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A GENERALIZATION OF THE HILBERT’S TYPE INEQUALITY

GAOWEN XI

(Communicated by J. Pecaric)

Abstract. In this paper, by introducing two parameters A,B and using the Euler-Maclaurin ex-
pansion for the Riemann zeta function, we establish an inequality of a weight coefficient. Using
this inequality, we derive generalizations of a Hilbert’s type inequality.

1. Introduction

If pg>1, -+-=1,a,>20,b,>20,forn>1, n€ Nand 0 < Zan<°°

141
P q n=1

0< Y b7 < oo, then

n=1
ii SR % 3 b %’ (1.1)
o o m+n sin(g) P B I e R '
and
- ERY
zlmz max{mn} < pq glafz ;bz , (12)

where the constant Sir’fg and pgq is best possible for each inequality respectively. In-

P
equality (1.1) is Hardy-Hilbert’s inequality. Inequality (1.2) is a Hilbert’s type inequal-
ity [1].
In [4], [7] and [6], M. Krni¢, J. Pecari¢ and B. Yang gave some generalization and
reinforcement of inequality (1.1). In [2], J. Kuang and L. Debnath gave a reinforcement
of inequality (1.2):

==

= =

> [pa—G(p,n)lal b < Y [pg—Glg,n)lbi s (1.3)

n=1 n=1

IP)

o s max{m n}
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14
where G(r,n) = =321 >0 (r=p,q).
(2n+1)7

In [5], G. Xi gave a generalization and reinforcement of inequalities (1.2) and
(1.3):

1

Sy b {i [Km_%] nuag}"

n=1m=1 n=1 3qn q
1
oo 1 g q
Xq 2| K(A) = ——5= |n' i (1.4)
n=1 3pn 7
A .
where k(1) = W >0, 2—min{p,q} <A <2.

In this paper, by introducing two parameters A, B and using the Euler-Maclaurin
expansion for the Riemann zeta function, we establish an inequality for a weight coef-
ficient. Using this inequality, we derive a generalization of inequalities (1.4).

2. A Lemma

First, we need the following formula of the Riemann-{ function (see [3], [9] and

[8D):

nooq nl—G 1 l_lBZk o 1
(o) = Zk—o— l—G_ZI’l—G_ZE <2k—1> O+2k—1

k=1 k=1
le —0 S
2 (21—1) no 21 —
where 6 >0, 0#1,n,1>1,n 1N, 0<e=¢(0,l,n) <1. The numbers B; =
—1/2, Bp=1/6, B3 =0, B4 = —1/30, --- are Bernoulli numbers. In particular,

{(0) =3 1w (0>1).
Since §(0) = —1/2, then the formula of the Riemann- § function (2.1) is also true
foroc=0.

LEMMA 1. If p,g > 1, %—l—izl, 2—min{p,q} <A <2, n=1and neN,
0<A<B<min{g, 57}, then

i 1 n\ 54
71'7 7A7B = <_> :
O dpAB) = T T A T BT \k

-4 (1 A
<n [K(A) (5 1) | (2.2)
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and

- 1 ny\ 4
71'7 7A7B = (_> !
(n4.q ) kg‘lmax{k’l—FB,n’l—l-A} k

1 1 B
1-1
< A)———————
" [K() n—‘”g’z (3(1 1—|—B)

; (2.3)

where K(A) = #@_2). When A = 1, we have following the stronger inequal-
ity:

- 1 n\»
717 7A7B = <_>’
o(n.1.p )=2 max{k+A,n+B} \k

k=1

_ pq_i<12q2+3q+5p_ A ) 2.4)

né 12pg 1+A )| ’
and
o(n1,0,4.8) = Y ! (f)%
P - & max{k+A,n+B} \k

_ [pq_i<l2p2+3p+5q_ B )} 2.5)

n% 12pg 1+B

Proof. Equalities (2.2) and (2.3) define the weight coefficient. When 2—min{p, g}
<A <2,taking 0 = % >0,1=1,in(2.1), we obtain

24 pn v _
C( )ZZ LT, A_2 L2 e (2.6)
g etk P 2n7 12pn P
where 0 < g < 1.
Taking o = 7 + %’ [ =1, we obtain
A= N pA+2q

C -+ — - 2 7L+ A, 2+ B k+ | 3 182, (27)

Poa) isikete 4TATE ot 12pgn' it

where 0 < & < 1.
In addition,

aa‘a aA7B = <_> !
o(mA.p ) & max{k* +A,n* + B} \k

¥ ! (57 -
& max{k* +A,n* +B} \k n*+A

< 1 n\ 5
+k§;1 max{k* +A,n* + B} <%)
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By (2.6) and (2.7)

w(naxapaA7B)

prA-2

1 2—A pn P
<n(p+1’2172 C( p >+p+7L—2+

o[ =
—_—

Zn% nhtA

_g+A-2 A
+n% L + 211 pA+2q
q+A—=2 5 3+%

2 4
12pqn1+5+?

B 1 ¢ 2—A . pnt=* N 1 1 n gn'—*
o p p+A—=2 2n* nrtA g+A-2
1 pA+2¢q
T et
2nt  12pgnlth

1 ¢ 2—-A pgin'=* pPA+2q A
(p+)A-2 p (P+A—=2)(g+A—2) 12pgn'th = nA(n* +A)

= }'

1 2-1 A+2 A
1-2 4 q
=n {K(M—Wl—§< )‘ i T I
nor p 12pgn 7 nr (n*+A)

In (2.6), taking n =1, by 2 —min{p,q} < A < 2, we obtain

2-2\ p 1 (2-M)g
()=
2_

. A

ST ora—2 12
(A—-2-3p)(A-2-2p)
 12p(p+A-2)
<0.

Soforn>1,neN,2—min{p,q} <A <2, O<A<B<min{3pl—71,3q%l},we



have

Using the last result and the inequality for w(n, 4, p,A, B) above, we obtain (2.2).

WV
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2—A pA+2¢q A
_C - p—A+2 - 2=
p 12pgn » nre (nl —|—A)

(A-2-3p)(A-2-2p) pA+2q «
12p(p+1—-2) 12pq 1+o
g(A—2-3p)(A-2-2p)— (pA+2q)(p+A—-2)

A

12pg(p+1—2)
—p(pA+29)+6p’q A
2pg(p+1—2) 1+A
—(2p+2q)+6pg A
12q(p+A—2) 1+A
1 A

>
3p 1+A
> 0.

When A =1, we have

 aA =2+ (PA+5pa+29)2—1) —p(pA+29)+6p% A
1+A

p—t2

Py
12pgn —» n v (n*+A)

_C<2—A>_ pA+2q A

p

C14+A

12pg(p+A—2)

- p+3q—p2+3pq+6p2q_ A

12pg(p—1) 1+A

5P+ 10p+12g A
2pg(p—1) 1+A

(5p* +10p+12q)(g—1) A

12pg 14+A

_ 12¢°+3q+5p A

Using the last result and the inequality for @(n, A, p,A,B) above, we obtain (2.4).

12pq 1+A

In a similar way, we have

w(m7A7Q7A7B)
> AT (F)
‘ max{m* +A,k* + B} \ k

2-4
q

>~

¥ 1 (@)¥ !
& max{m* +A,k* + B} \k m* + B

_|_

e (1)
max{m* +A,k* + B} \ k

k=m
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_i 1 (m)% 1 i 1 (m)%
e mr ANk mh+B &k +B\k
N 1 = 1 /m\5
Far () )

k;ml k m* +B ,Z;nkl k
1 n | PEY N |
= — +m 4 .
m(qﬂgl—z IZI k% m* + B kg;n ker%
By (2.6) and (2.7)
w(m7z’7q7A’B)
A2
- 1 ¢ 2—A +qmq+q n 1 1
m% q q+A-2 2m2:1l m*+B
S A+2
2.2
S L
PHA=2  ath 12gpm'tath
1 2—A A+2 B
1-2 q 14
=m {K(M_Wl—c< )‘ P R }
m 4 q 12gpm 4 m 4 (m*+B)
Sinceform>l,meN,2—min{p7q}</l<2,O<A<B<min{3p%l73q%l},
we have
2-A gA+2p B
_C q - a—A+2  2-4 2
12gpm™ 4 m 4 (m +B)
(A=2-3q)(A—2—-2q) qA+2p B
129(g+ A —2) 12pq 1+B
- 1 B
3g 1+4+B

= 0.

Using the last result and the inequality for @(m,A,q,A,B) above, we obtain (2.3).
When A =1, we have

_C<2—A>_ grA+2p B

q qg—A+2

12gpm 4 m%(mk—i—B)
_ PA=2)+(qA+5pa+2p)2— 1) —qlah+2p) +64°p B

12pg(g+A—2) 1+B
B 12p> +3p+ 3¢ B
N 12pg 1+B

Using the last result and the inequality for w(m,A,q,A, B) above, we obtain (2.5). O
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3. Main results

THEOREM].prq>1,i+i—1 2—min{pq}<7L 0<A<BK

mm{317 5 35— 1} ay,20,b,>0,forn>1,neN and 0 < Zan<oo 0< qu<°°
n=1 n=1

then

O e amb.
)IP) max{m* +A,n* + B}

S

n

{5 o (3140

q
nl_AbZ} , (3.1)

P
p—1)(A—1) an
Zm (Z‘l max{m* +A, n’l—i-B})
- 1 1 A
p-1 — - _
A) ;[KW w2 <3q 1+A)

n

and

llap

"o (3.2)

pgi
where k(1) = W > 0. When A =1, we have

o o by
2 2_‘ max{m+A n+B}

n=1n

1
i 12p> +3p+ 3¢ B s L7
<{E[q__< 12pg  1+B)|™

1
& 1 (12¢*+3q+5p A ) I
X pPqg— — — bl s . (3.3)
{nz’l l n% ( 12pg 1+A "

Proof. By Holder’s inequality, we have

oo oo

amby,
}Z‘lmz:"l max{m* +A,n* + B}

ol e e (L
n=lm=1 max{ml+A,n’1+B}Fl’ n

Vo )

max{m* +A,n* + B}4
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1
o oo P 2-14 P
Am <m> q
g —
{ng‘lmg‘l lmax{m’l +A,n*+B} \n ] }

1

o oo bz (l’l)% q
X J—
{2121 lmax{mMA,nuB} m

m=1 n=1

By (2.2), (2.3), (2.4) and (2.5), we obtain (3.1) and (3.3).
By Holder’s inequality and Lemma 1, we have

oo

an
gl max{m* +A,n* + B}

- 1 n —2,;} 1 m
=3 () T (5
n=1 | max{m* +A,n* + B}r "

1
i 1 ny =4 b
< () "
{,Z'l [max{m’l—FA,n’l—FB} m “ ] }
E | ()
= | max{m* +A,n* +B} \n

s ) %
max{m* +A,n* + B} \m "

X

—N—

A
—N—
M
| — | —

1 (n)zT »
— a
max{m* +A,n* + B} \m "

So

I oo P
3 mlp DO (2 n )

= = max{m* +A,n* + B}

— 1 n\
) ()
& | max{m* +A,n* + B} \m

o(n,A,q,A,B)db.

M

< x(A)r!

3

< k()P

Ms

3
Il
—_

By Lemma 1, the proof of the theorem is completed. []

In inequality (3.3), taking p = g = 2, we have:

1
I ? s
= { > w(m,l,q,AB)ai’n} {Z w(m/hnA,B)bZ} :

e,
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=

COROLLARY 1. Let ay >0, b, 20, 0SA<SB< 1, and 0< ¥ al <o, 0<
1

n=

S bﬁ < oo, then

n=1
%
- amby, < 1 3B 2
<4 1———(1-——
}Z‘lmg‘l max{m+A,n+ B} ng‘l [ 3y/n ( 4—|—4B>} “n
- 1 3A z
X l——(1———|p2} . 34
Slema(-am)sy e
In inequality (3.1), taking A = 0,B = 0, we obtain:
COROLLARY 2. If p,g> 1, %+§ =1,a,>0, b, 20, 2—min{p,q} <A <2,
forn>=1,neN and 0 < §a£<oo, 0< §b2<oo,then
n=1 n=1
1
S~ amby > 1 _2
< K(A) — | ' *al
n;m; max{m*,n*} n; 3T
1
s 1
XY k(A = —— |0y . (35)
n=1 3pn P

Apparently, inequality (3.1) is a generalization of inequality (1.4).
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