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STABILITY OF CAUCHY ADDITIVE FUNCTIONAL
EQUATION IN FUZZY BANACH SPACES

HARK-MAHN KIM, ICK-SOON CHANG AND EUNYOUNG SON

(Communicated by Yeol Je Cho)

Abstract. In this article, we prove the generalized Hyers—Ulam stability of the following Cauchy
additive functional equation

f<x;y+z>+f<y; >+f<—+y> flty+2)

in fuzzy Banach spaces for any fixed nonzero integer n.

1. Introduction

In 1984, A. K. Katsaras [11] defined a fuzzy norm on a vector space to construct
a fuzzy vector topological structure on the space. Some mathematicians have defined
fuzzy norms on a vector space from various points of view [6, 13, 23]. In particular, T.
Bag and S. K. Samanta [2], following S. C. Cheng and J. M. Mordeson [5], gave an idea
of fuzzy norm in such a manner that the corresponding fuzzy metric is of J. Kramosil
and Michalek type [12]. They established a decomposition theorem of a fuzzy norm
into a family of crisp norms and investigated some properties of fuzzy normed spaces
[3].

We use the definition of fuzzy normed spaces given [2, 16, 17] to investigate a
fuzzy version of the generalized Hyers-Ulam stability for the Cauchy additive func-
tional equation in the fuzzy normed vector space setting.

DEFINITION 1. [2, 16, 17] Let X be a real vector spaces. A function N : X x R
— [0,1] is said to be a fuzzy norm on X if for all x,y € X and all 5,7 € R,
Ni) N(x,t) =0 for t <O0;
N,) x=0 if and only if N(x,7) =1 forall r > 0;
(ex,t) = N(x, |C|) for ¢ #0;
(x+y,s41) > min{N(x,s),N(y,1)};
N(x,-) is a non-decreasing function on R and lim;_... N(x,7) = 1;

(N3) N
(Ns) N
(Ns)
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(Ng) for x# 0, N(x,-) is continuous on R.
The pair (X,N) is called a fuzzy normed vector space. The properties of fuzzy
normed vector spaces and examples of fuzzy norms are given in [16].

DEFINITION 2. [2, 16, 17] Let (X,N) be a fuzzy normed vector space. A se-
quence {x,} in X is said to be convergent or converges to x if there exists an x € X
such that lim,—.N(x, —x,7) = 1 forall 7 > 0. In this case, x is called the limit of the
sequence {x,} and we denote it by N-lim,_.x, = x.

DEFINITION 3. [2, 16, 17] Let (X,N) be a fuzzy normed vector space. A se-
quence {x,} in X is called Cauchy if for each € > 0 and each 7 > 0 there exists an
no € N such that for all n > ng and all p > 0, we have N(x,1, —x,,7) > 1—€.

It is well-known that every convergent sequence in a fuzzy normed space is a
Cauchy sequence. If each Cauchy sequence is convergent, then the fuzzy norm is said
to be complete and the fuzzy normed vector space is called a fuzzy Banach space.

We say that a mapping f : X — Y between fuzzy normed spaces X and Y is
continuous at xo € X if for each sequence {x,} converging to xo € X, the sequence
{f(x,)} convergesto f(xo). If f:X — Y is continuous at each x € X, then f: X —Y
is said to be continuous on X (see [3]).

We recall the fixed point theorem from [14], which is needed in Section 3.

Let X be a set. A function d : X X X — [0,] is called a generalized metric on X
if d satisfies

(1) d(x,y) =0 if and only if x = y;

(2) d(x,y) =d(y,x) forall x,y € X;

(3) d(x,z) <d(x,y) +d(y,z) forall x,y,z€ X.

THEOREM 1. [4, 14] Let (X,d) be a complete generalized metric space and let
J : X — X be a strictly contractive mapping with Lipschitz constant 0 < L < 1. Then
for each given element x € X, either

d(J"x,J" 1 x) = oo

for all nonnegative integers n or there exists a positive integer ngy such that
(1) d(J"x,J"1x) < o0, ¥ > ng;
(2) the sequence {J"x} converges to a fixed point y* of J;
(3) y* is the unique fixed point of J in the set Y ={y € X|d(J™0x,y) < oo},
(4) d(y,y*) < t2zd(v,Jy) forall y €Y.

In 1996, G. Isac and Th. M. Rassias [ 10] may be the first to provide applications of
fixed point theorems to the proof of stability theory of functional equations. By using
fixed point methods, the stability problems of several functional equations have been
extensively investigated by a number of authors (see [4, 14, 19, 20]).

The stability problem of functional equations originated from a question of S. M.
Ulam [22] concerning the stability of group homomorphisms. D. H. Hyers [9] gave a
first affirmative partial answer to the question of S. M. Ulam for additive mappings on
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Banach spaces. Hyers’s theorem was generalized by T. Aoki [1] for additive mappings
and by Th. M. Rassias [21] for linear mappings by considering an unbounded Cauchy
difference. A generalization of the Th. M. Rassias theorem was obtain by P. Gdvruta
[7] by replacing the unbounded Cauchy difference by a general control function.

In 2009, M. S. Moslehian and A. Najati [ 18] introduced the Hyers—Ulam stability
of the Cauchy additive functional inequality

(52 +0) + (355 +0) + 7 (55 0) || < Ity 42 (1)

and then have investigated the general solution and the Hyers—Ulam stability problem
for the functional inequality.

In this paper, we consider a modified and generalized Cauchy additive functional
equation

() ()G @

for any fixed nonzero integer n. First of all, it is easy to see that a function f satisfies
the equation (2) if and only if f is additive. Thus the equation (2) may be called the
Cauchy additive functional equation and the general solution of equation (2) may be
called the Cauchy additive function. In Section 2, using direct method by iteration, we
prove the generalized Hyers—Ulam stability of the Cauchy additive functional equation
(2) in fuzzy Banach spaces. In Section 3, using fixed point alternative by contrac-
tion mappings, we prove the generalized Hyers—Ulam stability of (2) in fuzzy Banach
spaces.

2. Stability of equation (2) by direct method

Throughout this paper, we assume that X is a vector space, (Y,N) is a fuzzy
Banach space and (Z,N') is a fuzzy normed space.

For notational convenience, given a mapping f : X — Y, we define the difference
operator Df : X3 — Y of the inequality (2) by

Df(x,y,z) ::f(? +z) +f<¥ +x> +f(z;—x +y) —flx+y+2)
forall x,y,z€ X.

THEOREM 2. Assume that there are a constant s € R satisfying 0 < |s| <2 and
a mapping ¢ : X3 — Z for which a mapping f : X — Y with f(0) = 0 satisfies the
inequality

"(@(x,,2),1), 3)

N(Df(xvyvz)vt) N
N'(s@(x,y,2),1) 4

N'(9(2x,2y,22),1)

VoWV

for all x,y,z € X and all t > 0. Then we can find a unique Cauchy additive map-

k
ping A: X — Y, defined as A(x) := N-lim,_.c f(gkx) , x € X, satisfying the equation
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DA(x,y,z) = 0 and the inequality
4 (n(n ~1x n’x —n(2n— l)x) t)
2—\s|('0 n?+3 'n?2+3> n?+3 A

2 2n’x  nx —n(2n+1)x
V(z=me(ess mes )y 6
PR o S e S e g L) S

N(f(x) —A(x),1) = min {N’(

forall xe X andall t > 0.
Proof. We observe from (4) that

. P . t
N (0(2'x,2'y,2'2),t) = N'(s'¢(x,9,2),t) :N’(q)(x7y7z)7w>7 (6)
N'(p(2'x,2',2'2),Is|'t) = N'(@(x,y,2),1), >0 (7
for all x,y,z € X and all i € N. Replacing z by —x—y in (3), we obtain
(I—=n)x—(n+1)y (n+1)x+2y —2x+(n—1)y
V() () o ( ))

n

2 N/((p(x,y, —x—y),t),
that is,
N(f(=(n=1Dx—(n+1)y) + f((n+1)x+2y) + f(=2x+ (n — 1)y).1)
ZN/((P(”xyn)’;—”x—”Y)at) (8)
n—1)x+(n+1)y

forall x,y € X and all # > 0. Putting x := ( o
has

nx—(n—1)y
n2+3

and y:= in (8), one
N(f(=x)+ f(x+y)+ f(=y):1)

n(n—1x+nn+1)y n*x—n(n—1)y —n(2n—1)x—2ny
>N/< < ) ) )’t> 9
¢ n?+3 n?+3 n?+3 ©)
for all x,y € X and all # > 0. Putting y := 0 in (9), we get

N 19002 (o P 2 ) )

forall x € X and all # > 0. Replacing y by x in (9), we have

(10)

2 —n(2n+1)x
NS (—x)+ £(20),1) = N (%, g, =25y ),

X nzx nx —n(Zn X
and N(f(—x)+152,4) > N (32, g, =0neliy o) (11)

for all x € X and all # > 0. It follows from (10) and (11) that

(o122
> min {N(£(x) + £(~x), %) N(f(=x)+ f(ix) 7 %) }
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2

o (2, o )
2 —

Vol T )]

=N"(y(x),t) (12)

for all x € X and all # > 0. Therefore it follows from (7) and (12) that

2ix 27 1x) |s)it ; ;
N(LE 0 B o W @) o) > N w0, 10

for all x € X and any integer i > 0. So

2kx k—1 si k—1 Zix 2i+1x k—1 Si
N(f(x)_f(zk )’Z(I)zi!if;) :N<Z (f(zi )_f(2i+l )>’2 |2i+tl>

i=0 i=0
. F@%) F@FY) sl
> 0<igh-1 {N( 20 il 2’+1>
> N"(y(x),r), >0, (13)
which yields
f(2mx) f(2m+kx) m+k—1 ‘S|it m+k—1 f(Zix) f(2i+1x) m+k—1 ‘s|it
N( o omik 0 4 2i+1>:N< Z ( 5 il >’ yA 2i+1>
. F2) F@FY) sl
>m<iglnﬂk1{N( 20 el ’F)

> N'(y(x),r), >0
for all x € X and any integers k > 0, m > 0. Hence one obtains
om 2m+k t
W(IZD _SET ) (W() ) a4
2m+k 37

2 k1 Dol
i=m 21+1

for all x € X and any integers k > 0, m > 0, t > 0. Since Z’”k ! Q is convergent

k
series, we see by taking the limit 7 — oo in the last inequality that a sequence {%}
is Cauchy in the fuzzy Banach space (¥,N) and so it converges in Y. Therefore a
mapping A : X — Y defined by

Zk
A(.X) — N'klg];lo f(zkx)
k
is well defined for all x € X . It means that lim;_... N(f(;kx) —A(x),t)=1,1t>0 forall
x € X. In addition, we see from (13) that
2k t
R B e 13
2 yh=1 sl
i=0 2i+1
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N(f(x) = A(x),¢) > min {N(f(x) - %:’“) (1- £)t>,N(f(§:x) —A(x),st)}

(v 222 )

Zi=0 2i+1

> N'(y(x),(1-e)2—1s|)r), 0<e<l, (16)

for sufficiently large k and for all x € X and all r > 0. Since ¢ is arbitrary and N’ is
left continuous, we obtain

N(F() = A(x),0) = N"(w(x), 2~ [s)r), 1> 0

for all x € X, which yields the approximation (5).
In addition, it is clear from (3), (6) and (Ns) that the following relation

Df(2kx,2ky,27)
N(TJ) > N ((2k,2%y,252),2%)

> N’ 2_k
= N (P(X,}’az), ‘S|kt

— lask— oo

holds for all x,y,z € X and all 7 > 0. Therefore, we obtain by use of limy_,.. N( %:x) —

A(x),t) =1 (¢ > 0) that

N(DA(x,y,z),t)

2k 2

Df(2%x,2ky,2%2) ¢ N Df(2kx,2ky, 2kz) ¢
) N ()

> min{N(DA(x7y7z) -,
— lask— o

which implies DA(x,y,z) =0 by (N,). Thus we find that A is a Cauchy additive
mapping satisfying the equation (2) and the inequality (5) near the approximate additive
mapping f: X — Y.

To prove the afore-mentioned uniqueness, we assume now that there is another
Cauchy additive mapping A’ : X — Y which satisfies the inequality (5). Then one
establishes by the equality A’(2€x) = 2¥A’(x) and (5) that

kx / kx
NAR) —A'(x),1) = N(A(2 ) _ 40 >7z)

2k 2k
, A(2%x)  f(2kx) ¢ f(2kx)  A'(2kx) ¢
>mm{N( ) ’E)’N( Xk 5)}
> Wk, 202
” 2 —|s|)2%
> N (w(ﬁ%) 1>0
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which tends to 1 as k — oo by (Ns). Therefore one obtains A(x) = A’(x) forall x € X,
completing the proof of uniqueness. [

THEOREM 3. Assume that there are a constant s € R satisfying |s| > 2 and a
mapping ¢ : X° — Z for which a mapping f : X — Y with f(0) =0 satisfies the
inequality

N(Df(x,y,2),1) = N'(@(x,y,2),1), (17)
N/

Xy z 1
N/< <_7_7_>7t> > <_ sy 7t> 18
?\553 RANRE) (18)
for all x,y,z € X and all t > 0. Then we can find a unique Cauchy additive map-
ping A: X — Y ,defined as A(x) := N-1im,_c 2kf(2x—k) , x € X, satisfying the equation
DA(x,y,z) = 0 and the inequality

4 —1 x  —n(2n—1
N(f(x)_A(x>’t)>min{N/(|s—2‘P<ngf2+3)x’n?4f3’ n,(1213 )x>’t>’

2 2n’x  nx —n(2n41x
N , , )z)} 19
(\s|—2(p<n2+3 n?+3" n?+43 (19)

forall xe X andall t > 0.
Proof. Tt follows from (12) and (18) that

X
w(re-21(3)

for all x € X. Therefore it follows that

1
" ls]

) > N'().0), 10

N(f(x) - 2’7(%)72 %z) >N (y(x),1), >0

for all x € X and any integer k > 0. Thus we see from the last inequality that

N1 25(3)4) > (o )
i=0 Js]+T

> N"(y(x),(]s| =2)r), 1>0.

The remaining assertion goes through by the similar way to the corresponding part of
Theorem 2. [

We obtain the following corollary concerning the stability for approximate map-
pings controlled by a sum of powers of norms.

COROLLARY 1. Let X be a normed space and (R, N') be a fuzzy normed space.
Assume that there exist real numbers 0 > 0 and p be non negative real numbers with
p # 1. If amapping f:X — Y with f(0) =0 satisfies the inequality

N(Df(x,y,2),1) = N'(O(|lx[|” +[Iyl|” +[Iz]1).2)
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forall x,y,z € X and all t > 0. Then we can find a unique Cauchy additive mapping
A: X — Y satisfying the equation DA(x,y,z) = 0 and the inequality

N(f(x) —A(x),1)
n(n—1) n* |p —n(2n—1)|r 46
> p
mm{ <(rﬂ+3 +Lﬂ+3)+ n?+3 ‘)p_mﬂVHJ>
2n® | —n(2n+1) 26
' P
N((‘n2+3 +)n2+3) ‘ n24+3 ‘ >|2_2p‘HXH 7t>}

forall xe X andall t > 0.

3. Stability of equation (2) by fixed point method

Now, in the next theorem we are going to consider a stability problem concerning
the stability of the equation (2) by using a fixed point theorem of the alternative for
contraction mappings on generalized complete metric spaces due to B. Margolis and J.
B. Diaz [14].

THEOREM 4. Assume that there exist constant s € R and q > 0 satisfying 0 <
1
|s|4 < 2 such that a mapping f:X — Y with f(0) =0 satisfies the inequality

N(Df(x,,2),t1 +12+13) = min{N'(9(x),1{),N'(9(»),53),N'(9(2),55)} ~ (20)
SJorall x,y,z€X andall t; >0 (i=1,2,3) and ¢ : X — Z is a mapping satisfying
N'(9(2x),1) = N'(sp(x),1) (©3))

for all x € X and all t > 0. Then there exists a unique Cauchy additive mapping
A: X — Y satisfying the equation DA(x,y,z) = 0 and the inequality

N(f(x) = A(x),1)
4 n(n—1)x , 4 nx
i (2 (M) ) () )

|s|4)4 (2—|s]9)
/ 129 —n(2n—1)x
N((z—|sé>q“’( 2 )}
. , 69 2n%x , 64 nx
mm{N((z—|s5>q¢<”2+3>’tq>’N<(z—|sé>q"’<nz+3>’”>’
/ 67 —n(2n+1)x
V(e

forall xe X andall t > 0.
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Proof. We consider the set of functions
Q:={g:X —Y|g(0)=0}
and define a generalized metric on Q as follows
do(g,h) :=inf{K € [0,50]|N(g(x) — h(x),Kt) = N (y(x),t7),Vx € X,t > 0},
where
N"(y(x),19)
= min { min { V" (@(25=2), (1)0), V' (0(£25), (5)7 ) N (9( 2551, (5)7) |,
min {N'(9(255),(5)7),N" (025, (5)7) N (@(552), (4)) } .

Then one can easily see that (Q,dq) is a complete generalized metric space [8, 15].
Now, we define an operator J : Q — Q as

~ 8(2x)
Jg(x) = >

forall g € Q, x € X. We first prove that J is strictly contractive on Q. Forany g,h € Q,
let £ € [0,00) be any constant with dq(g,/) < €. Then we deduce from the use of (21)
and the definition of dq(g,h) that

N(g(x) —h(x),et) > N"(y(x),7), VxeX,t>0,

1
= (8 ) BT S vy ) o) > N (.09,

= N(Jg(x) —Jh(x),

Since € is arbitrary constant with dg(g,h) < €, we see that for any g,h € Q,

Q=

dQ(Jg7Jh) (g7h)7

1
which implies that J is strictly contractive with constant % <1 on Q.
We now want to show that d(f,Jf) < e. If we put #; :=1¢ (i = 1,2,3) in (20),
then we arrive at

N(Df(x,y,2),3t) = min{N'(¢(x),%),N'(¢(y),1),N'(¢(2),1*)} (23)

for all x,y,z € X and all # > 0. Therefore it follows from (23) and the same process
(8)—(12) that

W) L2230 > vy ),



1132 H.-M. KiM, I.-S. CHANG AND E. SON

which yields dq(f,Jf) < 3 and so do(J*f,J* f) <dqo(f,Jf) < 3 forall k€ N.
Using the fixed point theorem of the alternative for contraction J on generalized
complete metric space € due to Theorem 1, we see the followings (i),(ii) and (iii) as

follows:
(i) There is a mapping A : X — Y with A(0) = 0 such that

dal(f.A) < —41—

1 dQ(fa-]f) 1
1— Mq — |S‘ q

7
and A is a fixed point of the operator J, that is, %A(Zx) =JA(x) =A(x) forall x€ X.
Thus we can get

N ()~ A, —
2

) = N (p(x).09),

ol
NU@%A@W)>M%w@n9%§930=(@j§F;W@f)

forall # > 0 and all x € X, which yields the approximation (22);
(ii) We find that dg(J¥f,A) — 0 as k — co. Thus we obtain that

kx
V(22 0) = it 2

(2~ s|7)7
m( 37y(x) 29\ k
> () )

forall # > 0 and all x € X, that is, the mapping A : X — Y given by

. f(2%x)
N-lim 25 — () (24)

is well-defined for all x € X. In addition, it follows from the conditions (21), (23) and
(Ny) that

N<Df(2kx , 2Ky, 2k7 )’t>

i (0280, 2203 o) ) v o0 2|

v (ot ‘f;‘f»zv/o o) Z0) ¢ (o0, 50}

mm{N’<¢< ) 5o ) S o ()50}

—lask—o, >0 25)
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for all x,y,z € X . Therefore we obtain by use of (Ns), (24) and (25)
N(DA(x,y,z2),1)

Df(2kx, 2y, 2%7) z> N<Df(zkx,2ky,2kz) t)}

> min {N(DA(x,y, 7)— " 5 5

2k 2
—lask—oo, >0

which implies DA(x,y,z) =0 by (N;), and so the mapping A is Cauchy additive satis-
fying the equation (2);

(ii1) We know that the mapping A is a unique fixed point of the operator J in the
set A= {g € Q|da(f,g) < =}. Thus if we assume that there exists another Cauchy
additive mapping A’ : X — Y satisfying the inequality (22), then

/
Al(x) = 1@ =JA(x), do(f,A")< % < oo,
(2—1sl7)
and so A’ is a fixed point of the operator J and A’ € A = {g € Q|dq(f,g) < o}. By
the uniqueness of the fixed point of J in A, we find that A = A’, which proves the
uniqueness of A satisfying the inequality (22). This ends the proof of the theorem. [

COROLLARY 2. Let X be a normed space and (R, N') be a fuzzy normed space.
Let & :]0,00) — [0,00) be a nontrivial function satisfying

EEN =@M, (120), 0<E@)i<2
Sorsome q>0. Ifamapping f:X —Y with f(0) =0 satisfies the functional inequality
N(Df(x,y,2),t1 + 12 +13) = min{N'(E (||x[]), ), N'(E (llylD).23), N (§ (llzl]), 15) }

SJorall x,y,z€ X, t; >0 (i=1,2,3), then there exists a unique Cauchy additive map-
ping A : X — Y such that

N(f(x) —A(x),1)
4 n
i (2 D) )

(2-&@)1)s 2
N/(<2 152< e “(slin) )
v (e (T ) ) )
min{N/((z ; e $(25000)),
N/((z ; oy & (|5 1) ).

(o ) ) )
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forall xe X andall t > 0.

Proof. Letting ¢(x)

=&(||x]]), and applying Theorem 4 with s := & (2), we obtain
the desired result. [

1
THEOREM 5. Assume that there exist constant s € R and q > 0 satisfying |s|a >
2 such that a mapping f: X — Y with f(0) = 0 satisfies the inequality
N(Df(x,y,2),t1 +12+13) = min{N'(¢(x),1{),N' (9(»),13),N'(¢(2),13) }

SJorall x,y,z€X, ;>0 (i=1,2,3) and ¢ : X — Z is a mapping satisfying
x ¢(x)
N’( al ,t) >N’(—,z>
?(3) .

for all x € X and all t > 0. Then there exists a unique Cauchy additive mapping
A: X — Y satisfying the equation DA(x,y,z) = 0 and the inequality

N(f(x) —A(x),1)
q n(n—1)x , 9 n*x
2min{min{N’<(s|}jz_2)q(P( (nz+13) >’tq)’N<(s|;2_ 2)a (p<n2+3)’tq>’
, 124 2n—1
N((sﬁ—z)q(p( o) }

min{N’(M;i " <P(n22n+x3) )’N/< <n2+3> ).
, 61 2n+1
! <(s|$_2),,9°( >’tq>}}

forall xe X andall t > 0.

Proof. The proof of this theorem is similar to that of Theorem 4. [

COROLLARY 3. Let X be a normed space and (R, N') be a fuzzy normed space.
Let & :[0,00) — [0,0) be a nontrivial function satisfying

(@)=eQen 150, o)

Sforsome q> 0. Ifamapping f:X — Y with f(0) =0 satisfies the functional inequality

N(Df(x,y,2),11 +12+13) > min{N'(E([lx]).1{). N'(E (I ]]),15),N' (& (l|z]}) 15) }
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SJorall x,y,z€ X, t; >0 (i=1,2,3), then there exists a unique Cauchy additive map-
ping A : X — Y such that

N(f(x)—A(x),1)
Zmin{min{N’< 1 qé(‘nr(ln_l)‘ux),tq),

(@5_2) 243
2
(e (R

L 5 _9y)
Fp'—2
67 n
v i),
(Lé_zzﬁ( peanet |
£(3)
67 —n(2 1
W (e ([P ) )}
&(z)
forall xe X andall t > 0.
Proof. Letting ¢@(x) = &(||x||) and applying Theorem 5 with s := ﬁ, we lead
to the approximation. [J ’
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