purpose let p(7) = w; — v2,
then
p/(l‘) = W/l — v’z = F(l, Vo, TVO) — Miwy — N\Twy + G(l, wo, TW()) — Mowy — Nowy
— F(t,wy, Twy)+Mva+N  Tva—G(t,v1, Tv)+Mpva+No Tv,
< —(My 4+ Mp)(wi — v2) — (N1 4+ No)T (w1 — v2)
= —Mp — NTp,
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by the monotone nature of f and G. Also p(0) = p(2m). Hence by Lemma 1,
p(t) <0, giving us wy < v,. Similarly, v; > wy, v2 < w3 and vs < wy. Hence, it is
clear that (3.11) is true for k = 1.

Now assume that (3.11) holds for some k > 1, such that,

Wi—2 < Vk—1 S Wg S U<V < Wi < Vg—2 on J.

We will use this and prove that (3.11) holds for k + 1. Thus we need to show that the
inequality
Vi—1 < Wg < Vil S UK Wipp < Vg < Wi
) -

+
holds on J. For this purpose, let p(¢) = vx_; () — wi(z), then we have

pl(t) = vi_1 (1) = wi (1)
= F(t, wi—2, Twi—2) =M1 —N\Tvi—1 +G(t, Vi—2, Tvi—2) —Mavi_1—Novi—1
— F(t,vi—1, Tvi—1)+Mwi+N Twe—G(t, wi—1, Twi—1 ) +Mawy + NaTwy
—(My 4+ M) (vi—1 — wi) — (N1 + No)T (-1 — wi)
= —Mp — NTp,

using (3.14) and by the monotone nature of f and G. We also have that p(0) =
Vi—1(0) — wi(0) = w1 (2) — wi(27) = p(27), thus by Lemma 1, p(7) < 0, giving
us vi—1(¢) < wi(z). Similarly, we can show wi(¢) < vi1(2), wip1(f) < wie(7), and
vi(t) < wi—1(z). We can also show in a similar fashion as before that u > v and
u < wigyq on J. Thus (3.11) holds for k& + 1. Hence, by induction, (3.11) is valid for
all k=0,1,2, ...

Also the sequences {var, war1} and { wa, vari1} can be shown to be equicon-
tinuous and uniformly bounded. So by Ascoli-Arzela’s Theorem, the subsequences
{Wang, Wansr), b and {wa,, vans1), } converge to p(r) and r(t) respectively on J.
Since the sequences { vax, wak+1}+ and {wa, var+1} are monotone, the entire sequences
converge uniformly and monotonically to p(¢) and r(¢) respectively on J. Thus the
coupled system (3.12) and (3.13) are satisfied.

Finally, we can show that p(¢) and r(¢) are coupled minimal and maximal solutions
of equation (1.1) in a fashion similar to the one in the proof of Theorem 3.1. This
completes the proof.

REMARK 3.2. We can prove uniqueness of the solution of equation (1.1) on the
same lines as in Theorem 3.1.

REMARK 3.3. If we would consider the assumptions (A1)(ii) or (Ay)(iii), we
would get the same results as we did using assumption (A;)(i) in Theorems 3.1 and
3.2.

REMARK 3.4. If g =0 and f is not nondecreasing in # and Tu, but

f(t,u, Tu) = f (t,u, Tu) + Mu + NTu
is nondecreasing in ¥ and Tu for M > 0, N > 0. Then we can write
u' =f(t,u,Tu) + Mu+ NTu — Mu — NTu
:f~(t7 u, Tu) + g(t,u, Tu),
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where ¢ = —Mu — NTu is nonincreasing in u and Tu. Then, if vy, wy are lower and
upper solutions of the original problem with vy < wy, then they are lower and upper
solutions of the integro differential equation with boundary conditions

' =f(t,u, Tu) — Mu — NTu,
u(0) = u(2m).
Then we can construct upper and lower solutions of type II, given by
vo < f(t,vo, Tvo) + Mvy + NTvy — Mvy — NTv

< f(t,wo, Two) + Mwo + NTwy — Mvy — NTvy

= £ (¢, wo, Two) — Mvo — NTvy,

= £ (t, wo, Two) + (1, vo, Tvo)

vo(0) < vo(2)

(3.18)

and

(t,wo, Two) + Mwgy + Nwy — Mwy — Nwy
(t,v0, Tvo) + Mvo + NTvy — Mwy — NTwy
(t vo, Tvo) — Mwg — NTwy,

f (1, vo, Tvo) + 2(t, wo, Two)

wo(0) > wo(27).

Note that we get the same results as in Theorem 3.2, using an appropriate iterative
scheme.

\\/ WV

f
f
f
=f

REMARK 3.5 If f =0 and g is not nonincreasing in u# and Tu, but
g(t,u,Tu) = g(t,u,Tu) — Mu — NTu
is nonincreaing in u# and Tu for M > 0, N > 0. Then we can write
u' = g(t,u,Tu) — Mu— NTu + Mu + NTu
= g(t,u, Tu) + f (1,u, Tu),
where fN = Mu + NTu is nondecreasing in # and Tu. Then, if vy, w, are lower and

upper solutions of the original problem with vy < wy, then they are lower and upper
solutions of the integro differential equation with boundary conditions

u' = g(t,u,Tu) + Mu + NTu,
u(0) = u(2m).
Then we can construct upper and lower solutions of type II, given by
vy < g(t,vo, Tvo) — Mvy — NTvy + Mvo + NTv
< g(t,vo, Tvo) — Mvy — NTvy + Mwy + NTwy
= g(t,vo, Tvo) + Mwo + NTwy
= 3(t,vo, Tvo) +f (£, wo, Two),
vo(0) < vo(2m)

(3.19)
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and
g(t, wo, Twg) — Mwo — NTwo + Mwy + NTwg
g(t, wo, Twg) — Mwy — NTwo + Mvy + NTv
g(t,wo, Two) + Mvoy + NTvg

( )

o

VoWV

=& t7WO7TWO +f([,V0,TV0)7
WO(O) > W0(27T).

Note that we get the same results as in Theorem 3.2, using an appropriate iterative
scheme.

4. Numerical results

In this section we give an example of a nonlinear integro-differential equation
with periodic boundary conditions to demonstrate a special case of Theorem 3.2 by
using Mathematica to compute the iterates of the sequences which converge to the
solution of the nonlinear problem. For this purpose we will consider the nonlinear
integro-differential equation with periodic boundary conditions given by

o1, 1 1 /f P
u=—u"— ——— [ uds— —u
r 24w 1672 ), 8’ (4.1)
u(0) =u(2m) on J=10,2n].
Note that
f(t,u,Tu) = F(t,u, Tu) — Mju — N, Tu
1, 1
=7
is nondecreasing in u, where —M; =0 and —N; = 0.
Also
g(t,u, Tu) = G(t,u, Tu) — Mau — N,Tu
5 1 !
=——Uu—— d.
8" 16712/0 nas
is nonincreasing in u and Tu, where G(t,u, Tu) = 0, —Msu = Z=u and —N>Tu(r) =

— 1 [, u(s)ds. Furthermore, the equation (4.1) satisfies the condition

2(Ny + Np)kom(2M=MIT _ 1y < My + M,

since
1. s 5
—)(e* —1) < —.
Also, we have vy = —% and wy = % are lower and upper solutions of type II of

(4.1). Using vo, wo and a special case of the iterative scheme given by equations (3.12)
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and (3.13), we have used Laplace Transform and Mathematica to compute v; and w,
analytically as follows:

1
3672

211(—1+e7)(1 4 2ei + 3 /e)
O 384(1t et + o) o

211(—1+ e7)(1 4 2¢i 4 3\/e)
C 384(1t et + o)

{e¥ 211 — 967 (

V1 =

1
14472

+ {e7 [—211 + 38473( Y

and

19(—1 + e3)(1 + 24 + 3,/e)
324(1 + ei + /o)

19(—1 + €3)(1 + 2ei + 3,/e)
324(1 + e + \/e)m3

e {[19 + 3247 )}

W= a3

—t
— 243ﬂzeﬁ[19+81n3( ik

We illustrate in Figure 4.1 the lower and upper solutions vy, wy and the two iterates
vy, wy, and we show clearly that vy < w; and wy > v, therefore the conditions of
Theorem 3.2 are satisfied. Also, it is clear that the periodic boundary conditions are
met. Furthermore, the graph illustrates intertwined alternating sequences, which are
converging to the solution of equation (4.1). Note, we have chosen appropriate scales
to demonstrate these conditions. Therefore the graphs of v; and w,; appear to be linear.

Yy
1

0.75

w0
0.5

vl
0.25

-0.25

-0.5 vo

-0.75

Figure 4.1.
We illustrate v; and w; in Figures 4.2 and 4.3. Note, we have chosen appropriate
small scales to clearly see the curves of the graphs.

0.5 -0.04
0.48 -0.042
OA46/_\ ~0.044
0.44 vl -0.046
wl
0.42 —0.048\/
1 2 3 4 5 6 1 2 3 4 5 6

Figure 4.2 Figure 4.3



GENERALIZED MONOTONE ITERATIVE METHOD FOR INTEGRO DIFFERENTIAL EQUATIONS 163

Conclusion. It was known that when using the monotone iterative technique
coupled with lower and upper solutions for nonlinear integro differential equations
with periodic boundary conditions, we obtained natural sequences which converge to
minimal and maximal solutions of the nonlinear problems. Our results prove that we can
obtain natural sequences as well as alternating intertwining sequences when the forcing
function is the sum of a nondecreasing and nonincreasing function. We have shown,
that it depends entirely on the construction of the sequences. We have also shown that
the solutions to the nonlinear problem is unique. Our result generalizes the monotone
method for periodic boundary value problems for the nonlinear integro equation 1.1,
which includes some earlier known results.
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