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ON SOME CHARACTERIZATIONS OF THE PARTIAL
ORDERINGS FOR BOUNDED OPERATORS

CHUNYUAN DENG AND SHUNQIN WANG

(Communicated by J. Pecaric)

Abstract. In this paper, we investigate some common characterizations and various individual
properties of the star ordering, the left star ordering, the right star ordering and the minus partial
ordering of bounded operators on a Hilbert space. Some generalizations of results known in the
literature and a number of new results for bounded operators are derived.

1. Introduction

Let s and % be Hilbert spaces over the same field. We denote the set of
all bounded linear operators from .7 into ¢ by B(., %) and by B(.%’) when
H =K . For Ae B(AH, ), let A*, Z(A) and # (A) be the adjoint, the range and
the null space of A, respectively. An operator P € B(J¢) is said to be idempotent if
P? = P. Anidempotent P is called an orthogonal projection if P> = P = P*. The or-
thogonal projection onto closed subspace .# C J# is denoted by P, . Let P 4 de-
note the idempotent with Z(P 4 4 )= .# and % (P 4 4 )=.4". For closed subspaces
A and A, the direct sum and the orthogonal direct sum are denoted by .Z & A
and ./# &+ ., respectively. It is clear Z(Py)+ H (Py) = M & M+ = and
RPyn)+HPyy)=MDN =

For A,B € B(%/), we omit the trivial cases A =0 and A = B. The star ordering

A % B, the left star ordering A %< B and the right star ordering A <*B are defined,
respectively, by
A*A=A*B and AA* =BA*,
A*A=A"B and Z(A) C %Z(B), (1.1)
AA* =BA* and Z#(A*) CZ(B").

The first ordering was introduced by Drazin [13] and Mitra [22]. The last two orderings
were defined and characterized by Baksalary [1] (see also [1]-[4], [13]-[16], [18]-[24]
for more details). And the minus partial ordering on C,, introduced by Hartwig [18] is
defined by

A<B rank(B — A) = rank(B) —rank(A).
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Recently, Peter Semrl [23, Definition 1] generalized this definition to bounded linear
operators acting on an infinite-dimensional Hilbert space. For A, B € B(¢), the minus

partial ordering on B() is defined by A < B ifand only if there exist idempotent
operators P,Q € B(.7) such that

#(P)=Z(A), #(Q)=4(A), PA=PB and AQ=BQ.

The relation A < B is indeed a partial ordering and A < B <= A* < B* (see [23,
Corollary 3]).

The Moore-Penrose inverse (for short, MP inverse) of T is denoted by 77, and it
is the unique solution to the following four operator equations ([5, 6, 7]),

TXT =T, XTX=X, TX=(TX)", XT=(XT)".

Recall that any matrix is MP invertible. For an arbitrary Hilbert space, it is not true that
every element in #(s¢) is MP invertible. But, if Z(T) is closed, T has MP inverse
and the MP inverse is unique with (7*)* = (T™)", TT* = Pyp(ry and T T = Pyp(r+).
And T, as an operator from %Z(T*) &+ # (T) onto Z(T) @+ # (T*), can be written

as T = (T 0), where T} is invertible. So T = (Tn(;l 8) =T*(TT*+Py(r+) " (see

[5,7]). Anelement B € B(¢) is the Drazin inverse of A € B(#) provided that
AMIB—=AK BAB=B and AB=BA

hold for some nonnegative integer k. The smallest k in the previous definition is called
the Drazin index of A, and will be denoted by ind (A). If A has the Drazin inverse with
ind (A) =k, then Z(A¥) is closed and the Drazin inverse AP is unique. Itis well-known
that, if A € B(.Z) has the Drazin inverse, then 0 is not the accumulation point of the
spectrum o(A) (see [5, 7]). In the case where ind(A) < 1, AP is called the group
inverse of A and denoted by A*. In particular, if A is group invertible and Z(A) =
A (A*), then A is called an EP operator. If A is Drazin invertible, then the spectral
idempotent A* of A corresponding to {0} is given by A™ =1 —AAP. The operator
matrix form of A with respect to the space decomposition 77 = % (A™) & Z(A™) is

characterized by A = <%1 £2> , where A; is invertible and A; is nilpotent (see [8]-[10],

[17D).

The purpose of this paper is to investigate some common characterizations and
various individual properties of the star ordering, the left star ordering, the right star or-
dering and the minus partial ordering of bounded operators on a Hilbert space. Section
2 is concerned with the problem of establishing matrix expressions and obtaining some
relationships among these orderings, with the problem of MP invertibility and detailed
formulae of MP inverses. Sections 3 deals with group inverses of these orderings. Since
many of the usual techniques used in finite dimensional spaces (as pseudoinverses or
singular value decompositions) are no longer available for general Hilbert spaces, we
introduce new techniques which allow us to show that some known properties which
hold for matrices can be generalized to operators acting on a Hilbert space, and to ob-
tain simpler proofs. On the other hand, several generalizations of the results known in
the literature and a number of new results are derived.
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2. Characterizations referring to operator partial orderings

The relations and the representations of four operator partial orderings in B(.5¢)
will be investigated in the present section. First, we state the well known criterium due
to Douglas [12] (see also Lance [19, Theorem 3.1]) about ranges and factorizations of
operators. For the sake of convenience, we state it without the proof.

LEMMA 2.1. Let A,B,C € B(J). Then

(i) Z(A) CZ|[(A,C)] = Z(A)+Z(C); Z(A) C Z(B) if and only if A= BD for
some D € B(). If E and F are invertible such that EAF = B, then % (A) is closed
if and only if Z(B) is closed.

(ii) The closeness of any one of the following sets implies the closeness of the
remaining three sets: %(A), Z(A*), Z(AA*) and Z(A*A). If Z(A) is closed, then
H(A) = H(AAY).

THEOREM 2.1. Let A,B € B(2#). Then A as an operator from H# = R (A*) &+
H(A) into H = R(A) B+ (A*) has the 2 x 2 operator matrix form A = (%1 8),
where A} is injective and:

) * . . Ay 0,
i) A<B zfandonlylfB=<0 Bz>’
(ii) A *< B if and only if B = <§12151;)2>;

A DBZ> .

(iil) A <*B ifand only if B= "¢ "p* ) ;

(iv)A<B if and only if B = (AIEI;SBZS Dé?) ,

where By € B(# (A), # (A*)), D€ B(# (A*),%Z(A)) and S € B(Z(A*),# (A)).

Proof. Let A€ B(.%). Then A can be written as A = (“B‘ 8) : <€,((;))

where Aj is injective. Partition B conformably with A as

B= (o) (W0) = (J0) s moa= ("),

(1) See the proofin [11, Lemma 3].
(ii) If A x< B, then A*(B—A) =0 and Z(A) C Z(B). From A*(B—A) =0 we
derive that B = A} and B3 =0. Since Z(A) C #(B), by Lemma 2.1,

AL 0y _ 4 _ (A O C G\ _ A1Cy A1C3
( 0 O) =A=BC= <B4 By —SCy ) 7 \ B4Ci—B2S B4C3+B,C;

for some C = (Els g; ) : (?;,(?;)) ) — (?;,(?;)) ) . Comparing the two sides of the above
equation, we get C; = and By = B,S. Hence, there exist B, € B(% (A), % (A")),
and S € B(Z(A*), % (A)) such that B = (1‘;‘215 1%) .

(iii) Similar to (ii), the details are omitted.
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(iv) If A < B, then there exist idempotents P,Q such that 2 (P) = Z#(A) and
H(Q) = (A). Thus P and Q can be written as

P=(b) () = () and 0= (%8): (F00) — (540,

where D € B(# (A*),%(A)) and S € B(%Z(A*), # (A)). The condition PA = PB im-
plies that (“t)' 8) = (Bl_ODB“ B3_ODBZ) . We get B = A + DBy and B3 = DB,. Similarly,

AQ = BQ implies that By = B,S. Hence B can be represented as B = (A‘;?fzs %i2> .

Theorem 2.1 is supplemented with a number of observations (see [1]-[4], [18]-
[22] for the matrix case), which provide further evidence of the usefulness of the matrix

representations. The first of them is that A < B implies
A*<B*, AA*<BB*, A*A<B'B, |A|<|B|] and (B—A)<B,
where |A| = (A*A)% is the modulus of A. The next three illustrations are:

(i) AiB:>%(A)c%(B) and %(A%) C 2(B"):;
(ii) A<B<:>A P()B BPZ s

iii) IfAisnormal, A <B=— AB* = B*A.
(iii)

Hence, if B>=B and A % B, then

A’=p

w0 BBPaae = Paa By = P

wa) = PamBFaas = Faah =4

This fact was noted by Hartwig and Styan [16, Theorem 3.1]. Let us now turn our
attention to the relationship between the minus partial ordering and the star ordering as
well as the left and the right star ordering. The more refined results are given in the
following theorem.

THEOREM 2.2. Let A,B € B(7). Then there exist invertible operators E.F €
B(S) such that

(1) AL <B <— FAF < EBF;
(ii)) A *< B <= EAF <+EBF.

Proof. Let E = (} ) and F = (5 9). By Theorem 2.1,

A<B<=FEAF = (4 0) and EBF = ( ;) ) <= EAF < EBF.

Similarly, we have A x< B <= EAF <«xEBF. [
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Semrl in [23, Theorem 2] characterized structures of B € B(.#) such that A <
B. The theorem below provides an analogous characterization when A, B have the
representations as in Theorem 2.1.

THEOREM 2.3. [23, Theorem 2] Let A,B € B(.%Z). Then

A<B<= Z(B)=ZA) & ZB—A) and Z(B*)=%A") & %(B*—A").
Proof. See the proof in [23, Theorem 2]. [

Under the assumption that A,B € C,,, Baksalary and Mitra [1] (also see Image-
Serving the International Linear Algebra Community, The bulletin of the International
Linear Algebra Society, 31(2003), 30-32.) have got that

A<B=—A*<B— A<B. (2.2)

From Theorem 2.1, we observe that (2.2) still holds under the case that A,B € B(%).
The converse does not hold even assuming that A and B are selfadjoint. For example,
let A, B as operators on ¢ @ ¢ have the forms as

A=(g0) and B=(7]).
Then A, B are selfadjoint and A ; B. But A x< B does not hold since A*A # A*B. The

next results deal with situations in which A, B are idempotents or normal operators. We
have the following results.

THEOREM 2.4. Let A,B € B(7).

* *
(i) If AB = BA, then A < B= A* < B* for an arbitrary integer k > 2;
(i) If A, B are idempotent operators, then

” _
ALB<—=A*x<{B<=A<s«B<=A<B;
*
(iii) If A, B are normal operators, then A x< B <= A < B and
A*x<B=— AX *< Br for an arbitrary integer k> 2.

Proof. (i) By the definition (1.1), A % B<= A*(B—A)=0and (B—A)A*=0.
For an arbitrary integer k > 2, if AB = BA, then

(Ak)*(Bk_Ak): (Akfl)*A*(B_A) kal+Bk72A+___+BAk72+Ak71] -0
and

(B*— AM) (AN = B 14 B 2A 44+ BAF 2 4 AR (B — A)A* (A1) =0,
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Thus, A¥ < BF, as desired.

— * *
(i) It is clear we only need to show that A< B=—A < B and A x< B— A < B.
Since A is an idempotent, A has a simple form as A = (/) with respect to the

space decomposition # = Z(A)® % (A). If A < B, then there exist idempotents P, Q
such that Z(P) = Z(A) and % (Q) = # (A). Let P=({ " P) and Q= ( 0)

Similar to the proof in Theorem 2.1, we derive that B = <I+é) ?S D322> Note that
PAB = (”D()st Dgz) and PB>=PB = (} ). Since A < B and B? = B, we deduce that
PAB = PBB=PB and therefore DB, = 0. In the same way we get that B>S = 0 and
B=({y,)- Hence A <B. Similarly, if A +< B, then B can be writtenas B= (s 5. ).

Since 0
2 _ 1 _ (1 0Y_
B = (BZS+B§S B%) - (325 Bz) =B,

we know that B3 = B, and B,S = 0. Hence A % B.
(iii) Since A is normal, Z(A) = Z(AA*) = Z(A*A) = Z(A*). If A x< B, by
Theorem 2.1 (ii), A¥ exists and AjA] =ATAq,

(A4} A1 (B2S)* * AJA1+(B2S)"BaS (B2S)* By
BB = <325A‘[ B)S(ByS)"+B,B;, and BB = B}B,S BBy |-

Since BB* = B*B, we obtain (B»S)*B,S = 0, which implies that B,S =0 and B =
(%1 B, ) Hence, A < B and A* < BF. O

*
Let A < B and A, B have the corresponding representations as in Theorem 2.1. In
general, AB # BA since A2 is not defined. In [21, Corollary 2.2 and Theorem 3.1],

Merikoski and L1u proved that, if A,B are normal finite matrices and A < B then

AB = BA and A? < B®. Theorem 2.4 generalizes the results to the case that A *< B.

Moreover, if A, B are positive, then A x< B <= A* «< BF and A <xB <= AF <«BF.
As we know, an operator is MP invertible if and only if its range is closed. Using

the results in Theorems 2.1 and 2.4, some MP inverse results can be obtained easily.

THEOREM 2.5. Let A, B € B(J) such that A is MP invertible. If B satisfies any

ordering relation among A < B Ax< B, A<xB and A < B, then B is MP invertible
if and only if T =: (I — AA*) (I—ATA) (i.e., By in Theorem 2.1) is MP invertible.
Moreover, we have the following detailed statements:

*
(1) If A < B, then B is MP invertible if and only if I' = B— A is MP invertible. The
detailed relations are BT — AT =TT and
(A*A)T = (A*B)" = (B*A)" =AT(A")" =BT (A")" =AT(B")".

(ii) If A *< B, then B is MP invertible if and only if T = B(I — ATA) is MP invertible.
The detailed relation is
B"—AT=T"-T"BA".
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In addition, if A and B are normal, then

B —A*=(B—A)*, (4" = (AB)* = B"A* = A*B*.

(iii) If A < B, then B is MP invertible if and only if T = (I—AAT)B(I—ATA) is MP
invertible. The detailed relations are

BT — AT =TT —T"BAT —ATBI'" +T"BATBIT.

Proof. By Theorem 2.1, if A is MP invertible, then A; is invertible with AT =

(A(l;l 8) . In the following, we always suppose that B has the corresponding matrix

form as given in Theorem 2.1.
*

(i) The condition A < B implies that At (B—A) =0 and (B—A)A" =0. Note that
A=({10) and AT = (Agl 8) . Let B have the corresponding matrix representation as
B= (g; g;) . Then A*(B—A) =0 implies that By =A; and By =0. And (B—A)A* =
0 implies that B4 = 0. So B is MP invertible if and only if ['= (I —AAT)B(I —ATA) =

—1
(B—A)(I-ATA)=B—A=({ g,) is MPinvertible with B = (AO B+> =A"+(B—
A)" =AT +T. The results follow immediately.

(ii) By Theorem 2.1, item (ii), if A *< B, then B = (;;S §2> and AT (B—A) =0.

Note that, by Lemma 2.1

#|(s)| =2 (5s0) D] =2[(4 5)] = 2@ & 26

is closed if and only if Z(B;) is closed. We get B is MP invertible if and only if
I'=(I-AAT)B(I-ATA) = B(I-ATA) = (§ Bz) is MP invertible. Now, B, and S

can be written as By = (Béz 0) and § = ( ) , where By, is invertible. Then B has the
form
AL 0 A 00 H(AY) A(A)
(BISB ) = BnS1 Bno0 |:| 2B3) | — | 2B2) |,
e 0 00 H (B) A (B)
—1 Ail O
— 1
= (—81A1' Bzzl> . So we get

v (A 0T _ [ A _ b0
BT = BySBy ) T\ —s147! By, ®0= B BySAT! B
1 22 Dy D20y 2

=AT4+TT-T*BAT.

A0 0
where ( By, Bzz) is invertible and ( 32251 Bzz)

In addition, if A is normal, Z(A) = Z(AA*) = Z(A*A) = Z(A*). So A is an EP
operator, i.e., AT = A*. Since B is normal, B = (Aol 1;)2) by Theorem 2.4. Thus B is
also an EP operator with BT = B* and the results follow directly by item (i).

(iii) If A < B, then there exist invertible operators E = (07P) and F = (1§9)
such that EBF = ( 0 Bz) . Thus B is MP invertible if and only if ' = (I — AA")B(I —
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ATA) = ({ g,) is MP invertible by Lemma 2.1. Let D = (D1.02), By = (%2 () and
S= (g;) . Then B has the form

A1+DB2S; D1Ba 0 Z(A") Z(A)
<A';i525 D;?) — ( Vs B 0) : (%(B;)) — (%(32)) ,
0 0 0 H(By)
Since By, is invertible and the Schur complement
Sschur = (A1 +D1B2S1) — D1Bxn By, BynSi = Ay

is invertible, we may conclude that (A1+BD 11S912231 b }93222> is invertible and

-1
. A|+DBZS DB\ T (A1+0132251 Dlez) 0
- st B) = B»S) 0 By

—A] 'Dl 0
751A 322 +51A1 Dl O

=A" +F+ l“JrBAJr AJFBI"Jr-l—l"JFBAJ“Bl"Jr ]

3. The group inverse

The representations in Theorem 2.1, on the one hand, have their obvious advan-
tages for convenient MP inverse calculations. On the other hand, their weaknesses lie
in the impossibility of having A? and B3 unless %Z(A) = %(A*). Let us now consider
the case of A being an EP operator. A further observation is that, if A is an EP opera-
tor, Z(A) = Z(A*) is closed and Z(A)* = #(A*)*+ = # (A). Hilbert space 7 has
direct sum decomposition .7 = Z(A) @ % (A). So, we can modify the representations
in Theorem 2.1 such that A? and B3 exist.

THEOREM 3.1. Let A,B € B(.%) such that A is an EP operator. If A has 2 x 2

operator matrix form A = (‘%1 8) with respect to space decomposition I = H(A) D

S (A), where Ay € B(%(A)) is invertible. Then
(i) B= ( ) lfandonlyzfA<B
(11) B= (st BZ) lf‘and@nly lf‘A *<B

(iii) B = (Al DBZ) ifand only if A <xB;

(iv) B= <A';2D§325 %Bz> if and only if A < B,
where B, € B(# (A)), D € B(# (A),%#(A)) and S € B(%Z(A), ¥ (A)).



ON SOME CHARACTERIZATIONS OF THE PARTIAL ORDERINGS FOR BOUNDED OPERATORS 627

Proof. Similar to the proof of Theorem 2.1, the details are omitted. [J

*

If A is an EP operator and A < B, it follows immediately from Theorem 3.1 that

*

AKX < BF for any integer k > 2 and AB = BA = A%. From Theorems 2.1 and 3.1, we
observe that the left star and right star orderings are located between the star and minus
orderings in the sense that

A%B<:>A*<B and A <xB,
Ax<B=—>A<B and A<+B—> A<B.

The above properties have been given by J. K. Baksalary and S.K. Mitra [1, Theorem
2.1] when A and B are finite matrices.

THEOREM 3.2. Let A,B € B(7¢) such that A is an EP operator.

* —
() If AB=BA, then A< B+= A < B+ A<+#B+=A<B.
(i) A*<B<=A>=AB and Z%#(A)C Z%(B).
(iii) A <*B<=A?>=BA and %(A*)C %(B*).

Proof. (i) We only prove that A ; B —=— A < B. The remaining parts can be proved

in the same way. If A is an EP operator such that A < B, by Theorem 3.1, A = (Aol 8)

and B = <A';i525 D;?) . Since A; is invertible and AB = BA, we have DB, =0 and

BS=0.S0 B= ("4 5, ) and A<B.
(i) If A is an EP operator and A *< B, by item (ii) of Theorem 3.1, it is clear that
A2 = AB and Z(A) C Z(B). On the other hand, let A = (! J). If A> = AB, then B

has the form as (g‘ 1;) ) . Similar to the proof in Theorem 2.1 (ii), if Z(A) C Z(B),
4 By
then there exists a linear bounded operator S € B(Z%(A),.# (A)) such that B4 = B,S.
Hence B = (?;S £2> ,ie., A*x<B.
(iii) Similar to (ii), the details are omitted. []

For a triangular matrix, the following result, which is proved in [17] for matrices,
has been extended to a bounded linear operator [10] and to arbitrary elements in a
Banach algebra [8].

LEMMA 3.1. ([10, Theorem 5.1]) If A € B(5¢) and D € B(.%') are Drazin in-
vertible with ind(A) =1 and ind(D) =s, C € B(',), then M = (2 9) is Drazin

invertible and
D _ (AP
M= (5 )

-1 s—1
where X = Y. (DP)"™2CA"A™ + D™ ¥, D"C(AP)"+2 — DPCAP.
n=0 n=0
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THEOREM 3.3. Let A,B € B(.5¢) such that A is an EP operator. If T =: A"BA™
(i.e., By in Theorem 3.1) is group invertible and B satisfies any ordering relation among

X _
A< B, Ax< B, A<xB and A < B, then B is group invertible. Moreover, we have the

following detailed statements:

(1) If A < B, then B is group invertible if and only if ' = B— A is group invertible. The
detailed relations are B — A* =T* and
(A%)* = (AB)" = (BA)" = B*A* = A"B".

(ii) If A *< B, then B is Drazin invertible if and only if T' = BA™ is Drazin invertible

and
-1
BP —A* =TP —TPBA* + T™ Y B"A™B(A*)"2,
n=0

where | =ind(T'). In particular, if ind(T') = 1, then B* — A* = T* —T*BA*.
(i) If A % B and T" = A™BA™ is group invertible, then B is group invertible and
B — A" =T —T"BA* — A*BT" + T*BA*BT*.
Proof. (i) By Theorem 3.1, if A is an EP operator and A % B ,then A, is invertible
with A* = <Agl g) LAT=(39) and B= (%1 £2> . The results follow immediately.
(ii) By Theorem 3.1, item (ii), if A *< B, then B = ( ;;‘;S 1;’2> . Since A; is invert-

ible, B is Drazin invertible if and only if B, is Drazin invertible, i,e, ' = ATBA™ =
BA™ = ({ ,) is Drazin invertible. If ind (T") =/, by Lemma 3.1, we get

D Ap'! 0
BP = (A' 0) = = ~(n+2) _

ByS By (I-B2BY) 'S, BiBySA; "™ —BDBySA! BY
n=0
-1

= A* 4+ TP —TPBA* £ T™ 3, B"ATB(A¥)"+2,
n=0
If B is group invertible, then BBPB = B. 1t implies that B,BYB, = B, and (I —

-1
BoBP) Y. BiBySA; " = 0. Hence, T is group invertible and
n=0

—1
B#:< Al O):A#—l-l"#—l"#BA#.

# —1 p#
~B4BysaT! BY

(iii) If A < B and T = A™BA™ = ({ 4. ) is group invertible, then

B—= A1+DByS DBy \ __ 1 0 Aj DB, I 0
—\ BS By ) T \-B3B2S 1) \ B4B2SA| By+BYBySDB, ) \ B5BaS 1 )

The group invertibility of By implies that By can be written as By = (%20) with
respect to the space decomposition J# = ¢ (BY) ® Z#(Bj), where By, is invertible.

Let D= (D1.0;) and § = (g;) . Then
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( Ay DB, ) < Ay DBy 0 )Z( ,2 );/j((A,Z)
# # = | S141 Bpn+S1D1B» 0 | : BY) | — | A (B3
B3B,SA| B+B5B2SDBy 0 0 0 .%(B ) %(Bg)

Since By, is invertible and the Schur complement
Sschur = (B2 +S1D1B22) — S1A1A] ' D1 By = By

.. . Ay DBy .. .
is invertible, ( S1A| Byyt$i DBy ) 15 invertible and

BD — DB, Doy oo
= B#BZS I B#BZSAI By+B4B,SDBy B4ByS 1

A1 D Bay )71 0 I 0
B#BZS S1A1 Byp+S1D1By B?‘;st 1
0 0

B#st 7322'51 322 0|\ BtByst
0

0

. AT +AT ' DBYB,S —A[ 'DBYB, I 0
= B#st _B#S B! BAB>S 1

~A;'DByBY
B#BZSA IB#JrB#BzSAl 'DByBY | °

D
o (s o) (o
51)

We get BBP = BPB = (0 B#% ) and BBPB = B. So BP = B* is the group inverse of
B. Since A* = (A(l)l ) and T* = <0£#> , we get

Bt — Al ~A;'DByBY
T\ —B!B,SAT! BY+B!B,SAT DB, B!
20204 2Tbpb2oAy 2022

= A* + T# —T*BA* — A*BT* + T#BA*BT*. O
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