athematical
nequalities
& Papplications
Volume 20, Number 4 (2017), 1041-1050 doi:10.7153/mia-2017-20-66

NEW LOWER BOUNDS FOR ARITHMETIC, GEOMETRIC,
HARMONIC MEAN INEQUALITIES AND ENTROPY UPPER BOUND

GUOXIANG LU

(Communicated by J. Pecaric)

Abstract. In this paper the arithmetic, geometric and harmonic mean inequalities are refined.
New lower bounds for the corresponding inequalities which are better than the previous ones
are obtained. As an application for the results, a strong upper bound for Shannon’s entropy is
presented. The new entropy upper bound improves the basic results of Simic (2009) and Tépus
and Popescu (2012).

1. Introduction

Forn>2,letx;, i=1,2,---,n be positive real numbers, and let w;, i =1,2,---,n
be positive weights such that. ?zlwi = 1. We denote by A,, G, and H, be the
(weighted) arithmetic, geometric and harmonic means of the x;’s, that is,

-1

n n " n Wi
Ap=Ywixi, Go=[[x", H.=|Y —
= =1

i—1 i

It is well known that

with the inequalities being strict unless all x;'s are equal.
The arithmetic, geometric and harmonic mean inequalities have received a great
deal of attention of mathematicians. In 1978, Cartwright and Field [4] prove
1 n

—_———— wi(x;i — A 2<A —G {— Wi
2max1<i<n{xi}i§1 l(l n) o 2m1n1<,<,,{xl}§; i n

In 1997, Alzer [3] improves the bounds as follows

An_G >—Zwl Xi— n ) (1)

2maX1<1<n{xt}
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In 2003, Mercer [11] obtains better bounds as follows

(e — 2 n N 2
wi(x; — Gy) <3 wi(x;i — Gn) )

W <A, -G, ’
=1 % + max(xiv Gn) i—1 X+ mln(xl, Gn)

and has other bounds for arithmetic-harmonic, geometric-harmonic mean inequalities

1 & wilxi—A,)? 1 & wilx—Ay)?
— >y —————————<logA,, —logG, < — ) ——— 3
Ay ; i+ max(x;,A,) o8 o8 A ; i+ min(x;,A,)’ )
- Wi i — H,)? - Wi i — H,)?

id (x ) <logG, —logH, < it (x ) 4)

“ xi Hy+max(x;, Hy) S & X Hy+min(xi, Hy)

All the above equalities occur if and only if all x;'s are equal. Later there are a con-
siderable number of other extensions and refinements (cf. Aldaz [1, 2], Fujiwara and
Ozawa [6], Gao [7, 8], Mercer [9, 10], Parkash and Kakkar [12]).

In this paper, we establish new lower bounds for the arithmetic, geometric and
harmonic mean inequalities. As an application of our new lower bounds, we refine the
work of Simic [13] and Téapus and Popescu [14], obtain a more precise upper bound for
Shannon’s entropy.

2. Main results

Now we introduce a new inequality, where the term “log” refers to the natural
logarithm.

LEMMA 1. For x>0,

2(x—1)%(x+2)

—1—logx >
X 0gx 3t 1)

®)

The equality holds if and only if x = 1.

Proof. Let f(x) =x—1—logx— w Direct computing yields f’(x) =

3(x+1)
%. This shows f’(x) <0 for 0 <x <1 and f’(x) > 0 for x > 1. Next because

f(1) =0 holds, then f(x) >0 for 0 <x < 1 as well as x > 1. So the assertion of the
lemma follows. [

REMARK 1. When x > 0, there exists the standard inequality logx < x— 1 for-

merly. From the above lemma, we can refine the inequality into the form logx <
e ] 26=1242)
3(x+1)2

THEOREM 1. The following lower bound holds, with equality occurring if and
only if all xi's are equal.

i i ) (xl+2G ) (6)

x,+G)
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Proof. Substituting x = é—’n into (5), multiplying by w; and summing, we obtain

e - 2wl — 12( +2)
Xi Xi G, G,
Zwi<__1_10g<_>)>z FRTEEIY (7
i=1 Gn Gn i=1 3(G +1)2
and the equality holds if and only if all x;'s are equal. Observing G, = [T/, x;",
:1 lx:vl _ ﬂ — 0

zwzlog< ) Zlog o = log —S- Zf'lw —oan

Then we rewrite (7) into the following inequality
1 —G,)?(xi +2Gy)

Y WiX; L 2wi(x;
e R )
3(xi +Gp)?

G, G 5
Since A, = X', wix;, we have
A, 1 & j i+2
A o 1 Z Gn)? (xi +2G, )’
Gy, G, 5 3(xi+Gp)?
or equivalently,
L 2wi(xi — G)?(x; +2Gy)
Ay —Gy > .
2 3(xi + Gn)2

i=1
So the inequality (6) follows and the equality holds if and only if all x/'s are equal. [J

THEOREM 2. The following lower bound holds, with equality occurring if and

only ifall xi's are equal.
1 & 2wi(xi — Ap)? (x; +24,)
logA, —logG, > — . 8
Proof. Substituting x = j‘“—; into (5), multiplying by w; and summing, we obtain
L - 2wl = DAL +2)
Xi Xi i A
Wi __1_10g<_)> = X 3 ) )
l.; ‘(An Ap E{ (£ +1)?
and the equality holds if and only if all x;'s are equal. We rewrite (9) into the following
inequality
S wixi I~ log ?:nlx;ii . 1Y 2w,-(xi—An)2(xi2+2An).
A, Azi:lwl An 5 3(xi+A,)
Since A, =Y wix;, G, =[IL lxl , we have
1 & 2wi(xi —Ay)?(x;i +24,)
logA, —logG, > —
0gA, — 108Gy, A, = 3(x;i+An)2

This is exactly the inequality (8) and the equality holds if and only if all x;'s are

equal. [
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THEOREM 3. The following lower bound holds, with equality occurring if and
only ifall xi's are equal.

L 2wi(xi — Hy)? (2x; + Hy,)

logG, —logH, >
£ £ Z{ 3xi(x; + Hy )?

(10)

Proof. Substituting x = I;—:’ into (5), multiplying by w; and summing, we obtain

" (H, H, n 2wi(Be —1)7 (5 +2)
i ——1-1lo — 2 - ’ 11
2 (Gro(2) 2y 2

i=1 i i i=1

and the equality holds if and only if all x;'s are equal. We rewrite (11) into the following
inequality

n i wi n 2

Wi Hn 2wi(x,-—Hn) (2xi+Hn)

H, — | —-1-log——— > .
' (z:zi x,-) : (AR 3xi(xi + Ha)?

~1
Since G, =T12;x;", Hy, —( n W—f) , we have

i=1 X;

L 2wi(x; — Hy)? (2x; + H,,)

log G, —logH,
g £ ZI 3xi(x; + Hy)?

This is exactly the inequality (10) and the equality holds if and only if all x;'s are
equal. [

The next two theorems will show that the new bound (6) is better than the previous
lower bounds (1) and (2).

THEOREM 4. The following inequality holds, with equality occurring if and only
ifall xi's are equal.

2w;i(x; — Gy)?(xi +2G,) 1 L 2
> wi(x;i — Gp)~. 12
Z{ 3(x; + Gp)? 2max; j<n{xi} Z{ i(%i = Gn) (12)
Proof. Let m := max <;<,{x;} and g(x) = (xich’)’z, x> 0. Straightforward dif-
ferentiation shows that g'(x) = — (ﬁﬁ;G’)g < 0. So the function g(x) is decreasing.

xi+2G, > m+2G,
(xi+Gyn)? = (m+Gy)?

Obviously for all x;'s, x; < m hold, then we have g(x;) > g(m) or

and
i2w,~(xi—G,,)2(x,-;|—2Gn) > m+2G i (13)
= 3(x;i+Gy) 3(m+G,)? ~

Let h(x) = EZ?;‘) x> 0. Straightforward differentiation shows that h'(x) = — 3(;—3)

< 0. So the function h(x) is decreasmg Obviously G, < m holds, then we have

h(G,) = h(m) or §E’;f£;§ > igﬁi%’g = 5. Using (13) we can obtain the assertion of

this theorem. [
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THEOREM 5. The following inequality holds, with equality occurring if and only
ifall xi's are equal.

. 2i(x, xi+2G,) Gn)?
3 Gn)*(xi+ = Gy)

Wi )C,
. 14
i=1 X1+G ) 1:1x1+maX(XL,Gn) ( )

Proof. Let hi(x) = 295229 x>0, i=1,2,-,n. Straightforward differentiation

(xi+x)%°
shows that 4(x) = e )3 < 0. So the functions k;(x) are all decreasing. Obviously
forall x;'s, G, < max(x;,G,) hold, then we have h;(G,) > h;(max(x;,G,)) or

3
4x
+

2(xi +2Gy) < 2(x; +2max(x;, Gp)
3(xi+Gy)? ~ 3(x;+max(x;,Gy))?

(15)
As max(x;,G,) > x;, we have 2(x; +2max(x;,Gy)) = 3(x; + max(x;,G,,)). From this
the inequality is obtained as follows

2(x; + 2max(x;, Gy) - 3(x; +max(x;,G,)) 1
3(x;+max(x;,G,))? ~ 3(x;+max(x;,G,))?  x;+max(x;,G,)

(16)

Using the inequalities (15) and (16) we obtain §giﬁ;‘3§ > pore ma;(thn) . And then the

assertion of the theorem follows. [
The next theorem will show that the new bound (8) is better than the previous
lower bound (3).

THEOREM 6. The following inequality holds, with equality occurring if and only
ifall x{'s are equal.

Lt g e
An S 3(xi+A,) Anl:1 i + max (x;,A,)

Proof. Substituting A, for G, in (15) and (16), the assertion of the theorem fol-
lows by using the similar method. [

The next theorem will show that the new bound (10) is better than the previous
lower bound (4).

THEOREM 7. The following inequality holds, with equality occurring if and only
ifall x;'s are equal.

—Hp)?(2xi+Hy) _ owi (%= H)?
Xi

i 2wi(x
part 3x, (x;+ Hy)? i Hy +max(x;, Hy)

> (18)
i=1

Proof. Substituting H, for G, in (15) and (16), the assertion of the theorem fol-
lows by using the similar method. [
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REMARK 2. We can conclude that the key point of the bounds for the arithmetic,
geometric and harmonic mean inequalities is the bounds of the function x — 1 — logx.
In this paper, we obtain the new lower bound as the Lemma 1. So if we are able to
find better upper bound such as x — 1 —logx < U (x)(x — 1)? than the previous upper
bound in [ 1], then we may have new refinement of the upper bounds for the arithmetic,
geometric and harmonic mean inequalities. In view of this, we conjecture that to find
sharper U (x) is the focus of the following analysis and discussion.

3. An application to refine entropy upper bound

In information theory [5], if the discrete probability distribution P is given by
PX=i)=pi, pi>0,i=1.2,---,n,st X' p; =1, then the Shannon’s entropy is
defined as H(P) := Y | pilog 1%,- . In 2009, Simic presents the corresponding entropy
upper bound in [13] as follows:

2u 2v
) 1 vlo
V)= ”°g<u+ )+ g<u+v>

(u+v)?
< — < _— =
<logn—H(P) < log< v M(u,v),

19)

where U = min;<;<,{p;} and v =max <<, {pi}. In 2012, Tapus and Popescu [14]
obtain the sharper entropy upper bound based on Simic’s work:

n—1 Z:':llplli n—1
H(P) <logn— max log ( ) (pr”’> . Q0)

IS <pp<-+<py-1<n 2;’ | Pui

In 2013, Parkash and Kakkar [12] obtain new inequalities using the arithmetic-geometric-
harmonic mean inequality and improve the condition for the above bound.

In this section we will obtain a more precise entropy upper bound as a result of
Theorem 2.

LEMMA 2. Let fy(x):= % +logx, o > 0. Then fy is a concave func-
tion on (0,4-o0).

Proof. Straightforward differentiation shows

(x— o) (x* + 60x + 0?)
(x+o)t

falx) =~ <O0.

So the function f (x) is a concave function on (0,+e0). O

LEMMA 3. If fq is defined as above, j € {2,---,n— 1}, and the notation T; is
defined as follows:

Tj = max [(Zwu’> fAn <M> - iw,uifAn (x,u,')‘| 3

ISy <pip<--<py<n |\ /= Wy -1
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then we have
0L << <T.

Proof. Because fy, is concave on (0, +ec) by Lemma 2, using Jensen’s inequality
we can easily have 75 > 0. Next we will show that forany j € {2,---,n—2}, T; < Tj;.
Let us consider that the maximum of the expression

J
(Zm) i (M) - S ()

Wy

is obtained for y; = n;, n; € {1,2,---,n}, i=1,2,---,j. Then it is enough to prove

that
J
<ZWU,> fAn <M> - anifAn (xni)

i-1 >/ i-1
Jj+1 z 1W X Jj+1
1 7Nt ni
< (Z Wﬂi) S, ( lz,H - 2 wn, fA, (xm)
i=1 i=1

forany njy1 € {1,2,---,n} \ {m,---,n;}. The above inequality is equivalent to

j+l J+1
1Wn1xnz o) Wnikn
er’ lfAn <'xrl’ 1) Zwrl: fAn 17 < Z eri fAn 71 N
" " > w, =i w
-1
Multiplying by (Zl’ +11 Wn,) , we have
w Zj >/ wpx Zj g x
71/+1 1Wm- i=1 Wnitni | 1 ni ni
Jj+ f An xrlj+l + Jj+ fAn j ~ fA j+ .
i Wn, i Wn, i Wy i Wn,

This inequality follows from Jensen’s inequality for the concave function f4,(x). So
we obtain the assertion of the lemma. [

THEOREM 8. Let C:= - > w and A,, Gy, be as defined above,
A, ~i=1 3(x+An)?

then the following estimates hold, with equality occurring if and only if all x{'s are
equal.
C<CH+BLCHT < <C+T,; < logA, —logGy. @1

Proof. Using Lemma 3, we have
CL<CH+L<LCHLRL-<CH+T, .

Next we prove the last inequality of (21). Choose arbitrary x,, € {x1,x2,---,x,} such
that 1 <y < o <--- < Uy < n with corresponding weights {wy, ,wy, -~ wy, , },
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and let xy, = {x1,x2,- -+, %, } \ {xy, , Xy, -+ ,xy, , } . Using the inequality (8) for W =
Wi s Wo =30 My, Xy =, X = 21% WiX| + WhX, = A, we have

n—1

i=1 " Hi

n n—1 zn w
logA, =log [ > wix; | =log | | D wy, %ﬂ'“’ + WX,
i=1 i=1 Wy

. 2
z Wllz) Zi:nli‘;VﬂixHi _An) P 1WH,xﬂz +24,
S i=1 X Wy Zz 1 Wi

1
Z A 2
An 3 (Zz 1 W tu; +A )

n—1
Z1:1 W;

n—1

n— i) Wiy
_|_ 2WIJn (‘xun - An)2 (‘xun + 2An) _|_ log xwlln zl 11 w.uix,ui n
3(xy, +An)? . zln 1 W

n—1 n—1 2 n—
ST WXy > WX,
2 Wiy i=1 "KM A i= l i Hi 2A
(,51 IJ,> ( > " X wy

2
An 3 (27 ’117”’/11";1; +A )

i=1 Wi

Li ) (XZ+2A ) _in_l2wﬂi(xﬂi_An)2(xIJi+2An)
A = 3(xi+An)? Ap 3(xy; +An)?

noj=1

+logG, — 2 wy, logxy, + (2 Wu;) log zz1 Wit
i=1

5 S W | S
=1logG, +C+ 2 w | fa, | T | - 2 Wy fan (X)
21 Wy i=1

Because y; € {1,2,---,n} are arbitrary, we have

logA, > 1ogG, +C
i 1Wuzxu, S
max w | =) wy Xy
1< <y << 1 <11 [(2 ﬂ:) fAn ( 2 — W“l 1:21 IJ,fAn ( I“ll)
=logG,+C+T,_;.
Then the last inequality of (21) follows. [J

Obviously, the inequalities (21) refine the inequality (8). By using Theorem 6, we
can obtain the new upper entropy bound.

THEOREM 9. We have

_1 < 2( l—npz (L+2npi) max {R(u)+S(W)}, (22)

H(P)
3(1+np;)? IS <pp <<y 1<n
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where
n—1 Z?;ll Pui /-1
R(u):=log | | o 1— pp”’ ;
2i:ll Pu; H
S(u) . 2(71—1—712" 117,,1) (n—1—|—2n2" lp“ i l—l’lp“ (1—|—2np#1)
' 3n(n—1+n¥i | py,)? A 30+

Proof. Applying the last inequality (21) with w; = p;, x; = 1/p;, after some cal-
culations by using A, = n we can obtain the inequality (22). [

2(n—1)(1—nx)?(142nx)
3n(1+nx)?

REMARK 3. Let ¢(x) := . We can easily obtain ¢(x) is con-

16(n—1)n2x

vex for x > 0 by the second derivative ¢” (x) = (L

> 0. Hence, by Jensen’s
inequality we have S(u) < 0.

THEOREM 10. The estimation (22) is better than (20), i. e.,

R
1<ﬂ1<u2ngl~?(<p,, 1<n{ (1)}
1 22 l—np, (1+2np;)) 23)
+ max R(u)+S .
2 3(1+np;)? 1<H1<H2<~-~<un,1<n{ (1) +S(u)}

Proof. Let us consider that the maximum of R(u) is obtained for y; =n;, n; €
{1,2,---.n},i=1,2,---.n—1,and let M, = {1,2,---,n} \ {N1,--,Mu_1}. Then we
obtain

1< 2(1—npi)(1+2np;)

- R(u)+S
& At v g AR() S}
- max {R(u)}

ISy <pp<--<Hp—1<n

I &2 l—np, 2(1+42np;)
>— +S
2 3(1+np;)? ()

:1i2(l—np,-) (1+42np;) 2(n—1—nY""!pn)? (n—1+2n2" L pns)
ni= 3(1+npi)? 3n(n—1+n3" py)?
_1"2121—np,1 2(1+2npy,)

n 3(1+npy,)?

_2(1—npy,)*(1+2npy,) n 2(n—1—n¥" py)*(n— 142057 py)) >0

3n(1+npy,)? 3n(n—1+nY" ! pn)? -

So the assertion of the theorem follows. [
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