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INEQUALITIES FOR PRODUCTS OF ZEROS
OF POLYNOMIALS AND ENTIRE FUNCTIONS

M. I. GIL’

(Communicated by T. Erdélyi)

Abstract. Estimates for products of the zeros of polynomials and entire functions are derived.
By these estimates, new upper bounds for the counting function are suggested. In appropriate sit-
uations we improve the Jensen inequality for the counting functions and the Mignotte inequality
for products of the zeros of polynomials.

1. Polynomials

Consider the polynomial
PA) =Y aA"* (co=1) (1.1)
k=0

with complex coefficients. Enumerate the zeros zz(P) of P taken with their multiplici-
ties in the descending order: |zx11(P)| < |z (P)]|. Set
1/2

C = |1+ Z |Ck|2
k=1

The following result is well known [5, p. 129, Theorem (28,4)]. Let
21 (P)22(P)e2p(P)] > 1 > [zt (P)-..zn(P).

Then
|z1(P)z2(P)...zp(P)| < €.

The product of the moduli of all the zeros of a monic polynomial that lie outside the
unit disk is commonly known in the literature as the Mahler measure of the polynomial.
This term came into common use a bit after the publication of the book [5]. The pointed
inequality is often known as Landau’s inequality. There have been improvements to
Landau’s inequality in the literature, in particular, see the paper J. Vicente Goncalves
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[3]. This inequality was also discovered by Ostrowski [9]. Mignotte [6] had established
the inequality

|21 (P)22(P)-.2p(P)* + [2p 1 (P)...za(P)| % < O (1.2)

See also Schinzel’s book [10, Lemma 13 on p. 244] and Mignotte’s book [7], p. 151
and the remark on p. 153.

In the present paper we suggest inequalities for the products of the zeros of P,
which improve (1.2) under some restrictions. We also generalize our result to entire
functions. Moreover, new bounds for the counting function are suggested. In appropri-
ate situations they improve the Jensen inequality for the counting function.

Now we introduce some notation. Let y; = 1 and y; (k =2,...,n) be positive
numbers having the following property: the sequence

my=1,mj:= Vi , J=2,...n,

' Yi-1
is nonincreasing. So

J

Y= Hm;“ j:l7...,n.

k=1

Take ax = cx/ Wi Then P takes the form
c k
P(A) =D aay A" (ag=wyp=1). (1.3)
k=0

Denote

. 1/2
oP):= Y ak|2] .

k=1

Certainly 6(P) depends on the choice of the numbers ;.

THEOREM 1.1. The zeros of the polynomial P defined by (1.3) satisfy the inequal-
ities

[T1(P) < (ma+ 0PN, j=1.n. (1.4)
k=1

Proof. Introduce the n X n-matrix

—da; —ap ... —ay_1 —Aay
my 0 ... O 0
A= 0 m3 ... 0 0
0O 0 .. my 0

Enumerate the eigenvalues A;(A) of A counted with their algebraic multiplicities in the
descending order. As it is proved in [1, Section 5.2], At(A) = z(P) (k=1,...,n).
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We have A = M + C, where

4 —ar —a iy 0 00...00O0
0o o o Ty my 00..00
C= andM=| 0 m30... 00
0O 0 0 .. 0 0 00..m0
Let sp(A*) = /A (AA*) for 1 < k < n be the singular values of A*. By the Weyl
1nequaht1es [2, Lemma II 3.3],
J J i J .
[T 1) = TT1A A7) < T se(a”). (1.5)
k=1 k=1 k=1
By the Ky Fan inequalities [2, Corollary 11.2.2],
Sttt (A7) = seu 1 (M7 +C) < s2(C7) +5,(M°). (1.6)

But the matrices MM* and CC* are diagonal. Moreover, s1(C*) = 0(P) and s;(C*) =
0, k> 1. In addition, sz (M*) = my41 (k <n); sp,(M*)=0. By (1.6)

s1(A") <51 (M) +51(C*) = 0(P) +my
Taking in (1.6), T = 2, we obtain
$1(A%) < 52(C) 5y (M) =mj, j=2,.0m.

Hence by (1.5),

TT%P)| = TT 1)) < ms+ 6P Hl — (my+ 0(P)) ;.

k=1 k=1

This completes the proof. [
Taking into account that |z (P)| < |z (P)|, by Theorem 1.1 we get

COROLLARY 1.2. Let P be defined by (1.3). Then |z;(P)|’ < (my+ 6(P))y; for
j=1,...,n. In particular,

min|z;(P)] < [(m2 + 0(P))y]/" and max |z;(P)| < ma + 6(P).
J J

Denote Q(r) ={z € C: |z| < r} fora positive r. Let v(f,r) denote the number of the
zeros of f in Q(r). Corollary 1.2 implies our next result.

COROLLARY 1.3. For the polynomial defined by (1.3) we have v(P,r) <n— j+
1, provided r < [(my + 0 (P))y;]'/.
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For example, let m; = 1/k. Then
n

PA) =Y Z—’;/m"—k (a0 = 1). (1.7)
k=0 """

Inequality (1.4) takes the form

/ 1 1
TTiatrl < (3+00)) 5. 5= 1on (18)
Hence, |z;(P)}’ < (%—FG(P))% (j=1,...n),
1/n
mjin\z,-(P)\ < {(% + 6(P)> %} and mjax\Zj(P)\ < %—f— o(P).

The polynomial defined by (1.7) has in Q(r) no more that n — j+ 1 zeros, provided

()]

Let us compare (1.8) with (1.2). Clearly, (1.8) gives us bounds for all j, not only
for j = p. In addition, in the general case it is hard to determine how many zeros whose
absolute values are more than one, a polynomial has. Moreover, for the polynomial
defined by (1.7), we have

L Jal? 2
C=114> .
& (k)2
So
1 1 1 n i 1
> (= —=|z 2 —
&> <2+0(P)) i 5+ kg‘l‘ak| ] i

for all sufficiently large j. Thus, (1.8) is sharper than (1.2) for all sufficiently large p.
A simple example here is P(z) = (z+2)".

2. Entire functions

Consider the entire function

f)= 3 edt (ee)
k=0

with complex coefficients. Again let y; =1 and y; (k=2,3,...) be positive numbers,
such that the sequence

m1:l7mj:: v, 17 j=2,3,...,
j—
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is nonincreasing and tends to zero. Set a; = ¢/ Wx. Then the entire function takes the
form .
fA) =14+ ayart (L eC). (2.1)

k=1

‘We assume that
1/2

0(f) := [i lag*| < oo (2.2)
k=0

We will call (2.1) the y-representation of f. Obviously,

Vi1 / Wk = myqp — 0.
Since a; — 0, f is really an entire function. For instance, the function

oo )Lk
=3 =

k=0

(ao=1)

has the form (2.2) with m; = 1 /k (k=1,2,...). More generally, the finite order function

- aklk
=10k

(ap=1,7>0) (2.3)

can also be written in the form (2.2) with my = 1/k” (k=1,2,...). Relations (2.3) and
(2.2), and Hélder’s inequality imply that function f has order p(f) < 1/y. Moreover,
for any function f with f(0) = 1, whose orderis p(f) < e, we can take ¥ > 1/p(f),
such that representation (2.3) holds with condition (2.2).

Let z1(f),22(f), ... be the zeros of f, taken with multiplicity and enumerated by
increasing modulus. If f has / < e finite zeros, we set

7" (k=1+1,0+2,..).

THEOREM 2.1. Let f be represented by (2.1) and suppose condition (2.2) holds.
Then
1

J
z > —— j=1.2,... 2.4
Proof. Consider the polynomial
L) =1+ apyid®. (2.5)

k=1

Clearly, A" f,(1/A) = P(A) is a polynomial. So

2 (P) = 1/z(fu)- (2.6)
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Taking into account that the zeros depend continuously on the coefficients, we obtain
the required result, letting in Theorem 1.1 n — oo, [J

Taking into account that |z (f)| = |zk(f)|, from the previous theorem we obtain
the following result

COROLLARY 2.2. Let f be defined by (2.1) and suppose (2.2) holds. Then

|2 (f)] >

[(ma+0(f))y;] /i’ j=12,.,

and therefore,

) 1
k=nann ‘Zk(P)‘ = |Zl(f)‘ > my + e(f)

Corollary 2.2 implies the following.
COROLLARY 2.3. Let f be defined by (2.1) and suppose condition (2.2) holds.
Then v(f,r) < j— 1, provided
1
r< 7
[(ma+6(f))wil'V

In particular, let f be written in the form (2.3), and suppose condition (2.2) hold.
Then by Theorem 2.1,

: G,
g|zk(f)\>ma J=L12,...
Hence, Gy
. j!
i () > m

and v(f,r) < j—1, provided

Let M(f,r) = max|,—,|f(z)|. Recall the Jensen inequality
v(f.r) <log M(f,er), (2.7)

provided f(0) = 1, cf. [4, p. 13]. Our results can be more convenient than the Jensen
inequality in the case when the sums of the Taylor coefficients are simply calculated
while for M(P,r) it is difficult to establish sharp estimates. Moreover if f = P is a
polynomial of the degree n, for a sufficiently large r, the Jensen inequality gives us the
inequality v(P,r) < n; with n; > n, which is not useful. Consequently, Corollary 2.3
is sharper than (2.7) in this case.

Furthermore, note that usually, (see for instance Theorem 3.1.2 from [8, p. 244]),
in the available literature, lower bounds are presented for the minimal absolute value
of the zeros of a polynomial. At the same time (1.4) gives us the upper bound for the
minimal absolute value.
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