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BOUNDEDNESS OF GENERALIZED HARDY
OPERATORS ON WEIGHTED AMALGAM SPACES

M. ISABEL AGUILAR CANESTRO AND PEDRO ORTEGA SALVADOR

(Communicated by L.-E. Persson)

Abstract. Let Tgy be the operator defined by

Tyf(x) = /_ o= O

where ¢ is a positive function on (0, c0) verifying ¢@(a + b) = @(a) + @(b) .

In this paper, we characterize the pairs (u,v) of positive measurable functions such that
T, maps the weighted amalgam (LP(v),£9) in (LP(u),£9) for all values of p,q,p,q with
1<p,q,p,qg <.

As particular cases, we characterize some higher order Hardy inequalities in weighted
amalgams.

1. Introduction

If 1 < p,g < oo and u is a positive measurable function on R, the amalgam
space (L”(u),¢?) consists of the measurable functions f on the real line such that the
norm

q L
= q
P

Wlwa =3 ([ 11

nez n

is finite.

The amalgam spaces were introduced by Wiener ([10]) in 1926. The paper [2] is a
survey about the role played by these spaces in Harmonic Analysis.

C. Carton-Lebrun, H. P. Heinig and S. C. Hofmann characterized in [1] the pairs of
positive locally integrable functions (u, v) such that the Hardy operator Pf (x) = [ foo f
verifies

Bf llpuq < ClIf |z (1.1)
in the case 1 < g < g < oo. More recently, P. Ortega and C. Ramirez ([7]) have
characterized the pairs (u,v) such that (1.1) holds inthe case 1 < g < g < c0.
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306 M. 1. AGUILAR AND P. ORTEGA

In this paper, we deal with the operator T, defined for nonnegative functions f
by _
Tof@ = [ ol Oy
where @ is a positive function on (0, 00) such that ¢(x +y) ~ @(x) + @(y). This
means that there exist two positive constants C; and C, such that

Ci(op(x) +0(y) < o(x +y) < C(o(x) + 0(y))

forall x,y € (0,00).
As important particular cases we find the Riemann-Liouville operators

= G-pyody axo

Our purpose is to characterize the pairs of positive functions (i, v) such that the
inequality

1o fllpuq < Cllf [[503 (1.2)
holds for all nonnegative f with a constant C > 0O independent of f, where 1 <

Ps4,p,q < 0.
The main results will be stated and proved in section 3. They will be extensions to

amalgams of well known results due to F. J. Martin-Reyes and E. Sawyer ([5]) and V.
D. Stepanov ([9]) on weighted inequalities for 7, in L” spaces.

In order to characterize (1.2) we proceed essentially by establishing the relationship
between inequality (1.2) and the boundedness in suitable weighted spaces of the local

operators T,f (x) = / o(x — y)f (y)dy and the discrete operator T;({an})(n) =
n—1

-1
Z:;:foo (p(n - m)am .

As a consequence of our results, we characterize the pairs of weights (u,v) such
that the higher order Hardy inequality in amalgams

1Fllpaq < CIIF® 5.5 (1.3)

holds for all F € ACEkil)(—oo, o0), where k > 2 and AC(kal)(—oo, o0) designs the
space consisting of the functions F' of one real variable whose (k — 1) -st derivative is
absolutely continuous and verify

F(—00) = F'(—00) = ... = F*"D(—00) = 0.

Some higher order Hardy inequalities in weighted amalgams were studied by H.

Heinig and A. Kufner in [3]. Specifically, if k&, k; and k, are integers such that
k

k=ki+ky, ki, ks > 1,and AC{* (0, 00) is the space of all functions F of one real
variable whose (k — 1) -st derivative is absolutely continuous and verify
F(0)=F'(0)=---=F%=D(0) =0,

FH)(00) = FRH)(00) = ... = F* V(o) = 0,
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Heinig and Kufner characterized the pairs of weights (u,v) such that the higher order
Hardy inequality in amalgams

& n+l1 e n+1 _
Z / |F|Pu <C Z / |F(k)|pv
=0 n n

n=0

TR
S1NY)
U=

holds for all F € AC,({TIZD(O, oo) whenever 1 < g < g < co. However, they did not
work when k; = 0 or kK, = 0. We deal with these extremal cases in section 4.
Similar results can be obtained for the operator T(j defined by

T = [ ole= 3 o)y
and for the higher order Hardy inequalities in AC,(ekfl) (—00,00), i.e., the space of the
functions F whose (k — 1) -st derivative is absolutely continuous and verify

F(0) = F'(00) = ... = F¥(0) = 0.

2. Notations and preliminaries

Throughout the paper, ¢ will design a positive function defined on (0, c0) such
that ¢(x +y) = @(x) + ¢(y). As a consequence of this property, we have that, up to a
constant, @ increases, i.e., there exists C > 0 such that ¢@(x) < Ce(y) forall x < y.
In the statements and proofs of the results we will use the following notations,
where u and v are positive locally integrable functions on the real line:
(i) fl<p<p<oo,

’ B P
0 _ _ 1-p .
n+1 Il’ B L, .,
Al = qup (/ u(t)dt) ( o' (B—t)w'P (t)dt) :
Be(n—1,n+1) B n—1

C, = max{A° Al}.

I|._
~|

”all —

(i) f 1<p<p<ooand =

bl

= ||

1
P

r 1

n+1 n+1
1_
B, = Ail (/X u(t)dt)

S~
Q
><
|
L
’E
A
1{
=
N———

Sl
=
~
=
=
=

maX{Bn, ,11}
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(iii) If 1 <g < g < o0,

Ay = sup (i

nez

v
Q=
YRS
™-
I
3
=
I|
~_
B

~__—
=
T
-
3
AS)
<[
s
|
=
—~
Y
~—
U

~p (Z "

nez k—n

(iv) If 1 <g<g<ooand 1=

By = Z <§: (p‘l(k — n)uk> ' ( i: V116/> ! v}fﬁl :

ne7z

Q=
YRS
™
AS)
Y|
3
|
L
~
&llu
s

{5 (S

B = max{By, B }.

(v) By A and B we mean, respectively, the numbers A and B defined above

q
k+1 \ P
u and v, =

but corresponding to the particular sequences u; = ( i

k =/ 7%
(o) 7
(vi) If k > 2,by C*, Dk, Ak, A%, B* and B* we design, respectively, the numbers
C., D,, A, A, B and B defined above but corresponding to the particular
function ¢(7) = 1.
We will apply the following results which provide the characterizations of the
weighted inequalities for the operators 7, and 7.

THEOREM A. ([4]) Ifn € Z, 1 < p,p < oo and u, v are positive locally
integrable functions, then the operator T, is bounded from IP(v,(n — 1,n + 1)) to
LP(u,(n — 1,n+ 1)) if and only if

(i) inthecase 1 <p<p<oo, C, <00;
(ii) inthe case 1 <p <p < o0, D, < 00.

THEOREM B. ([4]) Ler 1 < q,q < oo and suppose that {u,} and {v,} are
sequences of positive numbers. Then the operator T, is bounded from (1({v,}) to
(9({un}) if and only if

(i) inthecase 1 <g< qg<o0, A<oo;
(i) inthe case 1 < g <g< oo, B< 0.

We will also need two lemmas. The first one is essentially due to Y. Rakotondrat-
simba, who studied in [8] weighted inequalities in amalgams for fractional integrals and
fractional maximal operators. It reads as follows:
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LEMMA 1. If f is a nonnegative measurable function, n € Z and x € (n,n+ 1),

then
Tg; (f%(—oo,n 1) Z (P n— am,
where a,, = ,;"_1 f.
k
Proof fk>2,x€ (nyn+1) andy € (n—k,n+ 1 —k) then 3 <x—y<2k
and therefore @(x — y) ~ @(k). On the other hand, since k — 1 < k < 2(k— 1), w

also have @(k) ~ ¢(k — 1). Then

n—1

n+1—k
Ty a0 = [ ol dy—z / f (3)dy

—00

n+1—k OO n+1—k
[ ewroay~y / ok — 1f (v)dy

—k k=2 Yn—k

ok — Dapy1—x = Z o(n —m)a

m—=—0oQ

M2

~
~

~
Il
S}

M

T
LS}

O

The second lemma we will apply characterizes the embedding of the sequence
space (7({vI}) into £7({ul}) for 1 < ¢ <G < cc.
LEMMA 2. Let 1 < g <g<ooand 1 = é - %. Suppose that {u,} and {v,}
are sequences of positive real numbers. The following statements are equivalent:
(i) There exists C > 0 such that the inequality

{Z(an”n)q} <C {Z(anvn)a}

neZz nez

U=

holds for all sequences {a,} of real numbers.
(ii) The sequence {u,v; '} belongs to the space (*.

3. The main results

Our first result characterizes the pairs of weights (u,v) such that the inequality
(1.2) holds inthe case 1 < g < ¢ < 00.

THEOREM 1. Let 1 < p,p < o0 and 1 < g < q < oo. Suppose that u, v are
locally integrable positive functions on R. Then there exists a constant C > 0 such
that the inequality (1.2) holds for all nonnegative functions f if and only if

(i) inthe case 1 <p < p < oo, supC, < oo and A < co;
ne7z

(i) inthe case 1 <p <p < oo, supD, < 0o and A < co.
nez
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Proof. Suppose that the inequality (1.2) holds. Let n € Z and let f be a
nonnegative function supportedin (n — 1,n+ 1). Then

n _ n+1 _
W ll5vg = (/_lf”v> +</ f”v)
n i n+1 7
15 o >3 ([ @)+ ( / (Tq,‘f)”u>

1

> Cpyg ( / Hll(Tq,f )pu> E
= Cu ( [ on —y)f(y)dy)pu(X)de
and (1.2) gives

Lo e

for all n, with a constant C independent of n. Therefore the operators 7, are bounded
from L? (v, (n — 1,n+ 1)) to I”(u, (n — 1,n+ 1)) with a constant C independent of n
and by Theorem A we have sup,., C, < o0 if 1 <p < p < oo and sup,c, D, < o0
if l<p<p<oo.

On the other hand, if {a,,} is a sequence of nonnegative numbers and

—1
f Zam)cm 1,m) </ Vl_ﬁ,) Vl_ﬁ,’
1

mez

then/ f :am,/ fiv=d, (/ ) and Lemma 1 gives
m—1 m—1 m—1

S(E v ()]
{E(E e ()

ne”Z

<l

S11ENY)
Q=
VAN
<
|
R
- =t
~
il
<
~
=

S

_ Z(/+ (Zl o(n—m /m1f> u(x)dx>%

nez m=—00
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n+1 ») Y
/ (Ty (F X—com—1)(x))" u(x)dx)

n

<C Z(

nez
gy g o\ L
n+1 P . ~ % 7
<C Z / (T;f(x))pu(x)dx <C Z(/ f”v)
nez n nez n—1
" AT
—cisa( [ vr)
nez n—1
n 7%
Thus the operator T, is bounded from A ( / v1§'> P to
n—1

n+1 p
A ( / u) and therefore, by Theorem B, we have A< .

Conversely, let us suppose that (i) or (ii) holds depending on the relationship
between p and p. Then, by Lemma 1,

n+1 [ﬂ)
/ (TgofX(oo.nl))pu>

n+1 iz
/ (T(pr(nl,M»l))pu)

n

1Ty fllpug <C Z(

nez

N

1 1

<33 Tu{an)im) ( [ ) e Z( I (m)ﬂu)

nez nez
=C(L + L),

q
p

where a, = [ f.
Since (i) or (ii) holds, by Theorem A we know that the operators T, are uniformly

bounded from L7 (u, (n — 1,n+ 1)) to L”(v, (n — 1,n+ 1)) and therefore, taking into
account that 1 < g < g < oo, we have

2=

1

n+l 7 n+l
ne<c Z(/ f”V> <c Z(/f) < Cllflpz

nez ne7z

T
RSN

On the other hand, since A < oo, by Theorem B, T, is bounded from
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_ n _ _% n+1 1%
A ( / yi=p ) : to ¢4 ( / u) and Holder inequality gives
n—1 n

=
=

_ n — _Ei/ n 6 n —_ _Ei/
L <C Zaﬁ(/ vl”) =C Z(/ f) (/ vlp)
nez n—1 nez n—1 n—1
- - -\ 1
n _ % n — Fi/ n — 7’_)_/ q
el (L) (L) (L)
nez n—1 n—1 n—1
N
- \7
=C Z(/ fpv) = ClIf llp.v-
nez n—1
]
The result corresponding to the case 1 < g < g < oo is the following one:
THEOREM 2. Let 1 < p,p < o0, 1 < g <q < oo and % = é — %. Suppose that

u, v are locally integrable positive functions on R. Then there exists a constant C > 0
such that the inequality (1.2) holds for all nonnegative functions f if and only if

(i) inthecase 1 <p <p < oo, {C,} € and B < co;

(ii) inthe case 1 <p <p < oo, {D,} € ¢’ and B < <.

Proof. Let us suppose that (i) or (ii) holds. As in the proof of Theorem 1, we split
thenormof 7, f into I; and I>. Following the same steps we prove that I; (the global
discrete part) is bounded by Cl||f |5, 7. In this case, the relationship between g and g
is not relevant . But we need to proceed in a different way in order to estimate I, (the
local continuous part). We will apply the boundedness of T}, from I7(v, (n — 1,n+1))
to L’ (u,(n — 1,n+ 1)), Holder inequality for sums with exponents g and % and
{h} el ,where J,=C,if l<p<p<ooandJ, =D, if ] <p <p < oo. Thus,

L L
4\ g q

n+1 P n+1
L < Z (/ T.f (x)%t(x)dx) <C ZJZ ( f(x)%(x)dx)
neZ n n

T

ne”Z -

)
nez

(ZL:) <l

nez

S1ENY)
QU
Q=

E:q
q

=

Suppose now that (1.2) holds. Working as in the proof of Theorem 1, we see that the
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q

n+1 P
to ¢4 / u
and therefore, by Theorem B, we have B < .

Assume that 1 < p < p < co. As in Theorem 1, we find that the operators T,
are uniformly bounded from I”(v, (n — 1,n+1)) to L (u, (n — 1,n+ 1)), which gives
sup,cz Ay < 0o and sup,., A < oo. By the definition of A}, for every n € Z there
exists B, € (n — 1,n+ 1) such that

U]

operator T is bounded from ¢4 ( / vll_’l>
n—1

€
7 1

n+1 Il’ Bn —/
A,i—(/ uu)dt) ( BT W) < g

Since we have to prove that {Al} € ¢, it suffices to show that

n+1 Il’ Bn . . I_’l_/
(/ u(l)dt) ( o (B, — ' (t)dt) €.
n n—1

Let {a,} be a sequence of nonnegative numbers and f (x) = >, ., @ Xk—1,6,)(x)
OB —x)P WP (x). If n € Z and x € (B,n+ 1), then

T,f(x) > / W15 P = Y)O(Bs — Y "W (y)dy

— 0o

Bn — —
> Cay / OBy —¥)0(By — vy~ (v)dy
n—1

= Caﬂ/ (p(ﬁn - Y>ﬁlvl_ﬁ/ (y)dy-

—1

This inequality implies

n+1 P 9
HT(;pr,u.q = Z (/ T(pf(x)Pu(x)dx>

n€Z
n+1 1%
/ T, f (x)f u(x)dx)

n—1

> Cpy Z(

ne7z

Q=

n+1 Bn " " 4 g
> G Yl ( / ( R <y>dy> u(x)dx>
nez Bn n—1
1
Bn _ _ g n+1 g 1
([ o i) ([ o)
nez n—1 n
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On the other hand,
ol _
£ q q
n+l P -, P
g <CLY ( / f"v) P ( JC (y)dy)
nez n—1 nez -
Therefore, by (1.2), we have
gy L
-, L, 9 n+1 P a4
> af ( / (B — )7 (y)dy> ( / u(x)dx)
nez n—1 Bn
1
B L AR
clya / By — 7V (3)dy
nez n—1
for all sequences {a,}, i.e., the identity is bounded from ¢7 ({ ( f] Lo 7’/

N

lfﬁ’(y)dy> z }) .y ({ (f )P e )dy>q (f’;“ u(x)dx> ’ }) )

Applying Lemma 2 we obtain

(/:+1 u(x)dx) ; er.

L
=7

P - - P
( | 0B =577 (y)dy>

2=

Let us prove now that {A%} € ¢°. In order to do this, we observe that (1.2) is

equivalent to the dual inequality

=/ . ! L
7 )

n+1 L, S\7 ntl , 4
Z/ e )b ced ([T )

nez ne7z

=

where (T, = [T oy —xg(y)dy.
Workmg as above in order to prove that {A%} € ¢* it suffices to show that

n+1 IL’ Bn /
— B)u(t)d WP (1)d A
(ﬁn @ = Bulo) z) (/ 0 t> e

where f8, € (n — 1,n+ 1) verifies

A0 n+l 8 J ’ Bn 17 (g » 1
e o) ([T T wa) " <o

'Ull._
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Let {a,} be a sequence of nonnegative numbers and f (x) = >, ., axX(p, k+1)(x)
o(x— B ux). If n€Z and x € (n— 1, ,), then

oo

(T5)F () > a / O — ) g )P0 — Bl u(y)dy

X

n+1
> a, / 00 — B uly)dy

and we deduce

|
~
U

T by > G

Y
e
:\N

*
—
—
<3
T
~
~—
=L
<_
%
~_—

WV
)
KN
Q
S QL
/-~
:\
Lo
<»—t
|
=L
~_—

The function f also verifies
N o7

n+1 Ly Z_’
Ul <SS ([ st
n—

nez

, n+1 p
<S> al (/ﬁ w(y—Bn)”u(y)dy>

nez

Thus from (1.2) we obtain

> df ( [ v”’) ’ ( [ oo ﬁny’u(y)dy)

ne”Z

, n+1 p’
<C ZGZ (/ (p(y - ﬁn)pu(y>d)’>

ne7z

/
q

, n+1 P’
This means that the identity is bounded from ¢4 ( / oy — B u(y)dy)

» Bn "
to ¢4 / i
n—1

—r
q

n+1
( / oy — By u(y)dy> and Lemma 2 gives

”all&L
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{ </i Vl_ﬁ,) IL </ﬁ:ﬂ oy — B u(y)dy> é } el

Suppose now that 1 < p < p < co. Let us see that {BY} € /5. Let {a,} be a
sequence of nonnegative numbers and

Zak)(k L (x (/Hl oy —x)”u(y)dy) "’ </}:1 Vl_ﬁ/) " V17 (x)

kEZ

= filx)

keEZ

If n € Z, we have

| arwraa= [ e @y i

> [ ot nna )([lq;(x_s) o1s) iy
/"an ( /H1 ( R n(s)ds>,,1dx> dy
( o ([ ot n<s>ds)p1dx> dy
e "an ( /y"+1 (t—y dx) ( / 1fn<s>ds>pldy
( o)

>C fl’l

n+1 n+1

:C fl’l

1+M

n+1 n+1 pp
> ca! / fuly / o — vy u(x)dx
s L p=1
X (/ (/ vl_?) ' vl_ﬁl(s)ds> dy
n—1 n—1
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g [ "tlf,xy) ( / " o - y)ﬂu(x)dx)

r

n+1 n+1 p y N7
—cq [ ([ et—srua) ([ vT) T ey
n—1 y n—1
= Cdy(B,)",

which implies
1

Since

ST
-
/—’H
K
Q
W
3o
""|‘|
——
N

g <Y ( /:1 fﬁv>

ne7z

(1.2) yields

1

{Zazw;’ﬁ"} <C{Zaq (8)’

ne7z ne”Z

'“||e|
——
U

for all sequences {a,} of nonnegative numbers and by Lemma 2, {B%} € ¢*.
The proof of {Bl} € ¢* follows the same pattern, but applying the dual inequality

of (1.2) to the function

k+1 \ »'p S . R
Z @ x(k—1k11)(* / u / v (v)e(x —y) dy u(x).
k-1

kEZ

4. Higher order Hardy inequalities

As we mentioned in the introduction, in this section we characterize the pairs of
weights (u,v) such that the higher order Hardy inequality (1.3) holds for all F €
ACY ™ (—00, 00) . Ttis well known ([6]) that (1.3) holds if and only if the operator

e - [ e @

— 0o

verifies
Tf puq < ClIf ll5vg-
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Since T is one of the operators considered in section 3 (corresponding to ¢(r) =
), by applying Theorems 1 and 2 to this particular @ we obtain the desired charac-

terizations:

THEOREM 3. Let u,v be positive measurable functions of one real variable.

Then there exists a constant C > 0 such that the inequality (1.3) holds for all
F e ACik_l)(—oo, o0) if and only if
(i) inthe case 1 < p < p < 0o and 1 <G < q < 00, sup,c;, Ck < co and

A¥ < 00;

(ii) in the case 1 < p < p < oo and 1 <G < q < 00, sup,.,D¥ < oo and

A < 0;

(iii) inthe case 1 <p<p<ooand 1 <q<gq< oo, {C}, € £° and B* < c;

(iv

[l
(10]

) inthecase 1 <p <p<ooand 1<q<gq<oo, {D}, € £* and B* < oo.
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