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Abstract. We prove the stability of the Pexiderized Cauchy’s additive functional equation with a
general form;

Fr+y) = g(x) +h(y) +A(x,y)
where A(x,y) is a logarithm of a pseudo exponential function. From this result, we obtain the
stability with the following form;

1 flx+y)
1+ 0(xy) ~ elx,y)g(x)h(y)

where e(x,y) is a pseudo exponential function. It is a generalized result for the stability of the
Pexiderized Cauchy’s functional equation.

<1+0(xy),

1. Introduction

In 1940, S. M. Ulam gave a wide ranging talk in the Mathematical Club of the Uni-
versity of Wisconsin in which he discussed a number of important unsolved problems
(ref. [8]). Among those there was the question concerning the stability of homomor-
phisms: Let Gy be a group and let G, be a metric group with a metric d(-,-). Given
€ > 0, does there exist a 8 > 0 such that if a mapping h: Gy — Gy satisfies the in-
equality d(h(xy),h(x)h(y)) < 8 forall x, y € Gy, then there exists a homomorphism
H : G| — Gy with d(h(x),H(x)) < € for all x € G;? In the next year, D. H. Hyers
[5] answered the question of Ulam for the case where G| and G, are Banach spaces.
Futhermore, the result of Hyers has been generalized by Th. M. Rassias [7].

The superstability of the functional equation f(x+y) = f(x)f(y) was studied by
J. Baker, J. Lawrence and F. Zorzitto [2]. They proved that if f is a functional on a
real vector space W satisfying |f(x+y) — (x)f(y)| < 0 for some fixed § > 0 and all
x,y € W, then either f is bounded or else f(xy) = f(x)f(y) for all x,y € W. This
result was generalized with a simplified proof by J. Baker [1] as following: Let 6 > 0,
S be a semigroup and f : S — C satisfy |f(xy) — f(x)f(y)| < 0 forall x,y €S. Put
B:=(14++v1+48)/2. Then either f(x) < B forall x€ S orelse f(xy)=f(x)f(y) for
all x,y € S. Since then, the stability and superstability problems of various functional
equations have been investigated by many authors (see [3, 6]).
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In this paper we prove the stability of a Pexiderized Cauchy’s additive functional
equation with a general form;

flx+y) =g(x)+h(y)+A(x,y). (1)

It is a generalized result for the stability of the Pexiderized Cauchy’s functional equa-
tion. Also we obtain the stability with a functional inequality;

1 . fx+y)
L+ o(x,y) ~ exp(A(x,y))g(x)h(y)

<1+o(xy). 2)

2. Definitions and solutions

Throughout this paper, we denote by D an additive subset (x+y € D forall x,y €
D) of R"U{0} containing all nonnegative integers Z™ U {0}.

DEFINITION 1. A function e : D x D — R is pseudo exponential if e(x,y) satis-
fies as follows;

(@) e(x,y) =e(y,x) (x,y€D),

(b) e(x,y) =21 (x,y€D),

(©) PAEZH — 1 (x,yeD),

(d) e(x,n) — o (as n— oo for n € Z* and fixed x € D),

(e)e(0,x)=1 (xeD).

DEFINITION 2. A function A : D x D — R is a logarithm of a pseudo exponential
Sunction if A(x,y) satisfies as follows;

(@) A(x,y) =A(y,x) (x,y€D),
(b) A(x,y) 20 (x,y€ D),
© A(x,y) +A(z,x+y) =Alx,y+2)+A(y,2) (x,y€D),

(6,
(e
(¢
(d) A(x,n) — o (as n — oo for n € Z* and fixed x € D),
(e) A(0,x)=0 (xeD).

EXAMPLE 1. Let A(x,y) = xy for x,y € [0,0) then A is a logarithm of a pseudo
exponential function. Also if we let A(x,y) = a®(a > 1) and e(x,y) = exp(A(x,y)),
then e(x,y) and A(x,y) satisfy Definition 1 and Definition 2, respectively.

DEFINITION 3. A function f: D — R is of an approximate Cauchy’s additive
type if there is a function ¢ : D x D — [0,0) and a logarithm of a pseudo exponential
function A : D X D — R such that

| fx4y) =) = f(0) = A(xy) | < o (x,y)

forall (x,y) € Dx D. Inthe case of ¢ =0, wecall f a Cauchy’s additive type function.
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DEFINITION 4. A function f : D — R is of an approximate Pexiderized Cauchy’s
additive type if there is a function ¢ : D X D — [0,c0), a logarithm of a pseudo expo-
nential function A : D x D — R and some functions g,s : D — R such that

| fx+y)—gx) —h(y) = A(x,y) [ < ¢(x,y)

forall (x,y) € Dx D. In the case of ¢ =0, we call f aPexiderized Cauchy’s additive
type function.

EXAMPLE 2. If f,g,h:[0,00) — R are functions satisfying the equation (1) and
A(x,y) =Ina® (a > 1), then A is a logarithm of a pseudo exponential function, and

f(x) =Inaz*! g(x) = Inaz,h(x) = Inaz*! are solutions of it. And also g is of a
Cauchy’s additive type function.

Now we consider the gamma-beta functional equation. If f,g,h: (0,00) — R are
functions satisfying the equation (1) and B(x,y) is the beta function then B! satisfies
the conditions (a) ~ (d) except (e) of Definition 1 (see, Corollary 4 in [6]) and f(x) =
In6a*'T(x),g(x) = In3a*T'(x),h(x) = In2a" ' T(x),A(x,y) = InB~! are solutions of
the equation (1).

3. Stability of Cauchy’s additive type functional equation

Throughout this section, we denote by ¢ : D x D — [0,0) a function such that

2’x 2’

Z (Z) 21+1

for all (x,y) € DxD and by A :D x D — R a logarithm of a pseudo exponential
function. The following theorems are the Hyers-Ulam stability of the Cauchy’s additive
type functional equations

fle+y) =g(x) +h0)+2A(xy).
THEOREM 1. Assume that a mapping f: D — R satisfies the functional inequality
[fr4y) = f() = f) = A(xy) | < 9(x,y) 3)
forall x,y € D. Then there exists a unique mapping g : D — R such that
gx+y) =g(x) +8(y) +A(x,y)

forall x,y € D and
[f(x) = g(x)| < D(x,x)
forall x € D. In particular, g is defined by

g(x) := lim P,(x)

n—00



1188 Y. W. LEE

where

on n—1 1 ) )
P =L (an) — Y 32 2)

i=0

forall x,y € D.

Proof. Let e(x,y) = exp(A(x,y)) forall x,y € D. Then e(x,y) is a pseudo expo-
nential function and the inequality (3.1) is equivalent to the following inequality

[f(x+y) = f(x) = f(y) —Ine(x,y)| < ¢ (x,y) (4)
forall x,y € D. If we replace y by x and dividing 2 in (4), we get
2
IM —lne(x,x)% — f)| < ¢x,x) (5)
2 2
for all x € D. We use induction on n to prove
f@) e 9(2'x,2'x)
T —1nlj£e(2x,2x)2“ — Z S (6)

for all x € D. On account of (5), the inequality holds for n = 1. Suppose that inequality
(6) holds true for some integer n > 1. Then (5) and (6) imply

F@x T i~ T
% —1n1j£e(2x72x)2+1 —f(x)
f@r2x) 1, =l . L f(2x) f(2x) 1
< |7 _ _ r, r, i+l S AT JNTT 7 _
< =7 3 lnge(Z 2x,2" - 2x) 2 + 5 Ine(x,x)2 — f(x)
¢ (27x,27x)
= 2 Qi+l

for any x € D, which ends the proof of (6). For any x € D and for every positive integer
n we define that

nl
—InJJe(2'x,2'x) 27T
i=0

for all x,y € D. Let m,n > 0 be integers with n > m. Then it follows from (6) that for
all xe D

1

n—m mx n—1
1B ) — Bal)| = o | L2 1E00)

. . 1
In [ e(2'x,2'x) 7T — f(2"x)

om on—m -
1 on—m 2m n—m—1 1
= 2n F2T2")) anm —In H (212™x,212™x) 24T — f(2™x)
n—1 i i
N o)
2i+1

i=m
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as m — oo. Therefore, the sequence {P,(x)} is a Cauchy sequence, and we may define
a function g : D — (0,0) by
g(x) := lim P,(x)

n—oo

for all x € D. Now we prove that

glx+y) =g(x) +g(y) +Ine(x,y)

for all x,y € D. For this, we consider the following property of the pseudo exponential
function.

elexty)ey 20 elx)e(yy)e(2x,2y)
) = T T ey

for all x,y € D. By this property, we have the equation

[Sersm) ™ -1 [ )
I Rl
= )Exzy)) -

forall x, y € D. From this equation (7) we get

lg(x+y) —g(x) —g(y) —Ine(x,y)|
f2"x+2%)  f(2"x)  f(2"y)

R T 1 n n
= ,}E}.}o > 5 > o Ine(2"x,2"y)
2"x, 2"
— lim #(2"x,2"%) _ 0
n—oo 271

for all x,y € D and thus
g(x+y) = g(x) +g(y) +1Ine(x,y)
for all x,y € D. From the inequality (5), we have
[f(x) = g(x)] < D(x,x)
for all x € D. Now suppose that & satisfies the equation
h(x+y)=h(x)+h(y)+Ine(x,y)

forall x,y € D. and
[f(x) = h(x)| < D(x,x)
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forall x € D. Then for all x € D

8(x) — RO < fim | (270~ h(2)

n—o0

@(2"x, 2" = ¢ (2kx, 2k
< tim 2EEZY o iy 3 0220

n—o0

as n — oo and for all x € D, and thus g is unique. [J

COROLLARY 1. Assume that a mapping f : Rt — R* satisfies the functional in-
equality
[fe4y) = f() = f(0) —xy| < &
forall x,y € RT. Then there exists a unique mapping g : Rt — R™ such that
glx+y) =glx)+g(y) +xy

forall x,y € A and
[f(x) —g(x)[ < 6

forall x € RT.

Proof. From Theorem 1 with A (x,y) = xy, we complete the proof. [J

THEOREM 2. Assume that mappings f,g,h : D — R satisfy the functional in-
equality
If(x+y) —g(x) =h(y) = A(x,y)[ < & (x,y) (8)

forall x,y € D. Then there exists a unique mapping T : D — R such that
T(x+y)=Tx)+T(y)+Ax,y)

forall x,y € D and

[f(x) = T (x)| < ¥(x) := @(x,x) + P(0,x) + P(x,0) + |g(0)[ + [1(0)],
|g(x) = T(x)| < ¢(x,0) +[~(0)] +¥(x),
[1(x) =T (x)| < 9(0,x) +[g(0)[ + ¥ (x)

forall x € D.

Proof. By the functional inequality in (8), we get

[fx+y) = f(x) = f(¥) = A(x,p)]

<|fx+y) —g(x) —h(y) — 2 (x,) |+ [(0) +A(y) + 2(0,y) — f(¥)]
+18(x) +h(0) + A (x,0) — f(x)[+[g(0)| +[1(0)]

< 0(x,y) +¢(0,y) + ¢(x,0) +[g(0)] + [#(0)]
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for all x € D. Note that

and

By Theorem 1, there exists a unique mapping 7 : D — R such that
T(x+y)=Tx)+T(y)+A(x,y)

forall x,y € D and

[f () =T ()] < ¥(x) := D(x,x) + B(0,x) + P(x,0) +[g(0)[ + |(0)]

for all x € D. Then we have

lg(x) = T(x)] < lg(x) = f()| + £ (x) = T(x)
la(

NN N

¢(x,0)+

h(0)|+P(x)

and similarly
|h(x) = T (x)] < ¢(0,x) +[g(0)| + ¥ (x)
forallxeD. O

R. Ger [4] suggested a new type of stability for the exponential equation

x—|—y
—1] <6.
Veroet

Comparing this, we obtain the stability with a functional inequality;

1 oSty
1+0(xy) ~ elx,y)gx)h(y)

Let £: D x D — [0,0) be a function such that

<1+ ¢(x,y).

o In(1+¢(2%,2y))
forall (x,y) € D x D. Then

e(x,y) < (1+®(x,y)) <

forall (x,y) € Dx D.

|
8(x) +1(0) +A(x,0) = f(x)[ +|(0)[ +¥(x)

1191
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THEOREM 3. If functions f,g,h: D — (0,e0) satisfy the inequality

1 o Sty
1+ ¢(x,y)  e(x,y)g(x)h(y)

Sorall (x,y) € D x D and some pseudo exponential function e(x,y), then there exists a
unique function T : D — (0,00) such that

<1+ ¢(x,y) 9)

T(x+y)=e(x,y)T(xX)T(y)

forall x, y € D and also
exp(—P;(x)) < = < exp(Pi(x)),

exp(—®2(x)) < ——= <exp(Pa(x)),

and

forall x € D, where

D (x) = D(x,x) + P(x,0) + D(0,x) + 3+ |Ing(0)| + | InA(0)],
q)Z(x) = q)l(x) +1+ ¢(.X,O) + ‘lnh(0)|a
and
@3(x) = @i (x) + 1+ ¢(0,x) +[Ing(0)|
forall x € D. In particular, if f =g = h, then

exp(—1 —®(x,x)) < % <exp(l+d(x,x))

~—

forall x € D.

Proof. 1If we define functions F,G,H : D — R by
F(x) =Inf(x), G(x) =Ing(x), H(x) =Inh(x)
for all x € D, then the inequality (9) may be transformed into
IF(x+y) — G(x) ~ H(y) ~ Ine(x,y)| <In(1+9(x.)). (10)

By Theorem 2 with A(x,y) =Ine(x,y), there exists a unique mapping W : D — R such
that

W(x+y)=W(x)+W(y)+Ine(x,y)
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for all x,y € D and

|F(x) — W(x)| < ®(x,x) + P(0,x) +D(x,0) 4 3 + | Ing(0)| + | Ink(0)]
= (131 ()C)

forall x € D. Now we define a function 7' : D — R by
T (x) :=exp(W(x))

(1)

for all x € D. Then
T(x+y)=exp(W(x)+W(y) +1Ine(x,y)) = e(x,y)T (x)T (y)
for all x,y € D, By (11) we have
—®(x) <InT(x) —Inf(x) < P (x)

and thus T
exp(~®; (x)) < T < exp(® (1))
forall x € D.
By (10), we have

|F(x+y) = G(y) — H(x) —Ine(x,y)| <In(1+¢(y,x))
for all x,y € D. Then
G (x) = F(x)| + |F (x) =W (x)]|

<
< |G(x)+ H(0) +1ne(x,0) — F(x)| + |H(0)] + D1 (x)
< (x,0) + [H(0)] + @y (x) = D3 (x)

+
<

and similarly,
[H (x) =W(x)[ < 1+ ¢(0,x) +|G(0)| 4 @, (x) = D3(x)
forall x,y € D. Since W(x) =1InT(x), we have

exp(—®s(x)) < % ey

and

~

(x

exp(—d)3(x)) < (x)

forall x € D. If f = g = h, then we have

< exp(P3(x))

=

~

exp(—1 —®(x,x)) < % <exp(l+d(x,x))

for all x € D, applying to Theorem 1 instead of Theorem 2. [

~
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COROLLARY 2. Let 0 > 0. If a function f: R — (0,00) satisfies the inequality

1 flx+y)
55 S fofy) SO

Sorall x,y € R, then there exists a function T : R — (0,e0) such that

T(x+y)=T&T(y)

forall x,y € R and

exp(—1—90) < % <exp(l+9)

forall x €R.

Proof. Let ¢(x,y) =0 and e(x,y) =1 forall x,y € R. Then

> 0
D(xy) = Y 57 =8
i=0

for all x,y € R. By Theorem 3, we complete the proof. [J

COROLLARY 3. Let 6 >0 and a > 1 be given. Suppose that f : [0,0) — (0,c0)
be a function such that

L [ty
1+6 = avf(x)f(y)

forall x, y € [0,00). Then there exists a unique function T : [0,00) — (0,0) such that

<1+6

T(x+y)=a"T(X)T(y)

forall x,y € R and
exp(—1—20) < % <exp(l+9)

forall x €R.
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