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FOURIER MULTIPLIER THEOREMS FOR BESOV AND

TRIEBEL–LIZORKIN SPACES WITH VARIABLE EXPONENTS
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(Communicated by L. Pick)

Abstract. In this paper, we will prove Fourier multiplier theorems on Besov and Triebel–Lizorkin
spaces with variable exponents. It was shown by many authors that variable Triebel–Lizorkin
spaces coincide with variable Bessel potential spaces, variable Sobolev spaces and variable
Lebesgue spaces when appropriate indices are chosen. In consequence of the results, we also
have Fourier multiplier theorems on these variable function spaces.

1. Introduction

Recently, variable function spaces have been studied by many authors [3, 8, 5, 6, 9,
12, 13, 14] and in particular the papers about the variable Triebel–Lizorkin and Besov
spaces have been published in [1, 7, 10, 17, 18, 19, 20]. More additional references
about variable exponent spaces are in the book [6] written by L. Diening, P. Harjulehto,
P. Hästö and M. Růžička.

We state Fourier multiplier theorems on Triebel–Lizorkin spaces with variable ex-

ponents Fα(·)
p(·),q(·)(R

n) and Besov spaces with variable exponents Bα(·)
p(·),q(·)(R

n) in sec-

tion 3 and prove the main theorems in section 5, where the spaces Fα(·)
p(·),q(·)(R

n) and

Bα(·)
p(·),q(·)(R

n) were introduced by L. Diening, P. Hästö and S. Roudenko [7] and A.
Almeida and P. Hästö [1], respectively.

J. Xu [18] showed that variable Bessel potential space Ls,p(·)(Rn) coincides with
Fs

p(·),2(R
n) if s � 0 and p(·) ∈ B(Rn) . L. Diening, P. Hästö and S. Roudenko [7]

showed that the variable Lebesgue space Lp(·)(Rn) coincides with F0
p(·),2(R

n) under

suitable assumptions on p(·) . P. Gurka, P. Harjulehto and A. Nekvinda [9] showed that
Lk,p(·)(Rn) coincides with variable Sobolev spaces Wk,p(·)(Rn) if k ∈ N and p(·) ∈
B(Rn) . In consequence of these results, we also have Fourier multiplier theorems on
these variable function spaces.
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2. Definition of variable function spaces

We first introduce the variable Lebesgue spaces Lp(·)(Rn) . Let p(·) be a measur-
able function on R

n with range in (0,∞) . Let Lp(·)(Rn) denote the set of measurable
functions f on R

n such that, for some λ > 0,

∫
Rn

( | f (x)|
λ

)p(x)

dx < ∞.

The set becomes a quasi Banach function space when it is equippedwith the Luxemburg–
Nakano norm

|| f ||Lp(·) = inf

{
λ > 0 :

∫
Rn

( | f (x)|
λ

)p(x)

dx � 1

}
.

If p(x) ≡ p is a constant function, then the above norm coincides with the usual Lp -
norm and so the notation is not confusing. It is remarked that one can define variable
Lebesgue spaces on any measurable subset of R

n ([12]).
Denote by P0(Rn) the set of measurable functions p(·) on R

n with range in
(0,∞) such that

0 < p− = ess inf
x∈Rn

p(x), ess sup
x∈Rn

p(x) = p+ < ∞.

We also denote by P(Rn) the set of measurable functions p(·) on R
n with range in

(1,∞) such that 1 < p− and p+ < ∞ . If f (·) is a complex-valued locally Lebesgue-
integrable function on R

n , then

(M f )(x) = sup
1
|B|

∫
B
| f (y)|dy

is called Hardy-Littlewood maximal function, where the supremum is taken over all
balls B centered at x . There exists some p(·)∈P(Rn) such that the Hardy–Littlewood
maximal operator M is not bounded on Lp(·)(Rn) ([13]), although the operator M is
bounded on Lp(Rn) for p > 1. Let B(Rn) be the set of p(·) ∈ P(Rn) such that
the Hardy–Littlewood maximal operator M is bounded on Lp(·)(Rn) . There are some
sufficient conditions on p(·) for the maximal operator M to be bounded on Lp(·)(Rn)
(see [3, 4]). We denote by Clog(Rn) the set of all real valued functions p(·) : R

n → R

satisfying following conditions: There exist constants Clog(p) and p∞ ∈ R such that

|p(x)− p(y)|� Clog(p)
log(e+ |x− y|−1)

(x,y ∈ R
n, x �= y) (1)

and

|p(x)− p∞| � Clog(p)
log(e+ |x|) (x ∈ R

n). (2)

Cruz-Uribe et. al. [2] showed that Clog(Rn)∩P(Rn) ⊂ B(Rn) .
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Let B0(Rn) be the set of p(·) ∈ P0(Rn) for which there exists a positive number
α > 0 such that M is bounded on Lα p(·)(Rn) .

Let S (Rn) be the Schwartz space of all complex-valued rapidly decreasing and
infinitely differentiable functions on R

n . Let S ′(Rn) be the set of all tempered dis-
tributions on R

n . If ϕ ∈ S (Rn) , then Fϕ denotes the Fourier transform of ϕ , and
F−1ϕ denotes the inverse Fourier transform of ϕ . We write F−1mF f = F−1[m ·
F f ] for the sake of simplicity.

Let s � 0 and p(·) ∈ P(Rn) . The variable exponent Bessel potential space
Ls,p(·)(Rn) is the collection of f ∈ Lp(·)(Rn) such that

|| f ||Ls,p(·) =
∣∣∣∣∣∣F−1 (1+ | · |2) s

2 F f (·)
∣∣∣∣∣∣

Lp(·) < ∞.

Let k ∈ N and p ∈ P(Rn) . The variable exponent Sobolev spaces Wk,p(·)(Rn) is
the collection of f ∈ Lp(·)(Rn) such that the derivatives (in the sense of distribution) up
to the order k belong to Lp(·)(Rn) and

|| f ||Wk,p(·) = ∑
|α |�k

||Dα f ||Lp(·) < ∞,

where α is a multi-index and |α| = α1 + · · ·+ αn .
The set Φ(Rn) is the collection of all systems θ = {θ j}∞

j=0 ⊂ S (Rn) such that{
supp Fθ0 ⊂ {x : |x| � 2},
supp Fθ j ⊂ {x : 2 j−1 � |x| � 2 j+1} for j = 0,1,2, · · · ,

and, for every multi-index α , there exists a positive number cα such that

2 j|α ||DαFθ j(x)| � cα

for j = 0,1, · · · and x ∈ R
n and

∞

∑
j=0

Fθ j(x) = 1

for x ∈ R
n .

To define the variable Besov spaces, we first define the mixed Lebesgue sequence
space �q(·)(Lp(·)) .

Let p(·) , q(·) ∈ P0(Rn) . The space �q(·)(Lp(·)) is the collection of all sequences
{g j}∞

0 of measurable functions on R
n such that

||{g j}∞
j=0||�q(·)(Lp(·)) = inf

{
μ > 0 : ρ�q(·)(Lp(·))

({
f j

μ

}∞

j=0

)
� 1

}
< ∞,

where

ρ�q(·)(Lp(·))

({
f j
}∞

j=0

)
=

∞

∑
j=0

inf

⎧⎪⎪⎨⎪⎪⎩λ j :
∫

Rn

⎛⎜⎝ | f j(x)|
λ

1
q(x)
j

⎞⎟⎠
p(x)

dx � 1

⎫⎪⎪⎬⎪⎪⎭ .
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Since we assume that q+ < ∞ , we have

ρ�q(·)(Lp(·))

({
f j
}∞

j=0

)
=

∞

∑
j=0

∣∣∣∣∣∣| f j|q(·)
∣∣∣∣∣∣

L
p(·)
q(·)

. (3)

DEFINITION 2.1. Let p(·),q(·) ∈ Clog(Rn)∩P0(Rn) and α(·) ∈ Clog(Rn) . Let

θ = {θ j}∞
j=0 ∈ Φ(Rn) . The variable Besov spaces Bα(·)

p(·),q(·)(R
n) is the collection of

f ∈ S ′(Rn) such that

|| f ||(θ)

Bα(·)
p(·),q(·)

=
∣∣∣∣∣∣{2 jα(·)θ j ∗ f

}∞

0

∣∣∣∣∣∣
�q(·)(Lp(·))

< ∞.

The variable Triebel–Lizorkin space Fα(·)
p(·),q(·)(R

n) is the collection of f ∈S ′(Rn)
such that

|| f ||(θ)

F
α(·)
p(·),q(·)

=
∣∣∣∣∣∣{2 jα(·)θ j ∗ f

}∞

0

∣∣∣∣∣∣
Lp(·)(�q(·))

< ∞.

Here Lp(·)(�q(·)) is the spaces of all sequences {g j}∞
0 of measurable functions on

R
n such that

||{g j}||Lp(·)(�q(·)) = || ||{g j}∞
0 ||�q(·) ||Lp(·) =

∣∣∣∣∣∣
∣∣∣∣∣∣
(

∞

∑
j=0

|g j(·)|q(·)
) 1

q(·)
∣∣∣∣∣∣
∣∣∣∣∣∣
Lp(·)

< ∞.

Almeida et. al. [1] showed that the quasi norm || f ||(θ)

B
α(·)
p(·),q(·)

of Bα(·)
p(·),q(·) does not

depend on θ ∈ Φ(Rn) . Diening et. al. [7] showed that || f ||(θ)

F
α(·)
p(·),q(·)

and || f ||(ρ)

F
α(·)
p(·),q(·)

are equivalent quasi norms on Fα(·)
p(·),q(·)(R

n) , where θ , ρ ∈ Φ(Rn) . Hence we write

|| f ||
B

α(·)
p(·),q(·)

= || f ||(θ)

B
α(·)
p(·),q(·)

and || f ||
F

α(·)
p(·),q(·)

= || f ||(θ)

F
α(·)
p(·),q(·)

.

3. Main results

Let N ∈ N and α be a multi-index. Following [16], we write

||m||N = sup
|α |�N

sup
x∈Rn

(1+ |x|2) |α|
2 |Dαm(x)|

for an infinity differentiable function m(·) . Then we have the following Fourier multi-
plier theorem which is proved in Section 5.

THEOREM 3.1. Let p(·),q(·) ∈Clog(Rn)∩P0(Rn) and α(·) ∈Clog(Rn) .
(i) If N > max{|α−|, |α+|}+ 3n+9Clog(α)min{p−,q−}

min{p−,q−} +n+2 , then there exists a pos-
itive number c such that

||F−1mF f ||
F

α(·)
p(·),q(·)

� c||m||N || f ||Fα(·)
p(·),q(·)

(4)
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for all infinitely differentiable functions m(·) and all f ∈ Fα(·)
p(·),q(·)(R

n) .

(ii) If N > max{|α−|, |α+|}+ 6n+9Clog(α)min{p−,q−}
min{p−,q−} + n + 2 , then there exists a

positive number c such that

||F−1mF f ||
B

α(·)
p(·),q(·)

� c||m||N || f ||Bα(·)
p(·),q(·)

(5)

for all infinitely differentiable functions m(·) and all f ∈ Bα(·)
p(·),q(·)(R

n) .

This theorem corresponds to [16, p. 57, Theorem].
For a real number s ,

Hs
2(R

n) = { f ∈ S ′(Rn) : || f ||Hs
2
= ||(1+ |·|2)s/2(F f )(·)||L2 < ∞}.

Let ψ(·) ∈ S (Rn) and ϕ(·) ∈ S (Rn) such that

0 � ψ � 1, suppψ ⊂ {y : |y| � 4}, ψ(x) = 1 if |x| � 2, (6)

and

0 � ϕ � 1, suppϕ ⊂
{

y :
1
4

� |y| � 4

}
, ϕ(x) = 1 if

1
2

� |x| � 2. (7)

Following [16], we write

||m||hs
2
= ||ψm||Hs

2
+ sup

k=0,1,2,···
||ϕ(·)m(2k·)||Hs

2
.

Then we obtain the following Fourier multiplier theorem which is proved in Sec-
tion 5.

THEOREM 3.2. Let p(·),q(·) ∈Clog(Rn)∩P0(Rn) and α(·) ∈Clog(Rn) .
(i) If v > n

2 + n+3Clog(α)min{p−,q−}
min{p−,q−} , then there exists a constant c such that

||F−1mF f ||
F

α(·)
p(·),q(·)

� c||m||hv
2
|| f ||

F
α(·)
p(·),q(·)

(8)

for m(·) ∈ L∞(Rn) and f ∈ Fα(·)
p(·),q(·)(R

n) .

(ii) If v > n
2 + 2n+3Clog(α)min{p−,q−}

min{p−,q−} , then there exists a constant c such that

||F−1mF f ||
Bα(·)

p(·),q(·)
� c||m||hv

2
|| f ||

Bα(·)
p(·),q(·)

(9)

for m(·) ∈ L∞(Rn) and f ∈ Bα(·)
p(·),q(·)(R

n) .

REMARK 3.3. It is shown by Triebel [16] that, in the case where α(·) , p(·)
and q(·) are constants, Theorem 3.1 and 3.2 holds under the condition N � |α|+
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3n/min{p,q}+n+2 or v � n/2+n/min{p,q} , respectively. Let p(·) ∈ B (R
n) . If

q(·) ∈ B (R
n) is not a constant function, Almeida et al. [1] showed the inequality

||{M fk}∞
0 ||�q(·)(Lp(·)) � ||{ fk}∞

0 ||�q(·)(Lp(·))

does not hold for all sequences { fk}∞
k=0 ⊂ Lp(·)(Rn) , and so Theorem 4.10 are applied

to prove Theorem 4.13. Hence, main results above do not recover the constant cases in
the case of Bα

p,q . However, if we want to prove directly the theorems where q(·) and
α(·) are constants, the proofs are as follows:

Let p(·) ∈ B 0(R
n) and q ∈ (0,∞) . Then we set

rp−,q = sup

{
r ∈ R : 0 < r < min{p−,q} and

p(·)
r

∈ B (R
n)
}

Since the definition of B 0(R
n) , the condition on m in the (ii) of Theorem 4.13 is

weakened to m > n . Hence, the conditions on N and v in the case of Bα
p(·),q are

weakened to N > |α|+3n/rp−,q +n+2 and v > n/2+n/rp−,q respectively.

The next theorem is proved by many authors [18, 7].

THEOREM 3.4. Let s � 0 and p(·) ∈ B(Rn) . Then Fs
p(·),2(R

n) coincides with

Ls,p(·)(Rn) . Let k∈N and p(·)∈B(Rn) . Then Fk
p(·),2(R

n) coincides with Wk,p(·)(Rn) .

The next corollary is an immediate consequence of Theorem 3.1, 3.2 and 3.4.

COROLLARY 3.5. Let p(·) ∈ B(Rn) and s � 0 .
(i) If N � |s|+4n+2 , then there exists a positive number c such that

||F−1mF f ||Ls,p(·) � c||m||N || f ||Ls,p(·)

for all infinitely differentiable functions m(·) and all f ∈ Ls,p(·)(Rn) .
(ii) If v � n/2+n, then there exists a constant c such that

||F−1mF f ||Ls,p(·) � c||m||hv
2
|| f ||Ls,p(·)

for m(·) ∈ L∞(Rn) and f ∈ Ls,p(·)(Rn) .

We can prove the next corollary by the same arguments in the proof of [16, p. 58,
Theorem 2.3.8] with lifting property (Corollary 4.22) and Theorem 3.1 which takes
the place of [16, p. 57, Theorem 2.3.7].

COROLLARY 3.6. Let p(·),q(·) ∈Clog(Rn)∩P0(Rn) , α(·) ∈Clog(Rn) and m ∈
N .

(i) Let β be a multi index. Then

∑
|β |�m

∣∣∣∣∣∣Dβ f
∣∣∣∣∣∣

B
α(·)−m
p(·),q(·)

and || f ||
Bα(·)−m

p(·),q(·)
+

n

∑
j=1

∣∣∣∣∣
∣∣∣∣∣∂m f

∂xm
j

∣∣∣∣∣
∣∣∣∣∣
B

α(·)−m
p(·),q(·)
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are equivalent quasi-norms on Bα(·)
p(·),q(·)(R

n) .
(ii) Similarly,

∑
|β |�m

∣∣∣∣∣∣Dβ f
∣∣∣∣∣∣

f
α(·)−m
p(·),q(·)

and || f ||
F

α(·)−m
p(·),q(·)

+
n

∑
j=1

∣∣∣∣∣
∣∣∣∣∣∂m f

∂xm
j

∣∣∣∣∣
∣∣∣∣∣
Fα(·)−m

p(·),q(·)

are equivalent quasi-norms on Fα(·)
p(·),q(·)(R

n) .

4. Preliminaries

We need the following fundamental properties of Lp(·)(Rn) .

THEOREM 4.1. ([5, Theorem 8.1]) Let p(·) ∈P(Rn) . Then the following condi-
tions are equivalent to each other:

(a) p(·) ∈ B(Rn) .
(b) p(·)/t ∈ B(Rn) for some 1 < t < p− .
(c) p′(·) ∈ B(Rn) , where

p′(x) =
p(x)

p(x)−1
.

In [3, 5], some other equivalent conditions are given.

REMARK 4.2. Let p(·) ∈ B(Rn) and t be the same as Theorem 4.1. Then, for
any w ∈ (1, t] , we have p(·)/w ∈ B(Rn) . Furthermore, for any w ∈ (0,1] , we have
also p(·)/w ∈ B(Rn) by Jensen inequality. The proof and the details are found in [5].
Consequently, if p(·) ∈ B(Rn) , then, for any r ∈ (0,rp−) , p(·)/r ∈ B(Rn) . For any
r ∈ (0,rp−,q) , we have also p(·)/r ∈ B(Rn) .

The next theorem gives a generalized Hölder inequality which is shown in [12, 14].

THEOREM 4.3. ([12, 14, Generalized Hölder inequality]) Let p ∈ P(Rn) . Then∫
Rn

| f (x)g(x)|dx �
(

1+
1
p−

− 1
p+

)
|| f ||Lp(·) ||g||Lp′(·)

for every f ∈ Lp(·)(Rn) and g ∈ Lp′(·)(Rn) .

Let p(·) ∈ P(Rn) such that p(·) is not a constant function. Then, according
to [12, Example 2.9, Theorem 2.10], for every Lp(·) , there exists a function f (·) ∈
Lp(·)(Rn) such that its any translation f (β + ·) �∈Lp(·)(Rn) , where β ∈R

n\{(0,0, · · · ,0)} .
The next theorem shows that all elements of S (Rn) and any of their corresponding
translations belong to Lp(·)(Rn) for every p(·) ∈ P0(Rn) .
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THEOREM 4.4. Let f (·) be a measurable function on R
n satisfying

sup
x∈Rn

{(1+ |x|2) n
p− | f (x)|} < ∞. (10)

Then, for any p(·) ∈ P0(Rn) ,

|| f ||Lp(·) � π
n

p− sup
x∈Rn

{(1+ |x|2) n
p− | f (x)|}.

Furthermore, for any α ∈ R\ {0} and β ∈ R
n ,

sup
β∈Rn

|| f (β + α·)||Lp(·) � |α|− n
p∗ π

n
p− sup

x∈Rn
{(1+ |x|2) n

p− | f (x)|},

where

p∗ =

{
p− if |α| � 1,

p+ otherwise.

Proof. We put fc = supx∈Rn{(1+ |x|2)n/p−| f (x)|} . Then

| f (x)|p(x) =

(
(1+ |x|2) n

p− | f (x)|
(1+ |x|2) n

p−

)p(x)

� f p(x)
c

(1+ |x|2)n , (11)

since (1+ |x|2)−1 � 1 and p− < p(x) . So, we have

∫
Rn

(
| f (x)|
π

n
p− fc

)p(x)

dx �
∫

Rn

(
fc

(1+ |x|2) n
p−

1

π
n

p− fc

)p(x)

dx

=
∫

Rn

(
1

(1+ |x|2) n
p−

1

π
n

p−

)p(x)

dx

� 1
πn

(∫ ∞

−∞

1
1+ t2

dt

)n

= 1, (12)

where we use (11) , π−p(x)n/p− � π−n and (1+ x2
1)(1+ x2

2) · · · (1+ x2
n) � (1+ |x|2)n .

By (12) , we have || f ||Lp(·) � πn/p− supx∈Rn{(1+ |x|2)n/p−| f (x)|} < ∞ . By (10) with
x replaced by β + αx , we have

| f (β + αx)| � (1+ |β + αx|2) n
p− | f (β + αx)|

� sup
x∈Rn

{(1+ |β + αx|2) n
p− | f (β + αx)|} < ∞

for any α ∈ R\{0} and β ∈ R
n . We put f{α ,β} = supx∈Rn{(1+ |β +αx|2)n/p−| f (β +

αx)|} . Let

p∗ =

{
p+ if |α| � 1,

p− if |α| � 1.
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Then we have ∫
Rn

(
| f (β + αx)|

|α|− n
p∗ π

n
p− f{α ,β}

)p(x)

dx � 1

by the same calculation as in (12) . Hence we have

|| f (β + α·)||Lp(·) � |α| −n
p∗ π

n
p− sup

x∈Rn
{(1+ |β + αx|2) n

p− | f (β + αx)|}

� |α| −n
p∗ π

n
p− sup

z∈Rn
{(1+ |z|2) n

p− | f (z)|} (13)

by (10) . Finally we have

sup
β∈Rn

|| f (β + α·)||Lp(·) � |α| −n
p∗ π

n
p− sup

x∈Rn
{(1+ |x|2) n

p− | f (x)|} < ∞

by (13) . �

COROLLARY 4.5. Let p(·) ∈ P0(Rn) .
(i) The inclusion S (Rn) ⊂ Lp(·)(Rn) holds. Furthermore, we have

|| f ||Lp(·) � π
n

p− sup
x∈Rn

{(1+ |x|2) n
p− | f (x)|}

for f (·) ∈ S (Rn) .
(ii) If f (·)∈S (Rn) , then f (β +α·)∈ Lp(·)(Rn) for any α ∈R\{0} and β ∈R

n .
Furthermore, we have

sup
β∈Rn

|| f (β + α·)||Lp(·) � |α|− n
p∗ π

n
p− sup

x∈Rn
{(1+ |x|2) n

p− | f (x)|},

where

p∗ =

{
p− if |α| � 1,

p+ otherwise.

Proof. It is sufficient to prove that (10) holds for f (·) ∈ S (Rn) . We recall that
the topology in the complete locally convex space S (Rn) is generated by semi-norms

pN( f ) = sup
x∈Rn

∑
|α |+k�N

(1+ |x|2)k|Dα f (x)|, N ∈ N.

Then, for any x ∈ R
n and any N � [n/p−]+1, we have

| f (x)| � sup
x∈Rn

{(1+ |x|2) n
p− | f (x)|} � pN( f ) < ∞

for f ∈ S (Rn) . �
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DEFINITION 4.6. (i) Let Ω be a compact subset of R
n . Then S Ω(Rn) denotes

the space of all elements ϕ ∈ S (Rn) which satisfies suppFϕ ⊂ Ω .
(ii) Let p(·) ∈ Clog(Rn)∩P0(Rn) . If Ω = {Ωk}∞

k=0 is a sequence of compact
subsets of R

n , then LΩ
p(·) are the spaces of all sequences { fk}∞

k=0 of S ′(Rn) such that

suppF fk ⊂ Ωk (14)

and || fk||Lp(·) < ∞ for k = 0,1,2, · · · .

The next theorem gives a relationship between Lp(·) and Lq(·) norm of ϕ ∈S B(Rn) .

THEOREM 4.7. Let Bb = {x ∈ R
n : |x| � b} , b > 0 and α be an arbitrary multi-

index.
(i) Let p(·) , q(·) ∈ P0(Rn) satisfy 0 < p(·) � q(·) < ∞ . If ϕ ∈ S Bb(Rn) , then

there exists a positive number c such that

||ϕ ||Lq(·) � cb
n
(

1
p∗ − 1

q∗∗
)
||ϕ ||Lp(·) and ||ϕ ||L∞ � cb

n
p∗ ||ϕ ||Lp(·) ,

where

p∗ =

{
p− if b � 1,

p+ if b < 1,
and q∗∗ =

{
q+ if b � 1,

q− if b < 1,

and c is independent of b .
(ii) Let p(·) , q(·) ∈ P0(Rn) satisfy 0 < p(·) � q(·) < ∞ and let p∗ and q∗∗ are

the same function as above. If ϕ ∈ S Bb(Rn) , then there exists a positive number c
such that

||Dα ϕ ||Lq(·) � cb
|α |+n

(
1
p∗ − 1

q∗∗
)
||ϕ ||Lp(·) and ||Dα ϕ ||L∞ � cb|α |+ n

p∗ ||ϕ ||Lp(·) ,

where c is independent on b.

Proof. We prove only the b � 1 case because we can prove the b < 1 case by the
same argument.

Step 1. First we will prove that

||ϕ ||L∞ � cb
n

p− ||ϕ ||Lp(·) (15)

for ϕ ∈ S Ω(Rn) and p(·) ∈ P0(Rn) . Without loss of generality, we can assume
||ϕ ||L∞ = 1. Let ψ(y) ∈ S (Rn) such that (Fψ)(ξ ) = 1 for ξ ∈ {x ∈ R

n : |x| � 1} .
Then there exists a some positive number c1 such that

ϕ(x) = c1

∫
Rn

ϕ(y)bnψ(b(x− y))dy,
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where c1 depends only on the definition of Fourier transform F . Then we have

|ϕ(x)|
c1

�
∫

Rn
bn|ϕ(y)ψ(b(x− y))|dy

=
∫

Ω(p>1)
bn|ϕ(y)ψ(b(x− y))|dy+

∫
Ω(p�1)

bn|ϕ(y)ψ(b(x− y))|dy

= I1 + I2, (16)

where Ω(p > 1) = {x ∈ R
n : p(x) > 1} and Ω(p � 1) = {x ∈ R

n : p(x) � 1} . Let

p̃(x) =

{
p(x) (x ∈ Ω(p > 1)),
1+ ε (x ∈ Ω(p � 1)),

where ε > 0 is an arbitrary fixed number with 1+ ε � p+ . By Corollary 4.5, we have

sup
x∈Rn

||bnψ(b(x−·))χΩ(p>1)(·)||Lp̃′(·) � π
n

p̃′− b
n− n

p̃′+ sup
y∈Rn

{(1+ |y|2)
n

p̃′− |ψ(y)|},

where χΩ(p>1)(x) is a characteristic function on Ω(p > 1) . Hence we have

|I1| � dbn||ψ(b(x−·))χΩ(p>1)(·)||Lp̃′(·) ||ϕ(·)χΩ(p>1)(·)||Lp̃(·)

� dc2π
n

p′− b
n

(
1− 1

p̃′+

)
||ϕ ||Lp(·) = dc2π

n
p′− b

n
p̃− ||ϕ ||Lp(·)

� dc2π
n

p′− b
n

p− ||ϕ ||Lp(·) (17)

by Hölder inequality, where d = (1+ 1
p̃− − 1

p̃+
) and c2 = supy∈Rn{(1+ |y|2)

n
p̃′− |ψ(y)|} .

By ||ϕ ||L∞ = 1, we have

|I2| � bn||ψ ||L∞

∫
Ω(p�1)

|ϕ(y)|p(y)|ϕ(y)|1−p(y) dy

� bn||ψ ||L∞

∫
Ω(p�1)

|ϕ(y)|p(y) dy

� bn||ψ ||L∞

∫
Rn
|ϕ(y)|p(y) dy � bn||ψ ||L∞ ||ϕ ||p∗

Lp(·) , (18)

where

p∗ =

{
p+ if ||ϕ ||Lp(·) � 1,

p− if ||ϕ ||Lp(·) < 1.

Hence we have

1 � dc1c2π
n

p′− b
n

p− ||ϕ ||Lp(·) + c1b
n||ψ ||L∞ ||ϕ ||p∗

Lp(·)

by ||ϕ ||L∞ = 1 and (16)–(18) . It follows that

1
2

� dc1c2π
n

p′− b
n

p− ||ϕ ||Lp(·) or
1
2

� c1b
n||ψ ||L∞ ||ϕ ||p∗

Lp(·) .
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Hence we have
||ϕ ||L∞ � cb

n
p− ||ϕ ||Lp(·) ,

where

c = max

{
2dc1c2π

n
p′− ,(2c1||ψ ||L∞)

1
p− ,(2c1||ψ ||L∞)

1
p+

}
.

By q(x)− p(x) � 0 and (15) , we have

∫
Rn

⎛⎝ |ϕ(x)|
cb

n
(

1
p− − 1

q+

)
||ϕ ||Lp(·)

⎞⎠q(x)

dx

=
∫

Rn

⎛⎝ |ϕ(x)|
cb

n
(

1
p− − 1

q+

)
||ϕ ||Lp(·)

⎞⎠q(x)−p(x)⎛⎝ |ϕ(x)|
cb

n
(

1
p− − 1

q+

)
||ϕ ||Lp(·)

⎞⎠p(x)

dx

�
∫

Rn

⎛⎝ ||ϕ ||L∞

cb
n
(

1
p− − 1

q+

)
||ϕ ||Lp(·)

⎞⎠q(x)−p(x)⎛⎝ |ϕ(x)|
cb

n
(

1
p− − 1

q+

)
||ϕ ||Lp(·)

⎞⎠p(x)

dx

�
∫

Rn
b

nq(x)
q+ b

−np(x)
p−

( |ϕ(x)|
c||ϕ ||Lp(·)

)p(x)

dx � 1
c

� 1.

Hence we have

||ϕ ||Lq(·) � cb
n
(

1
p∗ − 1

q∗∗
)
||ϕ ||Lp(·) , (19)

which implies (i) .
Step 2. We will prove (ii) . Let ψ ∈ S (Rn) be the same function as in the Step 1.

Then we see that

Dα ϕ(x) = c1

∫
Rn

ϕ(y)bn+|α |Dα ψ(b(x− y))dy.

Hence, we have
||Dαϕ ||L∞ � cb

|α |+ n
p− ||ϕ ||Lp(·)

and

||Dα ϕ ||Lq(·) � cb
|α |+n

(
1

p− − 1
q+

)
||ϕ ||Lp(·) ,

where

c = max

{
2dc1π

n
p′− sup

y∈Rn
{(1+ |y|2)

n
p̃′− |Dα ψ(y)|},(2c1||Dα ψ ||L∞)

1
p− ,(2c1||Dα ψ ||L∞)

1
p+

}
.

�
This theorem is corresponding to [16, p. 17, Theorem].
D. Cruz-Uribe et al. [3] proves the boundedness of classical operators, for exam-

ple, singular integral operators and fractional integral operators, on the space Lp(·)(Rn) .
The next theorem is corresponding to the well-known maximal vector-valued inequality
in the classical setting.
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THEOREM 4.8. ([3, Corollary 2.1]) If p(·) ∈ B(Rn) , then, for all q ∈ (1,∞) ,
there exists a constant c such that

||{M fk}∞
0 ||Lp(·)(�q) � c||{ fk}∞

0 ||Lp(·)(�q) (20)

for all sequences { fk}∞
k=0 ⊂ Lp(·)(Rn) .

It is well-known that (20) does not hold if q(·)∈B(Rn) is not a constant function.
However, Diening et al. [7] showed the following helpful theorem, which takes the place
of Theorem 4.8.

Let
ηm(x) = (1+ |x|)−m and ην,m(x) = 2νnηm(2νx)

for ν ∈ N0 and a positive real number m .

THEOREM 4.9. ([7, Theorem 3.2]) Let p(·),q(·)∈Clog(Rn) with 1 < p− � p+ <
∞ and 1 < q− � q+ < ∞ . Then the inequality

||{ηk,m ∗ fk}∞
k=0||Lp(·)(�q(·)) � c||{ fk}∞

0 ||Lp(·)(�q(·))

holds for every sequence { fk}∞
k=0 of L1

loc -functions and m > n.

Almeida et al. [1] showed the following helpful theorem for �q(·)(Lp(·)) quasi
norm.

THEOREM 4.10. ([1, Lemma 4.7]) Let p(·),q(·)∈Clog(Rn) with 1 < p− � p+ <
∞ and 1 < q− � q+ < ∞ . Then the inequality

||{ηk,m ∗ fk}∞
k=0||�q(·)(Lp(·)) � c||{ fk}∞

0 ||�q(·)(Lp(·))

holds for every sequence { fk}∞
k=0 of L1

loc -functions and m > 2n.

We can generalize [7, Lemma A.6], which is called “the r trick”, to following
lemma.

LEMMA 4.11. Let r > 0 , ν ∈N0 and m � n+1 . Then there exists c = c(r,m,n)>
0 such that | f (x− z)|

(1+ |2νz|)m
r

� c(ην,m ∗ | f |r(x)) 1
r

for all x ∈ R
n , z ∈ R

n and every f ∈ S ′(Rn) with suppF f ⊂ {ξ : |ξ | � 2ν+1} .

Proof. We use the same arguments in the proof of [7, Lemma A.6]. Let k =
(k1, · · · ,kn) ∈ Z

n and l ∈ Z
n . Fix a dyadic cube Q = Qν,k = ∏n

i=1[2
νki,2ν(ki + 1)]

and x− z ∈ Q . Then we have

| f (x− z)|r � sup
ω∈Q

| f (ω)|r � cr2
νn ∑

l∈Zn

(1+ |l|)−m
∫

Qν,k+l

| f (y)|r dy
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for m � n+1. Let y∈Qν,k+l . Then we have 1+2ν |x−z−y| ≈ 1+ |l| by x−z∈Qν,k .
Since

(1+2ν |x− y|)m � (1+2ν |x− z− y|)m(1+2ν |z|)m,

sup
ω∈Q

| f (ω)|r � cr,n2νn ∑
l∈Zn

∫
Qν,k+l

(1+2ν |x− z− y|)−m| f (y)|r dy

� cr,n2νn
∫

Rn
(1+2ν |x− y|)−m(1+2ν |z|)m| f (y)|r dy

= cr,n(1+2ν |z|)m(ην,m ∗ | f |r)(x).
For x− z ∈ Qν,k , we have

| f (x− z)|
(1+2ν |z|)m

r
� c(r,m,n)(ην,m ∗ | f |r(x)) 1

r ,

where c(r,m,n) depends only on r , m and n . For any x,z ∈ R
n , then, there exists a

k′ ∈ Z
n such that x− z ∈ Qν,k′ . Hence we have the desired inequality for all x ∈ R

n

and z ∈ R
n . �

We often use the following relation between α(x) and α(y) , which is proved in
[11].

LEMMA 4.12. ([11, Lemma 19]) Let α(·) ∈ Clog(Rn) . Then there exists a posi-
tive constant c such that

2kα(x)ηk,m+R(x− y) � c2kα(y)ηk,m(x− y)

for all x,y ∈ R
n and R � Clog(α) .

THEOREM 4.13. Let p(·),q(·) ∈ Clog(Rn)∩P0(Rn) and α(·) ∈ Clog(Rn) . Let
Ω = {Ωk}∞

k=0 be a sequence of compact subsets of R
n such that Ωk ⊂ {ξ ∈ R

n : |ξ |�
2k+1} .

(i) If 0 < r < min{p−,q−} and m > n+2Clog(α)min{p−,q−} , then there exists
a constant c such that∣∣∣∣∣

∣∣∣∣∣
{

sup
z∈Rn

2kα(·−z)| fk(·− z)|
1+ |2kz|m

r

}∞

k=0

∣∣∣∣∣
∣∣∣∣∣
Lp(·)(�q(·))

� c||{2kα(·) fk}∞
0 ||Lp(·)(�q(·)) (21)

for all { fk}∞
0 ∈ LΩ

p(·) .
(ii) If 0 < r < min{p−,q−} and m > 2n+2Clog(α)min{p−,q−} , then there exists

a constant c such that∣∣∣∣∣
∣∣∣∣∣
{

sup
z∈Rn

2kα(·−z)| fk(·− z)|
1+ |2kz|m

r

}∞

k=0

∣∣∣∣∣
∣∣∣∣∣
�q(·)(Lp(·))

� c||{2kα(·) fk}∞
0 ||�q(·)(Lp(·)) (22)

for all { fk}∞
0 ∈ LΩ

p(·) .
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Proof. Let { fk}∞
0 ∈ LΩ

p(·) and R � Clog(α) . It is easy to see that

2kα(x−z)| fk(x− z)|
1+ |2kz|m

r
� max{2m

r −1,1}2kα(x−z)| fk(x− z)|
(1+ |2kz|)m

r

� max{2m
r −1,1}2kα(x)| fk(x− z)|

(1+ |2kz|)m−Rr
r

� max{2m
r −1,1}2kα(x) (ηk,m−Rr ∗ | fk|r(x)

) 1
r

� max{2m
r −1,1}

(
(ηk,m−2Rr(y)∗ 2krα(y)| fk(y)|r)(x)

) 1
r

for k = 0,1, · · · by Lemma 4.11 and 4.12. Hence we have∣∣∣∣∣
∣∣∣∣∣
{

sup
z∈Rn

2kα(·−z)| fk(·− z)|
1+ |2kz|m

r

}∞

k=0

∣∣∣∣∣
∣∣∣∣∣
Lp(·)(�q(·))

� c||{(ηk,m−2Rr(y)∗ 2krα(y)| fk(y)|r)(·)}∞
k=0||1/r

L
p(·)
r (�

q(·)
r )

(23)

and ∣∣∣∣∣
∣∣∣∣∣
{

sup
z∈Rn

2kα(·−z)| fk(·− z)|
1+ |2kz|m

r

}∞

k=0

∣∣∣∣∣
∣∣∣∣∣
�

q(·)
r (L

p(·)
r )

� c||{(ηk,m−2Rr(y)∗ 2krα(y)| fk(y)|r)(·)}∞
k=0||1/r

�
q(·)
r (L

p(·)
r )

. (24)

By 0 < r < min{p−,q−} , p(·)/r and q(·)/r satisfy the assumption of Theorem
4.9 and 4.10. If m > n+2Rr , then we have∣∣∣∣∣

∣∣∣∣∣
{

sup
z∈Rn

2kα(·−z)| fk(·− z)|
1+ |2kz|m

r

}∞

k=0

∣∣∣∣∣
∣∣∣∣∣
Lp(·)(�q(·))

� c||{2krα(·)| fk|r}∞
0 ||1/r

L
p(·)
r (�

q(·)
r )

= c||{2kα(·) fk}∞
k=0||Lp(·)(�q(·))

by (23) and Theorem 4.9.
If m > 2n+2Rr , then we have∣∣∣∣∣
∣∣∣∣∣
{

sup
z∈Rn

2kα(·−z)| fk(·− z)|
1+ |2kz|m

r

}∞

k=0

∣∣∣∣∣
∣∣∣∣∣
�q(·)(Lp(·))

� c||{2krα(·)| fk|r}∞
0 ||1/r

�
q(·)
r (L

p(·)
r )

= c||{2kα(·) fk}∞
k=0||�q(·)(Lp(·))

by (24) and Theorem 4.10. �



64 TAKAHIRO NOI

THEOREM 4.14. Let Ω be a compact subset of R
n , p(·) ∈ B0(Rn) and q(·) ∈

P0(Rn) satisfy 0 < p(x) � q(x) < ∞ . Then there exists a positive constant c such that

||Dα f ||Lq(·) � c|| f ||Lp(·) (25)

and
||Dα f ||L∞ � c|| f ||Lp(·) (26)

for any f ∈ LΩ
p(·) and any multi index α .

Proof. We use the same arguments in the proof of [16, p. 22, Theorem]. Let
ϕ ∈ S (Rn) with ϕ(0) = 1 and suppFϕ ⊂ {y : |y| � 1} . Let fδ (x) = ϕ(δx) f (x)
with 0 < δ < 1 and f ∈ LΩ

p(·) . By the Paley–Wiener–Schwartz theorems [16, p. 13,

Theorem1, Theorem2], we have fδ ∈ S B , where B is a closed ball, centered at the
origin, such that

{y : ∃x ∈ Ω and |x− y|� 1} ⊂ B.

We apply Theorem 4.7 to ϕ = fδ to obtain

||Dα fδ ||Lq(·) � c′|| fδ ||Lp(·) � c|| f ||Lp(·) .

Similarly as in the first step of the proof of [16, p. 22, Theorem], Dα fδ (x) → Dα f (x)
(pointwise convergence) if δ ↓ 0 and Dα f ∈ L∞ . Hence we have (25) . This completes
the proof of Theorem 4.14. �

Let f (·) ∈ LΩ
p(·)(R

n) and F−1M ∈ L1(Rn) . Then

(F−1MF f )(x) = c
∫

Rn
(F−1M)(x− y) f (y)dy

make sense for any x ∈ R
n by the classical Hölder inequality and (26) .

THEOREM 4.15. Let p(·),q(·) ∈ Clog(Rn)∩P0(Rn) and α(·) ∈ Clog(Rn) . Let
Ω = {Ωk}∞

k=0 be a sequence of compact subsets of R
n such that Ωk ⊂ {ξ ∈ R

n : |ξ |�
2k+1} .

(i) If v > n
2 + n+3Clog(α)min{p−,q−}

min{p−,q−} , then there exists a number c such that

||{2kα(·)F−1MkF fk}∞
k=0||Lp(·)(�q(·))

� csup
l
||Ml(2l·)||Hv

2
||{2kα(·) fk}∞

0 ||Lp(·)(�q(·))

for { fk(x)}∞
k=0 ∈ LΩ

p(·) and {Mk(x)}∞
k=0 ∈ Hv

2(R
n) .

(ii) If v > n
2 + 2n+3Clog(α)min{p−,q−}

min{p−,q−} , then there exists a number c such that

||{2kα(·)F−1MkF fk}∞
k=0||�q(·)(Lp(·))

� csup
l
||Ml(2l·)||Hv

2
||{2kα(·) fk}∞

0 ||�q(·)(Lp(·))

for { fk(x)}∞
k=0 ∈ LΩ

p(·) and {Mk(x)}∞
k=0 ∈ Hv

2(R
n) .
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Proof. As we mentioned above, F−1MkF fk is well-defined. By the same argu-
ments in the proof of [16, p. 31, Theorem], using Theorem 4.13, we have

|2kα(x)F−1MkF fk(x− z)|

�
∫

Rn
2kα(x) |(F−1Mk)(x− z− y)|

(1+2k|x− y|)m+Rr
r

| fk(y)|(1+ |2k(x− y)|m+Rr
r )dy

�
∫

Rn

|(F−1Mk)(x− z− y)|
(1+2k|x− y|)m

r
2kα(y)| fk(y)|(1+ |2k(x− y)|m+Rr

r )dy

� sup
u∈Rn

2kα(u)| fk(u)|
(1+2k|x−u|)m

r

∫
Rn
|(F−1Mk)(x− z− y)|(1+ |2k(x− y)|m+Rr

r )dy.

Since

1+ |2k(x− y)|m+Rr
r � c(1+ |2k(x− y− z)|m+Rr

r )(1+ |2kz|m+Rr
r ),

1+ |2kz|m+Rr
r � 2(1+ |2kz|)m+Rr

r ,

the arguments in the proof of [16, p. 31, Theorem] implies that

sup
z∈Rn

2kα(x)|F−1MkF fk(x− z)|
1+ |2kz|m+Rr

r

� c sup
z∈Rn

2kα(x−z)| fk(x− z)|
1+ |2kz|m

r
||Mk(2k·)||Hv

2
(27)

for 0 < r < min{p−,q−} and v > n
2 + m+Rr

r . Hence Theorem 4.15 is an immediate
consequence of (27) , Theorem 4.13 and the estimate

2kα(x)|F−1MkF fk(x)| � sup
z∈Rn

2kα(x)|F−1MkF fk(x− z)|
1+ |2kz|m+Rr

r

. �

DEFINITION 4.16. [16, p. 45, Definition1] The set Ψ(Rn) is the collection of all
systems ϕ = {ϕ j}∞

j=0 ⊂ S (Rn) such that{
supp ϕ0 ⊂ {x : |x| � 2},
supp ϕ j ⊂ {x : 2 j−1 � |x| � 2 j+1} for j = 1,2, · · · ,

for every multi-index α , there exists a positive number cα such that

2 j|α ||Dα ϕ j(x)| � cα

for j = 0,1, · · · and x ∈ R
n and

∞

∑
j=0

ϕ j(x) = 1

for x ∈ R
n .
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DEFINITION 4.17. ([16]) For a natural number L , Let AL(Rn) denote the collec-
tion of all systems ϕ = {ϕ j(x)}∞

j=0 ⊂ S (Rn) of functions with compact supports such
that

C(ϕ) = sup
x∈Rn

|x|L ∑
|α |�L

|Dα ϕ0(x)|

+ sup
x∈R

n\{0}
j=1,2,···

(|x|L + |x|−L) ∑
|α |�L

|Dα ϕ j(2 jx)| < ∞.

All elements {ϕ j} ∈ Ψ(Rn) belong to AL(Rn) for any natural number L .

DEFINITION 4.18. For a natural number L , ϕ = {ϕ j(x)}∞
j=0 ∈ AL(Rn) , f ∈

S ′(Rn) , and a > 0, we set

(ϕ∗
j f )(x) = sup

y∈Rn

|(F−1ϕ jF f )(x− y)|
1+ |2 jy|a , x ∈ R

n, (28)

(Peetre maximal function), for j = 0,1,2, · · · .
The next proposition corresponds to [16, p. 53, Proposition] in the classical setting.

PROPOSITION 4.19. Let a > 0 in (28) be fixed. Let p(·),q(·) ∈ P0(Rn) , α(·) ∈
Clog(Rn) and L a natural number larger than max{|α−|, |α+|}+3a+n+2 .

(i) There exists a positive number c such that

||2kα(x) sup
0<τ<1

(ϕτ∗
k f )(x)||�q(x) � c sup

0<τ<1
C(ϕτ)||2kα(x)(ϕ∗

k f )(x)||�q(x) (29)

for ϕ = {ϕk(x)}∞
k=0 ∈ Ψ(Rn) , ϕτ = {ϕτ

k (x)}∞
k=0 ∈ AL(Rn) with 0 < τ < 1 , f ∈

S ′(Rn) and x ∈ R
n .

(ii) There exists a positive number c such that

||2kα(·) sup
0<τ<1

(ϕτ∗
k f )(·)||�q(·)(Lp(·)) � c sup

0<τ<1
C(ϕτ )||2kα(·)(ϕ∗

k f )(·)||�q(·)(Lp(·)) (30)

for ϕ = {ϕk(x)}∞
k=0 ∈ Ψ(Rn) , ϕτ = {ϕτ

k (x)}∞
k=0 ∈ AL(Rn) with 0 < τ < 1 and f ∈

S ′(Rn) .

Proof. (i) is the same as [16, p. 53, Proposition]. In particular, we remark that
there exists a positive number d > 0 such that

2kα(x)(ϕτ∗
k f )(x) � dC(ϕτ)

∞

∑
�=0

2(σ−L)|�−k|2�α(x)(ϕ∗
� f )(x), (31)

where σ =max{|α−|, |α+|}+3a+n+2 and L > σ , which follows from the arguments
in [16, p. 53, Proposition]. Hence we have (29) because q(x) ∈ (0,∞) for any fixed
x ∈ R

n .
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We will prove (ii) . Let p(·),q(·) ∈ P0(Rn) and

μ =
∣∣∣∣∣∣∣∣{2 jα(·)(ϕ∗

j f )(·)
}∞

j=0

∣∣∣∣∣∣∣∣
�q(·)(Lp(·))

.

Let

g(x) =
f (x)

d sup0<τ ′<1C(ϕτ ′)μ
and h(x) =

f (x)
μ

.

Then we have

2kα(x) sup
0<τ<1

(ϕτ∗
k g)(x) �

∞

∑
�=0

2(σ−L)|�−k|2�α(x)(ϕ∗
� h)(x)

by (31) .
Hence we have{
2kα(x) sup

0<τ<1
(ϕτ∗

k g)(x)
}q(x)

� c
∞

∑
�=0

2q−(σ+ε1−L)|�−k|
{

2�α(x)(ϕ∗
� h)(x)

}q(x)
(32)

with ε1 > 0 and L > σ + ε1 , where

c =

(
∞

∑
k=0

2−ε1k

)q+

.

Let

λ = c
∞

∑
�=0

2q−(σ+ε2−L)|�−k|
∣∣∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)
}q(·)∣∣∣∣∣∣∣∣

L
p(·)
q(·)

with ε2 > ε1 and L > σ + ε2 .
Then we consider the following integrand

I =
∫

Rn

(
{2kα(x) sup0<τ<1(ϕτ∗

k g)(x)}q(x)

λ

) p(x)
q(x)

dx.

Let Ω( p
q > 1) and Ω( p

q � 1) be the same as (16) . Then we have

I =
∫

Ω( p
q >1)

(
{2kα(x) sup0<τ<1(ϕτ∗

k g)(x)}q(x)

λ

) p(x)
q(x)

dx

+
∫

Ω( p
q �1)

(
{2kα(x) sup0<τ<1(ϕτ∗

k g)(x)}q(x)

λ

) p(x)
q(x)

dx = I1 + I2. (33)

First we estimate I1 .
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Let p̃(·)
q(·) be the same as in the proof of Theorem 4.7. Then L

p̃(·)
q(·) -norm has the

triangle inequality property because p̃(·)
q(·) is a measurable function on R

n with range in

(1,∞) . Hence we have∣∣∣∣∣
∣∣∣∣∣
{

2kα(·) sup
0<τ<1

(ϕτ∗
k g)(·)χΩ( p

q >1)(·)
}q(·)∣∣∣∣∣

∣∣∣∣∣
L

p̃(·)
q(·)

� λ ′,

where

λ ′ = c
∞

∑
�=0

2q−(σ+ε2−L)|�−k|
∣∣∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)(·)χΩ( p
q >1)(·)

}q(·)∣∣∣∣∣∣∣∣
L

p̃(·)
q(·)

.

This implies

∫
Rn

⎛⎝{2kα(x) sup0<τ<1(ϕτ∗
k g)(x)χΩ( p

q >1)(x)}q(x)

λ ′

⎞⎠
p̃(x)
q(x)

dx � 1.

Hence we have

I1 =
∫

Rn

⎛⎝{2kα(x) sup0<τ<1(ϕτ∗
k g)(x)χΩ( p

q >1)(x)}q(x)

λ

⎞⎠
p̃(x)
q(x)

dx

�
∫

Rn

⎛⎝{2kα(x) sup0<τ<1(ϕτ∗
k g)(x)χΩ( p

q >1)(x)}q(x)

λ ′

⎞⎠
p̃(x)
q(x)

dx � 1 (34)

by λ ′ � λ .
Next we estimate the I2 . By (32) , we have

I2 �
∫

Ω( p
q �1)

⎛⎜⎝c∑∞
�=0 2q−(σ+ε1−L)|�−k|

{
2�α(x)(ϕ∗

� h)(x)
}q(x)

λ

⎞⎟⎠
p(x)
q(x)

dx. (35)

Since c2(σ+ε2−L)|�−k|
∣∣∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)
}q(·)∣∣∣∣∣∣∣∣

L
p(·)
q(·)

� λ , it is easy to see that

c
λ

∞

∑
�=0

2q−(σ+ε1−L)|�−k|
{

2�α(x)(ϕ∗
� h)(x)

}q(x)

�
∞

∑
�=0

2−q−ε3|�−k|

{
2�α(x)(ϕ∗

� h)(x)
}q(x)∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)(·)}q(·)∣∣∣∣∣∣
L

p(·)
q(·)
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for � = 0,1, · · · , where ε3 = ε2 − ε1 > 0. By (35) and Jensen inequality, we have

I2 �
∫

Ω( p
q �1)

⎛⎜⎝ ∞

∑
�=0

2−q−ε3|�−k|

{
2�α(x)(ϕ∗

� h)(x)
}q(x)∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)(·)}q(·)∣∣∣∣∣∣
L

p(·)
q(·)

⎞⎟⎠
p(x)
q(x)

dx

�
∫

Ω( p
q �1)

∞

∑
�=0

2
−q−ε3|�−k| p(x)

q(x)

⎛⎜⎝
{

2�α(x)(ϕ∗
� h)(x)

}q(x)∣∣∣∣∣∣{2�α(·)(ϕ∗
� h)(·)}q(·)∣∣∣∣∣∣

L
p(·)
q(·)

⎞⎟⎠
p(x)
q(x)

dx

�
∞

∑
�=0

2−q−ε3|�−k|( p
q )−

∫
Rn

⎛⎜⎝
{

2�α(x)(ϕ∗
� h)(x)

}q(x)∣∣∣∣∣∣{2�α(·)(ϕ∗
� h)(·)}q(·)∣∣∣∣∣∣

L
p(·)
q(·)

⎞⎟⎠
p(x)
q(x)

dx

�
∞

∑
�=0

2−q−ε3|�−k|( p
q )− < 2

2ε3q−( p
q )−

2ε3q−( p
q )− −1

< ∞. (36)

By (33) , (34) and (36) ,

I � I1 + I2 � 1+2
2ε3q−( p

q )−

2ε3q−( p
q )− −1

holds. This implies

||{2kα(·) sup
0<τ<1

(ϕτ∗
k g)(·)}q(·)||

L
p(·)
q(·)

� c
∞

∑
�=0

2q−(σ+ε2−L)|�−k|
∣∣∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)
}q(·)∣∣∣∣∣∣∣∣

L
p(·)
q(·)

,

where

c =

(
∞

∑
k=0

2−ε1k

)q+(
1+2

2ε3q−( p
q )−

2ε3q−( p
q )− −1

) 1
( p
q )−

.

By (3) , we have

∞

∑
k=0

∣∣∣∣∣
∣∣∣∣∣
{

2kα(·) sup
0<τ<1

(ϕτ∗
k g)(·)

}q(·)∣∣∣∣∣
∣∣∣∣∣
L

p(·)
q(·)

� c
∞

∑
k=0

∞

∑
�=0

2q−(σ+ε2−L)|�−k|
∣∣∣∣∣∣∣∣{2�α(·)(ϕ∗

� h)
}q(·)∣∣∣∣∣∣∣∣

L
p(·)
q(·)

= c
∞

∑
�=0

∣∣∣∣∣∣
∣∣∣∣∣∣
{

2�α(·)(ϕ∗
� f )

μ

}q(·)∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q(·)

∞

∑
k=0

2q−(σ+ε2−L)|�−k|

� δ , (37)
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where

δ =

(
∞

∑
k=0

2−ε1k

)q+(
1+2

2ε3q−( p
q )−

2ε3q−( p
q )− −1

) 1
( p
q )−

2

(
2q−(L−(σ+ε2))

2q−(L−(σ+ε2))−1

)
.

By (37) , we have

∞

∑
k=0

∣∣∣∣∣∣∣
∣∣∣∣∣∣∣
⎧⎨⎩2kα(·) sup0<τ<1(ϕτ∗

k f )(·)
δ

1
q− d sup0<τ ′<1C(ϕτ ′)μ

⎫⎬⎭
q(·)∣∣∣∣∣∣∣

∣∣∣∣∣∣∣
L

p(·)
q(·)

� 1
δ

∞

∑
k=0

∣∣∣∣∣∣
∣∣∣∣∣∣
{

2kα(·) sup0<τ<1(ϕτ∗
k f )(·)

d sup0<τ ′<1C(ϕτ ′)μ

}q(·)∣∣∣∣∣∣
∣∣∣∣∣∣
L

p(·)
q(·)

� 1.

Hence we have

||{2kα(·) sup
0<τ<1

(ϕτ∗
k f )(·)}∞

k=0||�q(·)(Lp(·))

� δ
1

q− d sup
0<τ<1

C(ϕτ )||{2kα(·)(ϕ∗
k f )(·)}∞

k=0||�q(·)(Lp(·))

by (3) . This proves (29) and (30) provided

L > max{|α−|, |α+|}+3a+n+2. (38)

�

REMARK 4.20. Let p(·),q(·)∈P0(Rn) and α(·)∈Clog(Rn) . Let f (·)∈Bα(·)
p(·),q(·)

and θ j ∈ Φ(Rn) such that suppFθ j ⊂ Ω j . Then, for any j = 0,1, · · · , θ j ∗ f ∈
L

Ω j

p(·)(R
n) , which is an immediate consequence of definition of Bα(·)

p(·),q(·) -norm. If f (·)∈
Fα(·)

p(·),q(·)(R
n) , then, for any j = 0,1, · · · ,

{
(2 jα(x)|θ j ∗ f (x)|)q(x)

} 1
q(x) �

{
∞

∑
k=0

(2kα(x)|θk ∗ f (x)|)q(x)

} 1
q(x)

.

This implies
||θ j ∗ f ||Lp(·) � 2− j(α−)|| f ||

F
α(·)
p(·),q(·)

< ∞

for any j = 0,1, · · · . Hence, we have θ j ∗ f ∈ L
Ω j

p(·)(R
n) for any f ∈ A . Here A be either

Bα(·)
p(·),q(·)(R

n) or Fα(·)
p(·),q(·)(R

n) .

THEOREM 4.21. Let p(·),q(·) ∈Clog(Rn)∩P0(Rn) and α(·) ∈Clog(Rn) .
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(i) If a >
n+3Clog(α)min{p−,q−}

min{p−,q−} in (28) and the natural number L as in (38) is

larger than max{|α−|, |α+|}+ 3n+9Clog(α)min{p−,q−}
min{p−,q−} +n+2 , then there exists a positive

number c such that

||2kα(·) sup
0<τ<1

(ϕτ∗
k f )(·)||�q(·)(Lp(·)) � c sup

0<τ<1
C(ϕτ)|| f ||

B
α(·)
p(·),q(·)

(39)

for ϕ = {ϕk(x)}∞
k=0 ∈ Ψ(Rn) , ϕτ = {ϕτ

k (x)}∞
k=0 ∈ AL(Rn) with 0 < τ < 1 and f ∈

Bα(·)
p(·),q(·)(R

n) .

(ii) Let q(·) ∈Clog(Rn)∩P0(Rn) . If a >
2n+3Clog(α)min{p−,q−}

min{p−,q−} in (28) and L >

max{|α−|, |α+|}+ 6n+9Clog(α)min{p−,q−}
min{p−,q−} + n+ 2 , then there exists a positive number c

such that

||2kα(·) sup
0<τ<1

(ϕτ∗
k f )(·)||Lp(·)(�q(·)) � c sup

0<τ<1
C(ϕτ)|| f ||

F
α(·)
p(·),q(·)

(40)

for ϕ = {ϕk(x)}∞
k=0 ∈ Ψ(Rn) , ϕτ = {ϕτ

k (x)}∞
k=0 ∈ AL(Rn) with 0 < τ < 1 and f ∈

Fα(·)
p(·),q(·)(R

n) .

Proof. We use the same arguments in the proof of [16, p. 56, Theorem] with
Proposition 4.19. First, we will prove (ii) . By (29) , it is sufficient to show that

||2kα(·)(ϕ∗
k f )(·)||Lp(·)(�q(·)) � c||2kα(·)(F−1ϕk ∗ f )(·)||Lp(·)(�q(·)) (41)

for f ∈ Fα(·)
p(·),q(·)(R

n) , where c is independent of ϕ ∈ Ψ(Rn) . Recall that the right hand

side of (41) is || f ||
Fα(·)

p(·),q(·)(R
n)

by {F−1ϕk}∞
k=0 ∈ Φ(Rn) . Let R � Clog(α) . Then, it is

easy to see that

2kα(x)(ϕ∗
k f )(x) � c sup

z∈Rn
2kα(x−z) |(F−1ϕkF f )(x− z)|

1+ |2kz|a−R ,

because

2kα(x) |(F−1ϕkF f )(x− z)|
1+ |2kz|a � max{2a−1,1}2kα(x) |(F−1ϕkF f )(x− z)|

(1+ |2kz|)a

� max{2a−1,1}2kα(x−z) |(F−1ϕkF f )(x− z)|
(1+ |2kz|)a−R

� max{2a,2}2kα(x−z) |(F−1ϕkF f )(x− z)|
1+ |2kz|a−R

by Lemma 4.12. Hence (41) is an immediate consequence of Remark 4.20 and The-

orem 4.13 with fk = F−1ϕkF f = F−1ϕk ∗ f and a >
n+3Clog(α)min{p−,q−}

r , where
0 < r < min{p−,q−} .
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Finally we will prove (i) . By (30) , it is sufficient to show that

||2kα(·)ϕ∗
k f ||�q(·)(Lp(·)) � c||2kα(·)F−1ϕkF f ||�q(·)(Lp(·)) (42)

for f ∈ Bα(·)
p(·),q(·)(R

n) and a >
2n+3Clog(α)min{p−,q−}

r in (28) , where c is independent

of ϕ ∈ Ψ(Rn) and k = 0,1,2, · · · . The estimate (42) follows from the Theorem 4.13
(ii) . �

We can prove the Lifting property by the same argument in [16, p. 58, Theorem
2.3.8] with Theorem 4.21 which takes the place of [16, p. 56, Theorem2.3.6].

COROLLARY 4.22. (Lifting property) Let Bσ denote the Bessel potential oper-
ator Bσ = F−1(1+ |ξ |2)−σ/2F for σ ∈ R . Let p(·),q(·) ∈Clog(Rn)∩P0(Rn) and
α(·) ∈ Clog(Rn) . Then the Bessel potential operator Bσ is an isomorphism between

Fα(·)
p(·),q(·) and Fα(·)+σ

p(·),q(·) . The Bessel potential operator Bσ is an isomorphism between

Bα(·)
p(·),q(·) and Bα(·)+σ

p(·),q(·) .

We note that Lifting property for Fα(·)
p(·),q(·)(R

n) is already proved in [7, Lemma 4.4]
by the atomic decomposition techniques.

5. Proof of Fourier multiplier theorems

Proof of Theorem 3.1 . We use the same arguments in the proof of [16, p. 57,

Theorem]. Let f ∈ Fα(·)
p(·),q(·)(R

n) and m(·) ∈ C∞(Rn) . Let {θk}∞
k=0 ∈ Φ(Rn) . Then

{F−1θk}∞
k=0 ∈ Ψ(Rn) . So we write F−1θk(x) = ϕk(x) . It is obvious that

θk ∗ (F−1mF f ) = F−1(F−1θk ·m ·F f ) = F−1ϕkmF f (43)

and
|(F−1ϕτ

k F f )(x)| � (ϕτ∗
k f )(x) (44)

with ϕτ
k = mϕk . By (43) , (44) and Theorem 4.21 (ii) with N > max{|α−|, |α+|}+

3n+9Clog(α)min{p−,q−}
min{p−,q−} +n+2, we have

||F−1mF f ||
F

α(·)
p(·),q(·)

= ||2kα(·)(F−1ϕτ
k F f )(·)||Lp(·)(�q(·))

� ||2kα(·)(ϕτ∗
k f )(·)||Lp(·)(�q(·))

� c sup
0<τ<1

C(ϕτ)|| f ||
F

α(·)
p(·),q(·)

,

where ϕτ = {mϕk}∞
k=0 . Hence (4) holds. Finally we prove (ii). By Theorem 4.21 (i)

with N > max{|α−|, |α+|}+ 6n+9Clog(α)min{p−,q−}
min{p−,q−} +n+2, we have
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||F−1mF f ||
Bα(·)

p(·),q(·)
= ||2kα(·)(F−1ϕτ

k F f )(·)||�q(·)(Lp(·))

� ||2kα(·) sup
0<τ<1

(ϕτ∗
k f )(·)||�q(·)(Lp(·))

� c sup
0<τ<1

C(ϕτ)|| f ||
Bα(·)

p(·),q(·)
.

This implies (5) . This completes the proof of Theorem 3.1. �

Proof of Theorem 3.2 . We use the same arguments in the proof of [16, p. 74,
Proposition]. Let f ∈ S ′(Rn) and {θk(x)}∞

k=0 ∈ Φ(Rn) . If ψ and ϕ are the functions
as (6) and (7) , then we have

θ0 ∗ (F−1mF f ) = F−1 {m ·ϕ0 ·F (θ0 ∗ f )}
and

θ j ∗ (F−1mF f ) = F−1(Fθ j ·m ·F f ) = F−1(Fθ j ·m ·ϕ j ·F f )

= F−1{m ·ϕ j ·F (θ j ∗ f )
}

for j = 1,2, · · · .
Hence we have

θ j ∗ (F−1mF f ) = θ j ∗F−1m∗ f = F−1{Mj ·F (θ j ∗ f )
}

, (45)

where

Mj(x) =

{
m(x)ψ(x), if j = 0,

m(x)ϕ(2− jx), otherwise.

By (45) , we have

||F−1mF f ||
F

α(·)
p(·),q(·)

= ||{2kα(·)F−1 {Mk ·F (θk ∗ f )}}∞
k=0||Lp(·)(�q(·))

for f ∈ Fα(·)
p(·),q(·)(R

n) and

||F−1mF f ||
Bα(·)

p(·),q(·)
= ||{2kα(·)F−1 {Mk ·F (θk ∗ f )}}∞

k=0||�q(·)(Lp(·))

for f ∈ Bα(·)
p(·),q(·)(R

n) . Using Theorem 4.15 with fk = θk ∗ f , we have (8) and (9) .
This completes the proof of Theorem 3.2. �
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