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GENERALIZATION OF JENSEN’S INEQUALITY BY
LIDSTONE’S POLYNOMIAL AND RELATED RESULTS

GORANA ARAS-GAZIC, VERA CULJAK, JOSIP PECARIC AND ANA VUKELIC

(Communicated by Yeol Je Cho)

Abstract. In this paper we consider (2n)-convex functions and completely convex functions.
Using Lidstone’s interpolating polynomials and conditions on Green’s functions we present re-
sults for Jensen’s inequality and converses of Jensen’s inequality for signed measure. By using
the obtained inequalities, we produce new exponentially convex functions. Finally, we give sev-
eral examples of the families of functions for which the obtained results can be applied.

1. Introduction

Let (Q, .o, 1) be a measure space. The well-known Jensen inequality asserts that

( Jopgdu ) < Jorf(g)du
Jopdu(x)) = Jopdu

holds if f is a convex function on interval / C R, where g : Q — I be a function from
L=(u) and p: Q — R be a nonnegative function from L!(u), such that [, pdu # 0.

If I =[o,B], where —oo < ¢ < B < 400, and function f is continuous, then the
converse of the integral Jensen’s inequality states

Japrf(g)du B-g
Jopdu B—a

; ey

g—o

ﬁ _ )

< fla) +/(B) )

IS

where g = % (see [9] or [14]).

In[4], [11] and [12] authors obtained the generalization for real (signed) measure:

THEOREM 1. Let f: [0, B] — R be convex, and g : [a,b] — |a., B] integrable with
respect to a real (signed) measure . If W is such that |, ab du(t)=1and

[ Gue.9au) <0, wselapl ®
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then the inequality

B—Jigt)du(r) Ja 8(0)du(t) — o

b
<
| #e0)an@) < (o) B @
holds, where the Lagrange Green's function on [o, ] X [ot, B] is defined by
(a=s)(1=B) <t
_ B RIS

The reverse inequality in (3) implies the reverse inequality in (4).

Recently, in [13] the following generalization for m,M € [c, B] and Stieltjes mea-
sure dA is done:

THEOREM 2. Let g:[a,b] — R be a continuous function and [o, B] be an interval
such that the image of g is a subset of [a, B]. Let m,M € [o,B] (m # M) be such that
m < g(t) <M forall t €la,b]. Let A :[a,b] — R be a continuous function or a
Sunction of bounded variation, and A(a) # A(b). Then the following two statements
are equivalent:

(1) For every continuous convex function f: [a, 3] — R it holds

Ja flg(t)dA() _ M—g g—m
Pan e M
(2) For all s € [o, B] it holds
J4 Gr(g(t),5)dA(r) _ M -7 g—m
Pan)  aem O G

where G, is Green’s function defined on [o, B] x [a, B] by (5), and

2800 ()

8= Paac)

Also, in [13] authors established the following generalization of Jensen inequality
for Stieltjes measure dA :

THEOREM 3. Let g:[a,b] — R be a continuous function and [o, B] be an interval
such that the image of g is a subset of [ot,]. Let A : [a,b] — R be a continuous
function or a function of bounded variation, A(a) # A(b) and g € o, B]. Then the
following two statements are equivalent:

(1) For every continuous convex function f: [a, 3] — R it holds

P ) ar)
MO ran
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(2) For all s € |a, B] it holds

I Gu(8(0),5)dA (¢ ).
Ji dA(t)
Lidstone series is a generalization of Taylor’s series. It approximates a given func-

tion in the neighborhood of two points (instead of one). Such series have been studied
by G. J. Lidstone (1929), H. Poritsky (1932), J. M. Wittaker (1934) and others.

GL(g,s) <

DEFINITION 1. Let f € C([0,1]), then the Lidstone series has the form

> (FPO) M =)+ (1) M)

k=0

where A, is a polynomial of degree 2n + 1 defined by the relations
Ao(t) =
A(t) = A (1), (6)
A(0)=A,(1)=0, n>1.

Other explicit representations of the Lidstone polynomial are given by [1] and
[17],

n 2 - (_1)k+1
(=1) m2ntl S fantl

A (t) = sinkrt,

6t2n+1 t2n 1 22k+3 l) t2n—2k—3

A"(t)zé[(znﬂ) (2n— 1} g L T TR IY

22n+1 141
MAlt) = ——B ) n=12..,
= Gy 2n+1( : ) ’

n=1,2,...,

where Byji4 is the (2k+4)-th Bernoulli number and By, (4£) is the Bernoulli
polynomial.
In [19], Widder proved the fundamental lemma:

LEMMA 1. If f € C?"((0,1]), then

f(z)zZ[ﬂ D0)A(1—1)+ 2001 /G t,5) P (s)ds,  (7)
k=0
where
Gt = = { ([ Usr ®

. . . 2 .
is homogeneous Green’s function of the differential operator 57 on [0,1], and with the
successive iterates of G(t,s)

1
Gult.5) = [ Gip)Gor(p5)dp,  n>2. ©)
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The Lidstone polynomial can be expressed in terms of G,(,s) as

Anlt) = /0 ' Go(t.5)sds.

DEFINITION 2. Let f be a real-valued function defined on the segment [a,b].
The divided difference of order n of the function f at distinct points x, ..., x, € [a,b]
is defined recursively (see [2], [14]) by

flxi]=f(xi), (i=0,...,n)

and
Flxtse o xn] = fx0, - Xn—1]

Flx0y- -y xn] = )

Xn — X0

The value flxo,...,x,] is independent of the order of the points xo, ... ,x,.
The definition may be gxtended to include the case that some (or all) of the points
coincide. Assuming that fU~1(x) exists, we define

(=1
f[x,...,x}:f(]fl()x!). (10)
Jj—times

The notion of n-convexity goes back to Popoviciu ([16]). We follow the definition
given by Karlin ([7]):

DEFINITION 3. A function f : [a,b] — R is said to be n-convex on [a,b], n >0,
if for all choices of (n+ 1) distinct points in [a,b], the n-th order divided difference of
f satisfies

flxos-..sxn] = 0.

In fact, Popoviciu proved that each continuous n-convex function on [a,b] is the
uniform limit of the sequence of n-convex polynomials. Many related results, as well
as some important inequalities due to Favard, Berwald and Steffensen can be found in
[8].

Bernstein in [3] introduced the term absolutely monotonic function and completely
monotonic function. A function is absolutely monotonic on [a,b] if

fPx) =0, k=0,1,...
and completely monotonic function on [a,b] if
(D) W) =0, k=0,1,...

Many studies were made on the influence of the sign of the derivatives of a functions
on its analytic character.
Widder in [18] introduces the term of completely convex function:
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DEFINITION 4. A real function f is completely convex on the interval [a,b] if it
has derivatives of all orders and

(“D)* P9 (x) >0, a<x<b; k=0,1,...

For example, the functions sinx and cosx are completely convex on the intervals
[0,7] and [—7, 5], respectively.

In [19], Widder showed that if f is a completely convex function on (a,b) then f
can be analytically extended to an entire function of exponential type at most 7.

Further, he showed the close connection of completely convex function with Lid-
stone series, similar to the one that exists between the completely monotonic function
and the Taylor’s series:

THEOREM 4. [fareal function f is completely convex on o, B] with (B —a) > 1
then

(i) there exists a positive number p < 1t such that f(x) = O(p") uniformly on
o <x<c, where celo,pB], (B—c)>1,

(ii) and the equation

=

0= SB[/ eone (5= ) < Fen (=5 )| an

holds.

We will also consider (2n)-completely convex function, (2n)-absolutely convex
function and (2n)-convex function:

DEFINITION 5. A real function f is (2n)-completely convex on the interval [ct, 3]
if it has derivatives of orders i = 1,2,...,2n and if

(—1f PO >0, a<x<B, k=0,1,...,n.

DEFINITION 6. A real function f is (2n)-absolutely convex on the interval [ct, 3]
if it has derivatives of orders i = 1,2,...,2n and if

) 20, a<x<B, k=0,1,....n.

In this paper, we will obtain some new identities by using the Lidstone polynomi-
als. From these identities we find sufficient conditions on the corresponding Green’s
functions, on a real signed measure ut, under which generalizations of Jensen’s type
and conversed Jensen’s type inequality are valid. We will give a results for Theorem
2 and Theorem 3 for (2n)-completely convex function, (2n)-absolutely convex func-
tion and (2n)-convex function. Also, we give mean value theorems for the obtained
inequalities. We will deduce a method of producing n-exponentially convex functions
by using some known families of functions.
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2. Generalization of Jensen’s inequality by Lidstone’s polynomial

LEMMA 2. Let f: [a,B] — R be of class C?") on [o,B]. Let u be a regular,
real (signed) Borel measure and let g : [a b] — R be integrable with respect to L such

that g([a,b]) C [, B] and g = /af”() 0 € [a,B]. Then
P Ae@)du) \
1@ 17 du) (12)
- oy o (B aut
_ (2k) 2k Bz _ o
k;{f (@)~ a) [Ak(ﬁ_ )
Doy (55 dut)
(2k) 2% g§-o\ B-a
7 (B)(B o) [A (2) " rue
—|—(ﬁ 06)2"_1 f(z") (S) G (,5_7—06 Nt 04 ) _fa Gp <5g)_7aa,l§__%z> d”(t) ds
a "\B-o’ B-o 12 du(e) |

Proof. By Widder’s lemma we can represent every function f € C")([a, B]) in
the form:

o) = 8- 0 [ (§2) s (5% )]
+p-ap! [ "6, (g:—‘; ;__Z)f“")(s)ds- (13)

The integration of the composition f o g for the real measure y on [a,b] gives

/ f(g (14)

_ Z [ 2k)(06)/ah1\k (ﬁ—g(z) du(t)—l—f(Zk)(ﬂ)/abAk (g(t)i—aa) du(t)}

wp-ap [ [ [

By using (13) we calculate f(g)

Q

3
"\ B-a 'B-o

n—1

f@) =3 (B—a)* [f(zk)(a)Ak (B_g) + O (B A (?—a)]

k=0

+(ﬂ—a)2"71/ﬁ Gy (g_ ; s_a)f(2")(s)ds.

o
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By easy calculation we obtain the difference

P f(g(t) du(r)

I
&= )

Since

we obtain identity (12). U

Using Lemma 2 we can get the following generalization of Jensen’s inequality for
(2n)-convenx function:

THEOREM 5. Let n € N, u be a regular, real (signed)Borel measure and g :
[a,b] — R be integrable with respect to 1 such that g([a,b)) C [0, B] and g = L2 g0)du)

12 au(o)
€ [o, B].
Ifforall s € [, B]
e s—a MG (4 L) du)
g—a s—o B—o
“(eie)  faw )
then for every (2n)-convex function f: [a, ] — R
Ji f(g(1) du(r)
S~ (16)
f@) < 1 duto)

- B-g\ JM(FR) )
2{ we a)Zk[ <B ‘i)_ k(ffﬁduo))

If the reverse inequality in (15) holds, then also the reverse inequality in (16) holds.



1250 G. ARAS-GAZzIC, V. CULJIAK, J. PECARIC AND A. VUKELIC

REMARK 1. For n =1 in Theorem 5 we obtain Theorem 3 for real (signed) mea-
sure. The following two statements are equivalent:

(1) For every continuous convex function f : [0, B] — R it holds

P f(g(0)du(r)
T&OS ™ rane

(2) For all s € [a, B] it holds

g—o s—a Ja G<g VB a>dﬂ()
G(ﬁ o' p—- a) 12 du(r) '

We use the fact that the function G(-,5), § € [0,1] is continuous and convex on [0, 1].

Furthermore, the statements (1) and (2) are also equivalent if we change the sign
of both inequalities.

Using Lemma 2 we get the following result for (2n)-completely convex functions:

COROLLARY 1. Let n € N, U be a regular, real (signed) Borel measure and g :
[a,b] — R be integrable with respect to W such that g([a,b]) C [a,B] (B —a) > 1)

and g = Losdnlt) /g(d) € [a, B].

Ifforallk—l ..,n—1 and for all s € [, ]

B—s(
n(BE) e )

B Paut an
7 I Ak (g([):a>
Nk g— o ke B—o
i (§g) < o
and ( )
o — f G ) dALL( )
o I—o s—a B B ﬁ
R e R
then for every (2n)-completely convex function f : [or, B] — R it holds
< W) "

J2 o)

If the reverse inequalities in (17) hold, then also the reverse inequality in (18)
holds.

We can get similar result for (2n)-absolutely convex functions:
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COROLLARY 2. Let n,li,g be as in Theorem 1. If forall k=1,...,n—1 and for
all s € o, B]

w(bomy L
Ay (g a) fA( )

B-o J2du(r)

and

g—o s—ao fG( oc’[3 a)d'u()
G(é o B- a) [P du(r)

then for every (2n)-absolutely convex function f : [o, B] — R ir holds
Ji £(g(6)) dp (e )
I du)

If the reverse inequalities in (19) hold, then also the reverse inequality in (20)
holds.

)

f(@) < (20)

As a consequences of the above results, the following results for the left-hand side
of the generalized Hermite-Hadamard inequality hold:

COROLLARY 3. Let ne N, u be a regular, real (signed) Borel measure on the
interval |a,b] C [o, B] and = Ly xdux) Xd“ € [a,B].

Iffor all s € [o, B] )
(o) R e
then for every (2n)-convex function f : [o, f] — R
1@ < % )
£y { o)(B— )™ [ (=)~ ffAkabgc}j?xj”(X)]
i) £

Ifthe reverse inequality in (21) holds, then also the reverse inequality in (22) holds.
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COROLLARY 4. Let n € N, U be a regular, real (signed) Borel measure on the
b
interval [a,b] C [o,B] and X = % € o, B].
Ifforall k=1,....n—1 and for all s € [, B]

~ b B—x .
(—1)A (E:é) < (1) Ja Akf(bp;:()x)d#( ), o)
X— I A 5o ) du(x)
0t (5o ) < C1F fgf du()x>

and

)

o s_a) » 1)nf;’Gn (5% %) du)
p-o'Bp—a)” I dp(x)
then for every (2n)-completely convex function f : [or, B] — R it holds
o S W dp)
fX) < Hp——"2
e

If the reverse inequalities in (23) hold, then also the reverse inequality in (24)
holds.

(~1)'Gy (

(24)

COROLLARY 5. Let n € N, U be a regular, real (signed) Borel measure on the
b
interval [a,b] C [a,B] and X = % € [o, B].
Ifforall k=1,....n—1 andfor all s € [, B]

Box\ _Jiti(f) dn)
NP T

A (x:z) _ 12 A (4 )du(x)

J2 du(x
(32 sy G (o) e
"\B-a'B-a) " I du(x)
then for every (2n)-absolutely convex function f : [o, B] — R i holds
o S W dp)
fX) < ——"2.
e

If the reverse inequalities in (25) hold, then also the reverse inequality in (26)
holds.

and

)

(26)
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3. Generalization of converses of Jensen’s inequality by Lidstone’s polynomial

We will use the following notation for composition of functions:

Ak (;:((xx) :Ak(x)7 X e [a7ﬁ]’ k:O,l,...,l’l— 1’ (27)
A B2 24 Bl, k=0,1 1 28
k m =Ax(x), x€[a,B], k=0,1,....n—1, (28)
G, (;:—Z7%) =Gu(x,s), x,s€lo,B], n>1. (29)

Let u be aregular, real (signed) Borel measure and let g : [@,b] — R be integrable
with respect to p such that g([a,b]) C [m,M] C [e, B]. For a function F : [a, ] — R
denote by LR(F,g,m,M, 1)

JPF(g(t)du(r)
2 du(r)

M—g g—m
~ S rm - £ F) G0)

LR(FugamaMnu): M_m

2 g(t)du(r)

where g = Pant)

LEMMA 3. Ler f: [a,B] — R be of class C?") on [o,B]. Let 1 be a regular,
real (signed) Borel measure and let g : [a,b] — R be integrable with respect to |l and
such that g([a,b]) C [m,M] C [o,B]. Then

LR(f,g,m,M, ) (31
n—1

= 2 [f(2k)(a)(ﬁ_a)2k 'LR(;\kag7m7M7.u)+f(2k)(ﬁ)(ﬂ_a)zk 'LR(Akag7m7M7.u):|
k=1

B ~
+(B—0) ' [ fCI(S)LR(Ga(-v5), 8.m. M, )] ds

04

Proof. We use Widder’s Lemma for representation of function in the form:

n—1
@) = (B =0 £ (@)Re(w)+ 1P (B)A(x)|
k=0
+(B—a)*! / " Gulx.5) 2 (5)ds. (32)

Using the above representation, for f € C?")[c, B] we can calculate f(m) and f(M):
n—1

fm) = X (B ™ [£2 () Ax(om) + £ (B) A(m)|

k=0

+(B—a)*! /Of3 Gn(m,s)f" (s)ds,
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n—1

FM) = 3 (B =0 [ £ () Au(M) + 129 (B)Ax (M)

k=0
B .
(B! / Gu(M,5)£C) (s)ds.
o
We can easily calculate the difference LR(f,g,m,M, 1) defined by (30):
(f7g,m M, )

= 2 [ ﬁ a)2k LR(A/ﬁgvm M .u)+f2k (ﬁ)(ﬁ —(X)2k'LR(]\k7g,m,M,.Ll):|

2n—1 B (2n) A
+HB-a) / S (5)ILR(Go(-5) 8., M. )]
Since LR(Ag,g,m,M, 1) =0, LR(Ag,g,m,M, 1) =0 we obtain (31). [

REMARK 2. For n =1 in Lemma 3 we obtain the identity from [13] for regular
real measure U :

Ji f(g(t) du(o)

(
2 du(r)
" f (g(t),s)du(t) M-3g g—m
— (- (x/ s Bt — B G5 - £ G(ms) | as

Using Lemma 3 we can get the following generalization of converse of Jensen’s
inequality for (2n)-convex function:

o R ()

THEOREM 6. Let n € N, U be a regular, real (signed) Borel measure and g :
[a,b] — R be integrable function with respect to | such that g(|a,b]) C [m,M] C [et, B].
5 _ lesdu)
Letg= 0o

Ifforall s € [o, B]
J2 Gu(g(t),5)du(t M-
Pauw) M-
I

then for every (2n)-convex function

Je fg®)dput) _ M—g
J2du(r) S¥—m

~ o—m ~
Go(m,s) + f/l—_mGn(M,s), (33)

[a, B] — R it holds

f(m)+ f(M) (34)

—m
m

n—1
+ 2 [f(2k)(a)(ﬁ_a)2k 'LR(Ak7g7m7M7”) +f(2k)(ﬁ)(ﬁ_a)2k 'LR(Ak7g7m7M7”):| .
k=1

If the reverse inequalities in (33) hold, then also the reverse inequality in (34)
holds.
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REMARK 3. For n = 1 in Theorem 6 we obtain result in Theorem 2 for real
(signed) measure U . The following two statements are equivalent:
(1) For every continuous convex function f : [0, B] — R it holds

Jo flg()du(t) _ M-g g—m
in S W 00,
(2) for all s € [a, B] it holds
2 Gg(t),s)du(t) _ M—g - T s
Fan) om0

Furthermore, the statements (1) and (2) are also equivalent if we change the sign
of both inequalities.
We use the fact that the function G(-,s), s € [c, 8] is continuous and convex on

(o, B].

Setting m = o and M = 3 and ff du(t) =1 in Theorem 6 we got the corollary
asin [11]:

COROLLARY 6. Let f:[a,B] — R be (2n)-convex function on o, 3]. Let p be
a regular; real (signed) Borel measure and g : [a,b] — [o, B] integrable with respect to

W If

/ab G, (gg)_—aa’s) du(r) <0, Vs €[0,1], 35)

then

[ rtenant) < S5 -ar* [ [“a (B0 aue

k=0 a B-o

(gg)%;‘) du(t)] - (36)

If the reverse inequality in (35) holds, then also the reverse inequality in (36) holds.

) [

a

Using Lemma 3 we get the following generalization for (2n)-completely convex
functions:

COROLLARY 7. Let n € N, U be a regular, real (signed) Borel measure and g :
[a,b] — R be an integrable function with respect to measure | such that g([a,b]) C
h O
im,M] C o, B] and (B — o) > 1). Let = %
Ifforall k=1,....n—1 andforall s € [, B]

L Arg() dp(r)

_1)kJa K| M-8, g—m
= J2 du(r)

A
M—-m lm) +

<(-1) AM)|, (37D

<

—m
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i da Al du(e) o [M—gg o E—m g
(=1 7 dn (0 <(-1) |:M—_mAk( )+ _mAk(M)]
and
_ kffén(g(t)as)d“(t) VK M— g—m ~ s
(DA < (1 R G  + S G0

then for every (2n)-completely convex function f : [ot, B] — R it holds

fabf(g(t))du(f) M-3
Pdu@) S M-m

If the reverse inequalities in (37) hold, then also the reverse inequality in (38) hold.

Flm) 4+ S F (). (38)

g
M—

Proof. For any n > 1, using the representation (32) for (2n)-completely convex
in a form

n—1 5

fx) = X (B =) [(=1) 9 (o) (= *Ae () + (=D} F PV (B) (~ 1) Ag ()]

k=0

B ~
HB =0 (1) Gule) (1) (5)ds,

o

we can calculate the difference

b d M-—g g—m
= f(f SL)( : R R

Z kf 2k (ﬁ a)2k ( l)kLR(Ak7g7m7M7”)

(=1 PO (B)(B —e)* - (—~1)'LR(Ay, g,m. M. 1)
B ~
+(ﬂ—0¢)2”’1/ (= 1" ()[(—1)"LR(Gi(-,5). 8.m. M, 1)) ds

o
By definition of (2n)-completely convex function the proof is done. [J
Using Lemma 3 we get the following generalization for (2n)-absolutely com-

pletely convex function:

COROLLARY 8. Let n € N and [ be a regular, real (signed) Borel measure and
g : la,b] — R be integrable function with respect to measure U such that g(|a,b]) C

m,M] C [, ] and ((f— ) > 1). Ler g = 480480

I du(r)
Ifforall k=1,...,n—1 and for all s € o, 3]
b A _ _
Ja du () M—=m M=m



GENERALIZATION OF JENSEN’S INEQUALITY BY LIDSTONE’S POLYNOMIAL 1257

2 A(g(t)dut) _ M—g - g—m
P M= M)
and
f:GN,,(g(I),S)d‘LL(Z‘) < M_gén(m,s)—i— g—m G,,(M7s)7

Ji du@r) " M—m —m
then for every (2n)-absolutely convex function f : [o, B] — R it holds
fabf(g(t))du(f) M-3
Pauw) - M—m

If the reverse inequalities in (39) hold, then also the reverse inequality in (40) hold.

f(m)+

g—m
M), (40)

As a consequence of the above results, the following results for the right-hand side

of generalized Hermite-Hadamard inequality hold:

COROLLARY 9. Let n € N, u be a regular, real (signed) Borel measure on inter-
b
val [a,b] C [o,B] and X = Lo xdn) | Ifforall s € [o, B]

Jid du(x)
Ji Gnlw,s)dpt(x) _ b—% T-a
Pant) S boaln @) Ty o) “D
then for every (2n)-convex function f: [, ] — R it holds
[P/ @dut) b= - F-a
17 du () <y fla)+ o —f0) (42)

+'§ [f(2k)(a)(ﬁ_a)2k -LR(/A\k,id7a7b7[J)+f(2k) (ﬁ)(ﬁ_a)% 'LR(/N\bid,a,b,!,L)] .
k=1

If the reverse inequalities in (41) hold, then also the reverse inequality in (43)
holds.

Using Lemma 3 we get the following generalization for (2n)-completely convex
functions:

COROLLARY 10. Let n € N, U be a regular, real (signed) Borel measure on in-
b
terval [a,b] C [, B] and X = %
Ifforall k=1,...,n—1 aandforall s€a,p]
Ac(x)d —X X—
( )kf k( ) ou“() g(—l)k |:b xA X—a
Ji du () b—a

A [boT - i-a
Pdul ’{b—a

Mb)] : (43)

(=1
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and

LGl ) _
Ji dp ()

then for every (2n)-completely convex function f : [ot, B] — R it holds

fy f)dux) _ b—%
JPaux) T b-a

If the reverse inequalities in (43) hold, then also the reverse inequality in (44)
holds.

(=1)

fla)+ =2 1) (44)

Using Lemma 3 we get the following generalization for (2n)-absolutely convex
functions:

COROLLARY 11. Let n € N, U be a regular, real (signed) Borel measure on in-
b
terval [a,b] C [, B] and X = %
Ifforall k=1,...,n—1 aandforall s € |a,p]

b A - _
Ja ?;(;zcég(t) < Z:ZAk(m)+z:ZAk(b)’ (45)
f:]\k(x)d.u(x) b—X- X—a -~
J2 du(x) S g AT M)
and
f:Gn(x,s)du(x) b—X . X—a ~
Pane) a0

then for every (2n)-absolutely convex function f : [o, B] — R it holds
Jef@dux) _b-x
Ji du(x) " b—a

If the reverse inequalities in (45) hold, then also the reverse inequality in (46)
holds.

fl@)+ 5= f(b). (46)

4. n-exponential convexity of Jensen’s inequality by Lidstone’s polynomial

Motivated by the inequalities (16) and (34), we define functionals ®(f) and
D, (f) by

o s du ()
Q) = 1) = @7)
- oy A (B ) dutr
_ (2k) 2 B-—g\ Ja o
PRGN Ak(ﬁ_a) i
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+ FP (BB — o) | A (?— OC) B I Ak (%) du(r)

B S du(t)

_ Jf(g)du(t) M—g g—m
Dy (f) = ? 4 (0) - M—mf(m) - mf(M) (48)

n—1
- 2 {f(zk)(a)(ﬁ_a)yc'LR(Akag7m7M7.u)+f(2k) (ﬂ)(ﬁ_a)2k 'LR(;\k,g,m,M“U)} .
k=1

THEOREM 7. Let U be a regular, real (signed) Borel measure and f: [0, B] — R,
fec®(la,B)]). Let g: [a,b] — R be integrable with respect to | such that g([a,b]) C

[o, B] and § = Ls0dut) € [a,B]. If for all s € [o,B] the reverse inequalities in (15)

Ja du (o)
and (33) hold, then there exists & € [a, B] such that
Di(f) = P (E)Pi(g), i=1,2, (49)
2n
where @(x) = (’2‘")!.

Proof. Let us denote m = min f' (27) and M = max f (21) " We first consider the
following function ¢y (x) = 1(%2;: — f(x). Then ¢1(2n) (x)=M— P (x) >0, x€ [, B],

so ¢ is a (2n)-convex function. Similarly, a function ¢ (x) = f(x) — ’(’;’f)n, isa (2n)-

convex function. Now, we use inequalities from Theorem 5 and Theorem 7 for (2n)-
convex functions ¢; and ¢, . So, we can conclude that there exists & € [or, B] that we
are looking for in (49). O

COROLLARY 12. Let f,h: [, 8] — R such that f,h € C*'([o,B]). If for all
s € o, B] the reverse inequalities in (15) and (33) hold, then there exists & € o, ]
such that
i(f) _ fP(E)

o(n)  mene)y TR 0

provided that the denominator of the left-hand side is non-zero.

Proof. We use the following standard technique: Let us define the linear functional
L(y) =®;(x), i = 1,2. Next, we define y(¢) = f(¢)L(h) — h(t)L(f). According to
Theorem 7, applied on j, there exists & € (¢, ) so that

x2n

L) =2 ()i(0), () = 7
From L(y) =0, it follows " (E)L(k) —h®)(E)L(f) = 0 and (50) is proved. [J

Now, let us recall some definitions and facts about exponentially convex functions
(see [0]):

i=1,2.
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DEFINITION 7. A function v : I — R is n-exponentially convex in the Jensen

sense on [ if .
Xi+X;j

=1

hold for all choices &i,...,&, € R and all choices xi,...,x, € I.
A function y : I — R is n-exponentially convex if it is n-exponentially convex in
the Jensen sense and continuous on /.

REMARK 4. It is clear from the definition that 1-exponentially convex functions
in the Jensen sense are in fact nonnegative functions. Also, n-exponentially convex
function in the Jensen sense are k-exponentially convex in the Jensen sense for every
keN, k<n.

By definition of positive semi-definite matrices and some basic linear algebra we
have the following proposition:

PROPOSITION 1. If y is an n-exponentially convex in the Jensen sense, then the

Tk
matrix [w(@)] is positive semi-definite matrix for all k € N, k < n. Particu-
—

L=

LNk
larly, det [W(%)} _ >0forall ke N, k<n.
ij=

DEFINITION 8. A function y : [ — R is exponentially convex in the Jensen sense
on [ if it is n-exponentially convex in the Jensen sense for all n € N.

A function ¥ : I — R is exponentially convex if it is exponentially convex in the
Jensen sense and continuous.

REMARK 5. It is known (and easy to show) that v : I — R is a log-convex in the
Jensen sense if and only if

xX+Yy
)+ 20py (1) 4 B 20
holds for every o, € R and x,y € I. It follows that a function is log-convex in the
Jensen sense if and only if it is 2-exponentially convex in the Jensen sense.

A positive function is log-convex if and only if it is 2-exponentially convex.

We use an idea from [6] to give an elegant method of producing an n-exponentially
convex functions and exponentially convex functions applying the above functionals on
a given family with the same property (see [15]):

THEOREM 8. Let Y = {f;:s € J}, where J an interval in R, be a family of
functions defined on an interval o, B] in R, such that the function s — f|z0,...,22]
is n-exponentially convex in the Jensen sense on J for every (21 + 1) mutually different
points zo,...,20 € [, B]. Let ®;(f), i = 1,2 be linear functional defined as in (47)
and (48). Then s — ®;(f;) is an n-exponentially convex function in the Jensen sense
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on J. If the function s — ®;(f;) is continuous on J, then it is n-exponentially convex
onJ.

Proof. For & eR,i=1,...,nand s; €J, i =1,...,n, we define the function

iééfm

i,j=1

Using the assumption that the function s — f[zo,...,22] is n-exponentially convex in
the Jensen sense, we have

h[Z()a"'vZQl Z élé} 3+3 ZO? 7Z21] 207
i,j=1

which in turn implies that % is a (2/)-convex function on J, so it is (k) > 0, hence

2 g,g,an( Foits; ) >0.

i,j=1

We conclude that the function s+— @ (f) is n-exponentially convex on J in the Jensen
sense.

If the function s — @ (fy) is also continuous on J, then s +— Py (f;) is n-expo-
nentially convex by definition. [

The following corollaries are an immediate consequences of the above theorem:

COROLLARY 13. Let Y = {f;:s € J}, where J an interval in R, be a family of
Sfunctions defined on an interval o, B] in R, such that the function s fs[z0,...,2]
is exponentially convex in the Jensen sense on J for every (214 1) mutually different
points 2g,...,20 € [0, B]. Let ®;(f), i =1,2 be linear functional defined as in (47)
and (48). Then s — @;(fs) is an exponentially convex function in the Jensen sense on
J. If the function s — ©;(fy) is continuous on J, then it is exponentially convex on J.

COROLLARY 14. Let Y = {fs:s € J}, where J an interval in R, be a family of
functions defined on an interval o, B] in R, such that the function s — f|z0,...,2]
is 2-exponentially convex in the Jensen sense on J for every (21 + 1) mutually different
points z29,...,2y € [, B]. Let ®;(f),i = 1,2 be linear functional defined as in (47)
and (48). Then the following statements hold:

(i) If the function s — D@;(fy) is continuous on J, then it is 2-exponentially convex
Sunction on J. If s +— ®;(f;) is additionally strictly positive, then it is also log-
convex on J. Furthermore, the following inequality holds true:

[@; (f)] " < [@i(f)] " [@i(fi)) 51)

for every choice r,s,t € J, such that r < s <t.
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(ii) If the function s — ®;(fs) is strictly positive and differentiable on J, then for
every s,q,u,v € J, such that s <u and q < v, we have

,LL_w(g,d),-,Y’) < nuu,v(g7q)iaY>7 (52)
where 1

f o , s#q,

Usq(g, ;YY) = i _ (53)
ds
i)
for fs, fg €Y.
Proof.

(i) This is an immediate consequence of Theorem 8 and Remark 5.

(ii) Since by (i) the function s — ®;(f;) is log-convex on J, that is, the function
s+ log®;(f;) is convex on J. So, we get

log ®i(f;) —log®i(fy) _ log®i(fu) —log®i(fy)
s—q b u—v

(54)

for s <u,q < v,s # q,u # v, and there form conclude that

.u.\',‘{(g7q)iaY) < nu“vv(g’q)i’Y)'

Cases s = ¢ and u = v follows from (54) as limit cases. [

REMARK 6. Note that the results from above theorem and corollaries still hold
when two of the points zp,...,zy € [0, B] coincide, say z; = zg, for a family of dif-
ferentiable functions f; such that the function s — fi[z0,...,22] is n-exponentially
convex in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the
Jensen sense), and furthermore, they still hold when all (27 + 1) points coincide for a
family of 2/ differentiable functions with the same property. The proofs are obtained
by (10) and suitable characterization of convexity.

5. Applications to Stolarsky type means

In this section, we present several families of functions which fulfil the conditions
of Theorem 8, Corollary 13, Corollary 14 and Remark 6. This enable us to construct a
large families of functions which are exponentially convex. For a discussion related to
this problem see [5].

EXAMPLE 1. Consider a family of functions

Q={l:R—[0,):5cR}
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defined by .
Iy(x) = { a $#0,
oo 5= 0.
We have dinlY (x) = €™ > 0 which shows that /; is (2n)-convex on R for every s € R
and s +— ‘[11 52 (x) is exponentially convex by definition. Using analogous arguing as

in the proof of Theorem 8 we also have that s — I[zo, . ..,22,] 1S exponentially convex
(and so exponentially convex in the Jensen sense). Using Corollary 13 we conclude that
s— D;(ly),i = 1,2 are exponentially convex in the Jensen sense. It is easy to verify that
this mapping is continuous (although mapping s + [ is not continuous for s = 0), so
it is exponentially convex.

For this family of functions, ‘I,L_w(g, ®;,Q,),i = 1,2 from (53), becomes

1

D;(l5) \ 54
< (Zq)) I S#q,
Ms,q(g: @i, 1) = { exp q)q)((‘”)) ) s=q+#0,
,(id-l
eXp 2nl+l rb(l(zog)) » $=q=0.

Now, using (52) it is monotonous function in parameters s and g.

d2nh

—-q
We observe here that ( q ) (Inx) = x so using Corollary 12 it follows that:

d2niy
dx2n

Ms,q(g7q)i,Ql) = ln.us,q(&q)hgl)» i=1,2

satisfy
o< MY7q(g7q)iaQI) < ﬂa i= 172

If we set that the image of the function g is [o, B], we have that

o= min {g(t)} < Ms4(g, P, Q1) < max{g( =B, i=12,
1€a,b] t€la,b]

which shows that M (g, ®;,Q;) are means of g(r) for i =1,2. Because of above
inequality, this mean is also monotonic.

EXAMPLE 2. Consider a family of functions
Q={f;:(0,00) = R:s€R}
defined by

x/ Inx .
71)2,,,1,1»‘,.‘?(2"717].)!7 s=je{0,1,...,2n—1}.

%, s¢40,1,...,2n—1
() = { T #{ }
(

Here, [flz:zj;‘ (x) = x* 2" = e5=2I0x > (0 which shows that f; is (21)-convex for x > 0

dznf}
d XZr;

and s — (x) is exponentially convex by definition. Arguing as in Example | we
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get that the mappings s — ®;(f;), i = 1,2 are exponentially convex. In this case we
assume that [or, 8] € R*. Function (53) now is equal to:

1
Di(fs) | 54
(379) " S# 4,
(Diffs - —
s (8205, ) = exp(—(Zn—l)!ﬁ—FZi"zolﬁ), s=q¢{0,1,....2n— 1},
@i(fofs) -1 1
CXp(—(Zl’l—l)!ﬁ‘Fz T—s

k=0 F—s ,S:qE{O,l,...,Zn—l}.
ks

1

5—q

pi ) (x) =x, soif ®@;(i=1,2) are positive, then Corollary
dx2n

12 yield that there exist some &; € [or, 3],i = 1,2 such that

a¥ g
We observe that | -4~

s—q __ q)i(fs) .
S T

Since the function & — £°77 is invertible for s # ¢, we then have

D;(f,) ) 77 -
“(cbi(fq)) <B, i=12. (55)

As in the previous example, if we set that the image of the function g is [, 8], in that
case we have that

1
. Qiﬂ))sq .
o= min g(1) < <max g(t)=pfB, i=1,2, 56
min g0 < (G20) " < max o). (56)
which shows that (g, ®;,Q5), i =1,2 is mean.

Now, we impose one additional parameter r. For r # 0 by substituting g —
g s—%andg—1

1 in (56), we get the following:

. r q)i(gr7'7fY) ﬁ
tlel?ﬂ](g(t)) S (d)i(g’, '7fq))

We define new generalized mean as follows:

< max (g(r))", i=1,2.
t€la,b]

(57)

1

g (5,00, 02) = § (M2.0(87®1.02)) 7, r£0, (58)
”S,q(lngaq)i792)7 r=0.

This new generalized mean is also monotonic. If s,q,u,v € R,r # 0 such that s <
u,q < v, then we have

.u.v,q;r(g:q)i’QZ) < Muir (8P, ), i=1,2.
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The above result follows from the following inequality:

u

s
r

q)i(gra'ufs))ﬁ (q)i(gi’,_7fs))u_rv
q raq)iaQ =\ 575 S| = Hu'y raq)iaQ ’
(g 2) <<I>i(g’,-7fq) B¢ f0) M x(g 2)

for s,q,u,v € R,r # 0, such that £ < ¥ 4 <2 and the fact that g 4(g,®;,Q>) for

)

i = 1,2 is monotonous in both parameters. For r = 0, we obtain the required result by
taking the limit » — 0.

EXAMPLE 3. Consider a family of functions

Q3 = {hs:(0,00) — (0,00) : 5 € (0,00)}

defined by
T S#L
hy(x) = § (27
o ST 1.
Since ij;zlfj (x) =s7* is the Laplace transform of a non-negative function (see [20]) it

is exponentially convex. Obviously A are (2n)-convex functions for every s > 0. For
this family of functions, ,(g, ®;,Q3), i = 1,2, in this case for [a,] € RT, from
(53) becomes

1
(Di(hx) s=q
(5) " 74
. — D (id-hg n
,us7q(g,q)1,Q3) - exXp | — s(I()l,'(hS)) — S%T) , §=(q 7é 17

exp (— ] <1>,-<id~h1)>’ s=q=1.

2n+1 @;(hy)

This is monotonous function in parameters s and g by (52).
Using Corollary 12 it follows that

M 4(®,Q3) = —L(s,q) In s o (@1, Q3), i=1,2

satisfy
0 < Myg(;,Q3) < B, i=1,2.
As in the previous examples, if we set that the image of the function g is [a, ], in that

case we have that

o= min g(t) < M, 4(P;,Q3) < max g(r) =B, i=1,2.
t€la,b] ’ t€la,b]

So M 4(®;,Q3) is mean of g(¢) for i = 1,2 and also monotonic. L(s,q) is logarithmic
mean defined by

%7 s 7é q
L(s,q) _ ) logs—logg
S, s=gq.
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EXAMPLE 4. Consider a family of functions

Q4 = {ks: (0,00) — (0,00) : 5 € (0,00)}

defined by
e Vs
ks(x) = .
5(x) o
Since ‘Zzlff (x) = e*V5 is the Laplace transform of a non-negative function (see [20]) it

is exponentially convex. Obviously & are (2n)-convex functions for every s > 0. For
this family of functions, (ly4(g,®;,4),i = 1,2, in this case for [or, f] € RT, from (53)

becomes
1

(Di(k.r) ) =4 ;é
' ) _ <q>'.(k ) ) S7#dq,
.u-\ﬂ(g7q)lag4) q (D,-(id~ks) n _
X\ “aysh) s ) ST
This is monotonous function in parameters s and g by (52).
Using Corollary 12 it follows that

M g(®i, ) = _(\/E+\/Z])lnus,q(q)i7g4), i=1,2

satisfy
o ng,q(q)iaQ4) < Ba i= 1a2

As in the previous examples, if we set that the image of the function g is [c, 3],
in that case we have that

o= min g(t) < M 4(P;, Q) < max g(r) =P, i=1,2.
t€a,b] ' t€la,b]

So M 4(®;,4) is mean of g(r) for i = 1,2 and also monotonic.
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