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A GENERALIZATION OF THE HILBERT’S TYPE INEQUALITY

GAOWEN XI

(Communicated by J. Pečarić)

Abstract. In this paper, by introducing two parameters A,B and using the Euler-Maclaurin ex-
pansion for the Riemann zeta function, we establish an inequality of a weight coefficient. Using
this inequality, we derive generalizations of a Hilbert’s type inequality.

1. Introduction

If p,q > 1, 1
p + 1

q = 1, an � 0, bn � 0, for n � 1, n ∈ N and 0 <
∞
∑

n=1
ap

n < ∞ ,

0 <
∞
∑

n=1
bq

n < ∞ , then

∞

∑
n=1

∞

∑
m=1

ambn

m+n
<

π

sin
(

π
p

)
{

∞

∑
n=1

ap
n

} 1
p
{

∞

∑
n=1

bq
n

} 1
q

, (1.1)

and

∞

∑
n=1

∞

∑
m=1

ambn

max{m,n} < pq

{
∞

∑
n=1

ap
n

} 1
p
{

∞

∑
n=1

bq
n

} 1
q

, (1.2)

where the constant π
sin π

p
and pq is best possible for each inequality respectively. In-

equality (1.1) is Hardy-Hilbert’s inequality. Inequality (1.2) is a Hilbert’s type inequal-
ity [1].

In [4], [7] and [6], M. Krnić, J. Pečarić and B. Yang gave some generalization and
reinforcement of inequality (1.1). In [2], J. Kuang and L. Debnath gave a reinforcement
of inequality (1.2):

∞

∑
n=1

∞

∑
m=1

ambn

max{m,n} <

{
∞

∑
n=1

[pq−G(p,n)]ap
n

} 1
p
{

∞

∑
n=1

[pq−G(q,n)]bq
n

} 1
q

(1.3)
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where G(r,n) = r+ 1
3r− 4

3

(2n+1)
1
r

> 0 (r = p,q ).

In [5], G. Xi gave a generalization and reinforcement of inequalities (1.2) and
(1.3):

∞

∑
n=1

∞

∑
m=1

ambn

max{mλ ,nλ} <

{
∞

∑
n=1

[
κ(λ )− 1

3qn
q+λ−2

q

]
n1−λap

n

} 1
p

×
{

∞

∑
n=1

[
κ(λ )− 1

3pn
p+λ−2

p

]
n1−λ bq

n

} 1
q

, (1.4)

where κ(λ ) = pqλ
(p+λ−2)(q+λ−2) > 0, 2−min{p,q} < λ � 2.

In this paper, by introducing two parameters A,B and using the Euler-Maclaurin
expansion for the Riemann zeta function, we establish an inequality for a weight coef-
ficient. Using this inequality, we derive a generalization of inequalities (1.4).

2. A Lemma

First, we need the following formula of the Riemann-ζ function (see [3], [9] and
[8]):

ζ (σ) =
n

∑
k=1

1
kσ − n1−σ

1−σ
− 1

2nσ −
l−1

∑
k=1

B2k

2k

(−σ
2k−1

)
1

nσ+2k−1

−B2l

2l

(−σ
2l−1

)
ε

nσ+2l−1 , (2.1)

where σ > 0, σ �= 1, n, l � 1, n, l ∈ N , 0 < ε = ε(σ , l,n) < 1. The numbers B1 =
−1/2, B2 = 1/6, B3 = 0, B4 = −1/30, · · · are Bernoulli numbers. In particular,
ζ (σ) = ∑∞

k=1
1
kσ (σ > 1) .

Since ζ (0) =−1/2, then the formula of the Riemann-ζ function (2.1) is also true
for σ = 0 .

LEMMA 1. If p,q > 1 , 1
p + 1

q = 1 , 2−min{p,q} < λ � 2 , n � 1 and n ∈ N ,

0 � A � B � min{ 1
3p−1 ,

1
3q−1} , then

ω(n,λ , p,A,B) =
∞

∑
k=1

1

max
{
kλ +A,nλ +B

} (n
k

) 2−λ
p

< n1−λ

[
κ(λ )− 1

n
p+λ−2

p

(
1
3p

− A
1+A

)]
, (2.2)
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and

ω(n,λ ,q,A,B) =
∞

∑
k=1

1

max
{
kλ +B,nλ +A

} (n
k

) 2−λ
q

< n1−λ

[
κ(λ )− 1

n
q+λ−2

q

(
1
3q

− B
1+B

)]
, (2.3)

where κ(λ ) = pqλ
(p+λ−2)(q+λ−2) . When λ = 1 , we have following the stronger inequal-

ity:

ω(n,1, p,A,B) =
∞

∑
k=1

1
max{k+A,n+B}

(n
k

) 1
p

<

[
pq− 1

n
1
q

(
12q2 +3q+5p

12pq
− A

1+A

)]
, (2.4)

and

ω(n,1,q,A,B) =
∞

∑
k=1

1
max{k+A,n+B}

(n
k

) 1
q

<

[
pq− 1

n
1
p

(
12p2 +3p+5q

12pq
− B

1+B

)]
. (2.5)

Proof. Equalities (2.2) and (2.3) define the weight coefficient. When 2−min{p,q}
< λ � 2, taking σ = 2−λ

p � 0, l = 1, in (2.1), we obtain

ζ
(

2−λ
p

)
=

n

∑
k=1

1

k
2−λ

p

− pn
p+λ−2

p

p+ λ −2
− 1

2n
2−λ

p

+
2−λ

12pn1+ 2−λ
p

ε1, (2.6)

where 0 < ε1 < 1.
Taking σ = 2

p + λ
q , l = 1, we obtain

ζ
(

2
p

+
λ
q

)
=

n−1

∑
k=1

1

k
2
p + λ

q

+
qn−

q+λ−2
q

q+ λ −2
+

1

2n
2
p+ λ

q

+
pλ +2q

12pqn1+ 2
p + λ

q

ε2, (2.7)

where 0 < ε2 < 1.
In addition,

ω(n,λ , p,A,B) =
∞

∑
k=1

1

max{kλ +A,nλ +B}
(n

k

) 2−λ
p

=
n

∑
k=1

1

max{kλ +A,nλ +B}
(n

k

) 2−λ
p − 1

nλ +A

+
∞

∑
k=n

1

max{kλ +A,nλ +B}
(n

k

) 2−λ
p
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=
n

∑
k=1

1

nλ +B

(n
k

) 2−λ
p − 1

nλ +A
+

∞

∑
k=n

1

kλ +A

(n
k

) 2−λ
p

�
n

∑
k=1

1

nλ

(n
k

) 2−λ
p − 1

nλ +A
+

∞

∑
k=n

1

kλ

(n
k

) 2−λ
p

=
1

n
(p+1)λ−2

p

n

∑
k=1

1

k
2−λ

p

− 1

nλ +A
+n

2−λ
p

∞

∑
k=n

1

k
2
p + λ

q

.

By (2.6) and (2.7)

ω(n,λ , p,A,B)

<
1

n
(p+1)λ−2

p

⎡
⎣ζ
(

2−λ
p

)
+

pn
p+λ−2

p

p+ λ −2
+

1

2n
2−λ

p

⎤
⎦− 1

nλ +A

+n
2−λ

p

⎡
⎣qn−

q+λ−2
q

q+ λ −2
+

1

2n
2
p + λ

q

+
pλ +2q

12pqn1+ 2
p + λ

q

⎤
⎦

=
1

n
(p+1)λ−2

p

ζ
(

2−λ
p

)
+

pn1−λ

p+ λ −2
+

1

2nλ − 1

nλ +A
+

qn1−λ

q+ λ −2

+
1

2nλ +
pλ +2q

12pqn1+λ

=
1

n
(p+1)λ−2

p

ζ
(

2−λ
p

)
+

pqλn1−λ

(p+ λ −2)(q+ λ −2)
+

pλ +2q

12pqn1+λ +
A

nλ (nλ +A)

= n1−λ

{
κ(λ )− 1

n
p+λ−2

p

[
−ζ
(

2−λ
p

)
− pλ +2q

12pqn
p−λ+2

p

− A

n
2−λ

p (nλ +A)

]}
.

In (2.6), taking n = 1, by 2−min{p,q}< λ � 2, we obtain

ζ
(

2−λ
p

)
= 1− p

p+ λ −2
− 1

2
+

(2−λ )ε1

12p

<
1
2
− p

p+ λ −2
+

2−λ
12p

= − (λ −2−3p)(λ −2−2p)
12p(p+ λ −2)

< 0.

So for n � 1, n ∈ N , 2−min{p,q} < λ � 2, 0 � A � B � min{ 1
3p−1 ,

1
3q−1} , we
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have

−ζ
(

2−λ
p

)
− pλ +2q

12pqn
p−λ+2

p

− A

n
2−λ

p (nλ +A)

>
(λ −2−3p)(λ −2−2p)

12p(p+ λ −2)
− pλ +2q

12pq
− α

1+ α

=
q(λ −2−3p)(λ −2−2p)− (pλ +2q)(p+ λ −2)

12pq(p+ λ −2)
− A

1+A

>
−p(pλ +2q)+6p2q

12pq(p+ λ −2)
− A

1+A

� −(2p+2q)+6pq
12q(p+ λ −2)

− A
1+A

>
1
3p

− A
1+A

� 0.

Using the last result and the inequality for ω(n,λ , p,A,B) above, we obtain (2.2).
When λ = 1, we have

−ζ
(

2−λ
p

)
− pλ +2q

12pqn
p−λ+2

p

− A

n
2−λ

p (nλ +A)

>
q(λ −2)2 +(pλ +5pq+2q)(2−λ)− p(pλ +2q)+6p2q

12pq(p+ λ −2)
− A

1+A

=
p+3q− p2+3pq+6p2q

12pq(p−1)
− A

1+A

=
5p2 +10p+12q

12pq(p−1)
− A

1+A

=
(5p2 +10p+12q)(q−1)

12pq
− A

1+A

=
12q2 +3q+5p

12pq
− A

1+A
.

Using the last result and the inequality for ω(n,λ , p,A,B) above, we obtain (2.4).
In a similar way, we have

ω(m,λ ,q,A,B)

=
∞

∑
k=1

1

max{mλ +A,kλ +B}
(m

k

) 2−λ
q

=
n

∑
k=1

1

max{mλ +A,kλ +B}
(m

k

) 2−λ
q − 1

mλ +B

+
∞

∑
k=m

1

max{mλ +A,kλ +B}
(m

k

) 2−λ
q
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=
m

∑
k=1

1

mλ +A

(m
k

) 2−λ
q − 1

mλ +B
+

∞

∑
k=m

1

kλ +B

(m
k

) 2−λ
q

�
m

∑
k=1

1

mλ

(n
k

) 2−λ
q − 1

mλ +B
+

∞

∑
k=m

1

kλ

(m
k

) 2−λ
q

=
1

m
(q+1)λ−2

q

m

∑
k=1

1

k
2−λ

q

− 1

mλ +B
+m

2−λ
q

∞

∑
k=m

1

k
2
q + λ

p

.

By (2.6) and (2.7)

ω(m,λ ,q,A,B)

<
1

m
(q+1)λ−2

q

⎡
⎣ζ
(

2−λ
q

)
+

qm
q+λ−2

q

q+ λ −2
+

1

2m
2−λ

q

⎤
⎦− 1

mλ +B

+m
2−λ

q

⎡
⎣ pm− p+λ−2

p

p+ λ −2
+

1

2m
2
q + λ

p

+
qλ +2p

12q pm1+ 2
q + λ

p

⎤
⎦

= m1−λ

{
κ(λ )− 1

m
q+λ−2

q

[
−ζ
(

2−λ
q

)
− qλ +2p

12q pm
q−λ+2

q

− B

m
2−λ

q (mλ +B)

]}
.

Since for m � 1, m ∈ N , 2−min{p,q}< λ � 2, 0 � A � B � min{ 1
3p−1 ,

1
3q−1} ,

we have

−ζ
(

2−λ
q

)
− qλ +2p

12q pm
q−λ+2

q

− B

m
2−λ

q (mλ +B)

>
(λ −2−3q)(λ −2−2q)

12q(q+ λ −2)
− qλ +2p

12pq
− B

1+B

>
1
3q

− B
1+B

� 0.

Using the last result and the inequality for ω(m,λ ,q,A,B) above, we obtain (2.3).
When λ = 1, we have

−ζ
(

2−λ
q

)
− qλ +2p

12q pm
q−λ+2

q

− B

m
2−λ

q (mλ +B)

>
p(λ −2)2 +(qλ +5pq+2p)(2−λ)−q(qλ +2p)+6q2p

12pq(q+ λ −2)
− B

1+B

=
12p2 +3p+5q

12pq
− B

1+B
.

Using the last result and the inequality for ω(m,λ ,q,A,B) above, we obtain (2.5). �
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3. Main results

THEOREM 1. If p,q > 1 , 1
p + 1

q = 1 , 2−min{p,q} < λ � 2 , 0 � A � B �

min{ 1
3p−1 ,

1
3q−1} , an � 0 , bn � 0 , for n � 1,n∈N and 0<

∞
∑

n=1
ap

n < ∞ , 0<
∞
∑

n=1
bq

n < ∞ ,

then

∞

∑
n=1

∞

∑
m=1

ambn

max{mλ +A,nλ +B}

<

{
∞

∑
n=1

[
κ(λ )− 1

n
q+λ−2

q

(
1
3q

− B
1+B

)]
n1−λap

n

} 1
p

×
{

∞

∑
n=1

[
κ(λ )− 1

n
p+λ−2

p

(
1
3p

− A
1+A

)]
n1−λbq

n

} 1
q

, (3.1)

and

∞

∑
m=1

m(p−1)(λ−1)

(
∞

∑
n=1

an

max{mλ +A,nλ +B}

)p

< κ(λ )p−1
∞

∑
n=1

[
κ(λ )− 1

n
q+λ−2

q

(
1
3q

− A
1+A

)]
n1−λap

n , (3.2)

where κ(λ ) = pqλ
(p+λ−2)(q+λ−2) > 0 . When λ = 1 , we have

∞

∑
n=1

∞

∑
m=1

ambn

max{m+A,n+B}

<

{
∞

∑
n=1

[
pq− 1

n
1
p

(
12p2 +3p+5q

12pq
− B

1+B

)]
ap

n

} 1
p

×
{

∞

∑
n=1

[
pq− 1

n
1
q

(
12q2 +3q+5p

12pq
− A

1+A

)]
bq

n

} 1
q

. (3.3)

Proof. By Hölder’s inequality, we have

∞

∑
n=1

∞

∑
m=1

ambn

max{mλ +A,nλ +B}

=
∞

∑
n=1

∞

∑
m=1

[
am

max{mλ +A,nλ +B} 1
p

(m
n

) 2−λ
pq

]

×
[

bn

max{mλ +A,nλ +B} 1
q

( n
m

) 2−λ
pq

]
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�
{

∞

∑
n=1

∞

∑
m=1

[
ap

m

max{mλ +A,nλ +B}
(m

n

) 2−λ
q

]} 1
p

×
{

∞

∑
n=1

∞

∑
m=1

[
bq

n

max{mλ +A,nλ +B}
( n

m

) 2−λ
p

]} 1
q

=

{
∞

∑
m=1

ω(m,λ ,q,A,B)ap
m

} 1
p
{

∞

∑
n=1

ω(n,λ , p,A,B)bq
n

} 1
q

.

By (2.2), (2.3), (2.4) and (2.5), we obtain (3.1) and (3.3).
By Hölder’s inequality and Lemma 1, we have

∞

∑
n=1

an

max{mλ +A,nλ +B}

=
∞

∑
n=1

[
1

max{mλ +A,nλ +B} 1
p

( n
m

) 2−λ
pq

an
1

max{mλ ,nλ} 1
q

(m
n

) 2−λ
pq

]

�
{

∞

∑
n=1

[
1

max{mλ +A,nλ +B}
( n

m

) 2−λ
q

ap
n

]} 1
p

×
{

∞

∑
n=1

[
1

max{mλ +A,nλ +B}
(m

n

) 2−λ
p

]} 1
q

=

{
∞

∑
n=1

[
1

max{mλ +A,nλ +B}
( n

m

) 2−λ
q

ap
n

]} 1
p

[ω(m,λ , p,A,B)]
1
q

<

{
∞

∑
n=1

[
1

max{mλ +A,nλ +B}
( n

m

) 2−λ
q

ap
n

]} 1
p

[m1−λ κ(λ )]
1
q .

So

∞

∑
m=1

m(p−1)(λ−1)

(
∞

∑
n=1

an

max{mλ +A,nλ +B}

)p

< κ(λ )p−1
∞

∑
m=1

∞

∑
n=1

[
1

max{mλ +A,nλ +B}
( n

m

) 2−λ
q

ap
n

]

< κ(λ )p−1
∞

∑
n=1

ω(n,λ ,q,A,B)ap
n .

By Lemma 1, the proof of the theorem is completed. �

In inequality (3.3), taking p = q = 2, we have:
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COROLLARY 1. Let an � 0 , bn � 0 , 0 � A � B � 1
5 , and 0 <

∞
∑

n=1
a2

n < ∞ , 0 <

∞
∑

n=1
b2

n < ∞ , then

∞

∑
n=1

∞

∑
m=1

ambn

max{m+A,n+B} < 4

{
∞

∑
n=1

[
1− 1

3
√

n

(
1− 3B

4+4B

)]
a2

n

} 1
2

×
{

∞

∑
n=1

[
1− 1

3
√

n

(
1− 3A

4+4A

)]
b2

n

} 1
2

. (3.4)

In inequality (3.1), taking A = 0,B = 0, we obtain:

COROLLARY 2. If p,q > 1 , 1
p + 1

q = 1 , an � 0 , bn � 0 , 2−min{p,q} < λ � 2 ,

for n � 1,n ∈ N and 0 <
∞
∑

n=1
ap

n < ∞ , 0 <
∞
∑

n=1
bq

n < ∞ , then

∞

∑
n=1

∞

∑
m=1

ambn

max{mλ ,nλ} <

{
∞

∑
n=1

[
κ(λ )− 1

3qn
q+λ−2

q

]
n1−λap

n

} 1
p

×
{

∞

∑
n=1

[
κ(λ )− 1

3pn
p+λ−2

p

]
n1−λ bq

n

} 1
q

. (3.5)

Apparently, inequality (3.1) is a generalization of inequality (1.4).

Acknowledgements. The referee made several helpful comments. This research is
funded by Research Foundation of Chongqing University of Science and Technology,
the project No. is CK2010B03.

RE F ER EN C ES

[1] G. H. HARDY, J. E. LITTLEWOOD AND G. POLYA, Inequalities, Cambridge Univ. Press, 1934.
[2] JICHANG KUANG AND L. DEBNATH, On new generalizations of Hilbert’s inequality and their appli-

cations, J. Math. Anal. Appl., 245, (2000), 248–265.
[3] K. KNOPP, Theory and application of infinite series, Blackie & Son Limited, London, 1928.
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