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ON MEAN VALUES OF DIRICHLET POLYNOMIALS
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Abstract. We show the following general lower bound valid for any positive integer ¢, and

arbitrary reals @y,...,¢@y and non-negative reals aj,...,ayn,

o Z)' < o [ | S

lt|<T

1. Main Result

The object of this short Note is to prove the following lower bound

THEOREM 1. For any positive integer q, there exists a constant cg, such that for

any reals @y,...,QN, any non-negative reals ay,...,ay, and any T > 0,

o Za) <5 [ | ool

=1

[1|<T

The result is no longer true for arbitrary reals ay,...,ay as yields the case ¢; =

oy . It also follows that

c(ia )1/2 sup)Za et |,

n=1 teR

In the case @, = logn, it is known from [5] and [8] that for any (a,)

N—1 Biv1ogNloglogN ,N—1
it e
sup 2 apn’ |z o ————— Ian|
teR ' p—0 VN n=0
and for some (a,)

N—1 Brv/logNToglogN ,N—1

sup‘Zanit <O¢267( a|>
n ~ n

teR ' =0 \/N n=0
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530 MICHEL WEBER

with some universal constants oy, o, 81, B>. Then (1) is better than (2) if for instance
ap,=n"%, a>1/2,since

Bi1vlogNloglogN ,N—1 N 1/2
e ( |a D N eﬁlx/logNloglogN)N%—oc _ 0(1) < (Za}%> )
\/N n=0 n=1

The L!-case is related to well-known Ingham’s inequality [2]. We state the sharper
form due to Mordell [7]: let 0 < ¢ < ... < @n and let y be such that min @, — @,_1 >

1<n<N

y > 0. Then

N K (T Y .
sup |a,| < —/ ‘ ane"
e nl T T ngl n

dt  withT = % (4)

where K < 1.
Further with no restriction, one always have

sup\an| hmsup—/ ) Za e (5)

n=1 T —oo

dt < sup) Z ane"?n|,
teR

a very familiar inequality in the theory of uniformly almost periodic functions. See also
[1] where the more complicated inequality is established:

1
|an| < O N : sup ‘ 2 ane" . (6)
n— TTPn
ITj- 0€os( 3" ) H"HCOS(M ) < (g2 m =
In particular, if @y,..., @y are linearly independent, and T is large enough, then
NooNg NoooNg
b(Ya)' < )Za i dt<34<2a5) , )
n=1 l|<T n=1
holds for any nonnegative reals a,...,ay and b,, B, depend on g only.

The proof of Theorem 1 relies upon the following lemma, which just generalizes
a useful majorization argument ([6], p.131) to arbitrary even powers.

LEMMA 2. Let q be any positive integer. Let c1,...,cNy be complex numbers and
nonnegative reals ay, . ..,ay suchthat |c,| < a,, n=1,...,N. Then for any reals T, T,

with T >0
/ ‘ 2 Cn e”‘p”

Kr(t) = Kr([t]) = (1= [el/T) xg0<1y
Observe that for any reals ¢, H

a)  Kr(t—H)=(1—|t—H|/T)xq-n<r

dt <3 ' Za Mo q

[t|<T 1,

Proof. Let
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D) X{‘,,HKT}<KT(Z—H)+KT(Z—H+T)+KT(I—H—T)

= 1 ,sinT

c) Kr(u) = _(sm u)2 >0,  forallreal u.
u

Suppose that |¢,| < a, forn=1,...,N. From

(Soe)= 3, (ripflees

ki+...thkn=q
and
S o[ (4"
coeiton| ! — < ) Ck,, & T it (kn =) @
’ngl ! k1+.§7€N:q kil !...ky'hy! H "
hy+..+hy=q
we get
N , 2q
/KT(I—H)’che”‘p" dt
R n=1
(¢)? A / it SN (kn—hn)
= ——= || e, | Kr(t—H)e" 2n=1Fn=m)0n gy
mg;w:q kithi!. . ky'hy! nl:[l ne R ( )
hy+..+hy=q
-y (g")? HCk"Cn /KT ts+H)2n 1 (kn—h) 7
ky+..+ky=q kilhi!...kn'hy! n=1
hy+..+hy=q
R T
= I X l (Pn C equJn nKT( k —h )
kﬁ,%N _, kilh!. ckythy! 1;[1 Z,l
hy+..+thy=q
< Lﬁjﬁh@(iw —h)<p>
~ n n n
Kyt hy—a kithy!. . kn'hy! " =
hy+...+hy=q
(4"’ Knthn it kn—h
— KT |: a n "o 1 2)1— ( n n)(Pn dt
/ Kyt +kN k! kythy! H

hy+..+hy=q

N . 2q
= / KT(t)) Y ane| dt
R n=1

Hence, if |cy| < a, forn=1,....N

/ Kr(t—H ZC e1on 9)

‘I
dl</KT za elt(Pn
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By applying Lemma 2 with H = 0,7y, —Tp, and using b), we get

) EC oo (10)
/(KT(t—To)+KT(t—T0+T)+KTt—To— )‘ZC a0 an
R
. 2
3/KT ‘ Za e’”P" Yar <3/ Y, ane? ‘. O (12)
W<t !,

The proof of Theorem 1 is now achieved as follows. First recall the Khintchin-
Kahane inequalities [4]. Let {g;,1 <i < N} be independent Rademacher random vari-
ables, thus satisfying P{g; = +1} = 1/2, if (Q,</,P) denotes the underlying basic
probability. Then for any 0 < p < o, there exist positive finite constants c,, C, de-
pending on p only, such that for any sequence {a;,1 < i< N} of real numbers

(g )1/2 (13)

This remains true for complex a, . If a,, = o4, +if,, then
N p N ) N p N 2 N 2 p/
H Zajstp = E’ 2 aj£j+12ﬁj£j‘ = E(‘ 2 O‘jsj’ + ‘ ) B,-e,-’ )
= 4 4 4 2
202 <EIZ%I +E\2ﬁf€f| ):

where we have denoted by E the corresponding expectation symbol. Thus, since v/A +
VB<\/2(A+B),A,B>0,

[ B e, <26 (B "+ (£6)"]

P j=1

<217rey (X (o +BD) ) _c’(2| i )1/2

Jj=1

~.

Conversely, from

2\ p/2

| S e, = e(| Sese +[ X e
j=1 p j=1 j=1

N P X P
> max (E‘ X %€ E‘ Zﬁjg.f’ ).
=1 =1
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we get

|3 ase], = max (IS eseil | 2 e,
J=1 j=1 j=1
> cpmax ((i |Ocj|2)l/2» ( il \ﬁj‘2)1/2>
> 2
(i o+ B2 >1/2:c5’<§1“"'2>1/2
j=1 j=

Now choose ¢, = €,a,. Taking expectation in inequality of Lemma 2.1, and using
Fubini’s Theorem, gives

N L 12q N 12
/|z|<TE‘,§1£nanempn <3 fer ‘nzlane”q’" dt (14)
By (13) we have
NoooNa N, 2 Noo\g
cq<2aﬁ> SE’ Y enane SC(I(Zaﬁ) . (15)
n=1 n=1 n=1
By reporting
2Tc S 2)' < ‘ 2 ane |, (16)

which proves our claim. [

2. Application
We shall deduce from Theorem 1 the following lower bound.

COROLLARY 3. Forevery N, T and v

2v

1 N
dt.

Piee
2T f<r | 2 patit

cylog” N

In relation with this is Ramachandra’s well-known lower bound (see [3] section 9.5, to
which we also refer for the estimates used in the proof)

2
cy(logT)Y < e |§ | dt. (17)

Proof. Apply Theorem 1 with g =2 to the sum
Nl

(S-L) =% b

1
n:1n§+zt =l m2+tt
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where
bm:#{(nj)jgv;njgN:m:Hnj}.
J<v
Thus forall N and T
c Nz:v%<L ’N L
Y m:l’n \‘2TV‘A<T n:ln%+ﬁ

Butif m <N, by, =d,(m) where dy(m) denotes the number of representations of m
as a product of v factors, and we know that

d2
3 W ey 4o(1))10g” x,
m<x m
Thus
NV b2 N b2
o> 2 2 >cylog" N
m=1 m=1 m
Henceforth N
1 1 2v
log”’ N < — / ’ dr. O
cviog 2T Jy|<r Zln%ﬂt
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