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PROOFS OF CERTAIN CONJECTURES OF VUKSIC
CONCERNING THE INEQUALITIES FOR MEANS

CHAO-PING CHEN AND NEVEN ELEZOVIC

(Communicated by S. Varosanec)

Abstract. By using the asymptotic expansion method, Vuksi¢ conjectured inequalities between
Seiffert means and convex combinations of other means. In this paper, we prove certain conjec-
tures given by Vuksic.

1. Introduction

For x,y > 0 with x # y, the first and second Seiffert means P(x,y) and T (x,y) are
defined in [16] and [17], respectively by

X—y X—y
P(x,y) = ————— = and T(x,y) = —
2 arcsin o 2 arctan o

In what follows we will assume that the numbers x and y are positive and unequal. Let

2xy — x—y x+y [x2+? ¥ +y?
H:—7 G: s L: s A: s = s N:
x+y w Inx —Iny 2 Q 2 x+y

be the harmonic, geometric, logarithmic, arithmetic, root-square, and contraharmonic
means of x and y, respectively. It is known (see [18]) that

H<G<L<P<A<T<Q<N.

There is a large number of papers studying inequalities between Seiffert means
and convex combinations of other means [5, 6, 7, 14, 15, 18, 19]. For example, Chu et
al. [5] established that the double inequality

UA+(1—pu)H<P<VA+(l—-Vv)H

holds if and only if u < 2/m and v > 5/6. Liu and Meng [15] proved that the double
inequality

(I1—u)G+uN<P<(1-v)G+VN

Mathematics subject classification (2010): 26E60, 26D05.
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holds if and only if 4 <2/9 and v > 1/m. Chu et al. [6] proved that the double
inequality

HO+(1— A< T <vQ+(1—Vv)A (1.1)

holds if and only if u < (4 — n)/(n(\/f— 1)) and v >2/3. The inequality (1.1) was
also proved by Witkowski [19].

Recently, Vuksi¢ [18], by using the asymptotic expansion method, gave a system-
atic study of inequalities of the form

(1 — )M+ uMs <M < (1—v)M; + vM;3,

where M; are chosen from the class of elementary means given above. For example,
Vuksié [1 8 Theorem 3.5, (3.15)] proved the double inequality

(1—-u)H+uN<T <(1—-v)H+VN

holds if and only if u <2/ and v > 1/3. See [4, 9, 10, 11, 12, 13] for more de-
tails about comparison of means using asymptotic methods. Also Vuksi¢ [18] has con-
jectured certain inequalities related to the first and second Seiffert means P(x,y) and

T(x,y).

CONJECTURE 1.1. ([18, Conjecture 3.4]) The following double inequalities hold
true with the best possible parameters:

2 2
E;—G+ ZA<P< G+ A, (1.2)
2 1
“Gr-0<p< = V25 ECQ, (1.3)
3 3 T
3.1 V2—-1)rm -2
PH-0<A< P+ , 14
A0S P a0 a4
1 T—vV2_ V2
L+0<P L+ Y2 15
5 +5Q< + p- 0, (1.5)
71 11
‘L+-N<P<T11 N, (1.6)
8 8 T T

CONJECTURE 1.2. ([18, Conjecture 3.6]) The following double inequalities hold
true with the best possible parameters:
3

byl rcac =y 2r (1.7)
PR 4 e :
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1 8 T—2v2 2v2

—-H+-0<T< \/—H+ \/_Q,

9 9 T T

T—2 2 1 2

—H+-N<T<-H+ =N,
T T 3 3

—2v2 242
T \/—G—|— \/_Q,
T T

1 5
-G+ — T
6 +6Q< <

1 1 4—m
§L+2T <AL TL+4T

1 4 —2V2 2
gL+§Q<T<¥ iQ,

2m Ay e 2as iy,
T 3 3

2-V2)n_. V2n—4 3.1
2r —4 d 27t—4N<Q<ZT+ZN'
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(1.8)

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

Note that the formulae (1.12) and (1.13) in the original paper [ 18] contain a typo,which

has been corrected here.

The aim of this paper is to offer a proof of these inequalities.

REMARK 1.1. Let (x—y)/(x+y) =z, and suppose x >y. Then z € (0,1), and

the following identities hold true:

P(x,y)  z T(x,y) z

A

y) In A(x,y)

x,y) arcsinz’ A(x,y) arctanz’

(
iiw) 2lz+z 0(x,y) V112

—l—Z,

=142

:\/l—zz,

The followmg elementary power series expansions are useful in our investigation.

oo x2n+1
sinx = )=
E)( ) (2n+1)!
oo 2n
X
cosx= » (—1)" ,
nga (2n)!
oo 22n 2n
S P D)IBul o
= (2n)!
1 22”\an| 21
tx = — "
cotx < g
1 < 22” 1—1)\an\ -1
cscx = — _ =
X e g X

)

b

x| < oo,

|x| < oo,

(1.15)

(1.16)

(1.17)

(1.18)

(1.19)
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where B, (n=0,1,2,...) are Bernoulli numbers, defined by

t _iB t"
d—1 &l

The following lemma is also needed in the sequel.

LEMMA 1.1.([2,3]) Let —=<a<b<e,andlet f, g:[a,b] — R be continuous

on [a,b], differentiable on (a,b). Let g’ (x) #0 on (a,b). If [ (x) /g  (x) is increasing
(decreasing) on (a,b), then so are

fo-fl@ o f&-fb)
g(x)—g(a) gx)—g(b)

If f'(x)/g'(x) is strictly monotone, then the monotonicity in the conclusion is also strict.

The numerical values given in this paper have been calculated via the computer
program MAPLE 13.

2. Proof of Conjecture 1.1

The inequalities (1.2) have been proved in [19]. We here provide an alternative
proof.

THEOREM 2.1. The following double inequality hold:
T—2

2 1 2
—G+—-A<P<=-G+-=A. 2.1)
T 3 3

Proof. By Remark 1.1, (2.1) may be rewritten as
2w V1-2 2
— <<z, 0<z< 1 (2.2)
1—V1-—22 3

By an elementary change of variable z = sinx (0 <x < 7/2), (2.2) becomes

2 sinx

2 —cosx 2 T
R 0<x< <.
T 1 —cosx 3

2.3

sinx
—— —COSX, x#£0
X

fi(x)

f2(x) =1 —cosx,
x=0,
and let

Fl) = filx) “xﬂ — COosx

T
= 0 —. 2.4
fr(x) 1 —cosx ’ SY<3 @h
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Then,

fllx) S-S sinx xcotx— 142

= = B _:f3(x)'

f5(x) sinx X

Using (1.18), we find

2 & 22Bo| 5,9
fx)=3- x
3 gz (2n)!
Differentiation yields
& (2n—2)2%"B
fé(X)Z—E( n ) | 271‘ 2n73<0.

= (2n)!

Therefore, the functions f3(x) and f{(x)/f;(x) are strictly decreasing on (0,7/2). By
Lemma 1.1, the function

fo) =22 =

is strictly decreasing on (0,7/2), and we have

Y cosx

221 <= i ) =

1 —cosx t—0+

for 0 < x < /2. The proof is complete. [

REMARK 2.1. Let f(x) be given in (2.4). By the monotonicity property of f(x),
we here provide a proof of (1.1).
By Remark 1.1, (1.1) may be written as

2z
arctanz

< ez oy, 0<z<l.
SV
By an elementary change of variable z = tanx (0 < x < ©/4), we find
fanx _posinx_ oogy T
< == = <V, O<x<—.
H secx — 1 1 —cosx &) 5%

Since f(x) is strictly decreasing on (0,7/4), we obtain, for 0 < x < /4,
tany _

4—rm T T . 2
V2-1r :f<2> <) = secx — 1 <r13(§1+f(t) T3

Hence, (1.1) holds if and only if u < (4 —x)/(n(v2—1)) and v >2/3.
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THEOREM 2.2. The following double inequalities hold true:

ors0<p<” fc+£ 2.5)
and
31 (V2-1)m n—2
- - A . 2.
A P 0 2.6)

Proof. By Remark 1.1, (2.5) and (2.6) may be written for 0 <z < 1 as

l< arcmnz v Q and 1< 1- arc:mz n-2
3 VI+2-V1-2 4 1422 “ Va2

arcsm Z

respectively. By an elementary change of variable z = sinx (0 < x < 1/2), these two
inequalities become

1 V2 1 m—2 ™
- <F — d -<H ——— for O =
3 < (x) < — and o< ()c)<\/§ﬂ_2 or 0<x<z,
where )
911’1)6 sinx
- —Ccosx 1—==

F(x) = and H(x)= =

1+ sin®x — cosx V1 +sin?x— sinx °

Elementary calculations reveal that

1 T V2 1 T T—2
im = (D) =22 =l () - E2L
x_1>1(1)1+ (x) 3 Y3 in(I)l+ (x) 4 2 V2m -2

In order prove (2.5) and (2.6), it suffices to show that F(x) and H(x) are both strictly
increasing for 0 <x < /2.
Differentiation yields

2% cosxV/ 1+ sinzx(\/l Ftan2x— 1+ sin®x) F'(x)
= xcosx + sinxcos® x + (2x* — 2) sinx — (x — sinxcosx) V1 4 sin®x
1
> xcosx + sinxcos? x + (2x> — 2) sinx — (x — sinxcosx) (l + 3 sin2x>

1 3 1 3
= (2x® — 2)sinx + sinxcos®x — 3 sinxcos® x + 1 sin(2x) +xcosx + Excoszx — 5%

7 5 1 1 1 5
= <2x2 - Z) sinx+ 3 sin(2x) + 1 sin(3x) — T sin(4x) +xcosx + 4xcos(2x) "
_ 135 23 5 1620 4 SI89

_ -1 n—1
T 180" T 7560" T 302400" 8553600 n;( )" un (),
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where

16" —3.9" — (2n+6)4"+32n2+8n+3x2n+1
4-(2n+1)! '

Uy (x) =

Noting that 1x? < 1(%)? < 2 holds for 0 < x < /2, we find that for 0 < x < 77/2
andn>7,

1.2 2
wpr() 32(16+16"=27-9— (8n+32)4" 43207+ 720 + 43

@) (n41)(2n+3) (16"~ 391 = (2n+6)47+ 3202 + 8n+ 3

2(16- 16"+32n2+72n+43>

<
(n+1)2n+3) (16" _3.91 (2n+6)4">
B 2(16+Ry)

C (n+1D2n+3)(1-8,)’

where

32n2+72n+43 9\" 4\"
R,=—— '~ L =3(=) +(n .
& and S 3(16) +( +6)<16)

Noting that the sequence {R,} and {S,} are both strictly decreasing for n > 7, we
have, forn > 7,

2115 14676587
O<R <R——2M5 4 0cs, s — 14676587
SR ST = eRassase MM VS On ST 558435456
We then obtain that for 0 < x < /2 and n > 7
2115
tn 1 (%) 2 (16 + yegizorss) <L
un(x) " (n+1)(2n+3) (1 — JaSTO87)

Therefore, for fixed x € (0,7/2), the sequence n — u,(x) is strictly decreasing for
n > 7. We then obtain that for 0 < x < /2,

2% cosxV/ 1+ sinzx(\/l FtanZx— 1+ sin”x) F’ (x)

L1323, e, s189 ¢\
Y180 75607 T 302400" T 8553600

Hence, F(x) is strictly increasing for 0 < x < 7/2.
Differentiation yields

2
\/1 + sinzx(x\/l +sin’x— sinx)
H(

=1+ sinx(sin”x —x?cosx) /14 s

Sinx — xXCcosx SinX — XCOSX
. . 2 2
sinx(sin“x — x~cosx 1. tanxH; (x
> p 4 Sinal ) (14 Lginzy) = Janxti(0
sinx — xcosx 2 2(tanx — x)
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17 11 =
Hi (x) = sin®x + 2% cosx = ——x° PR § )P, (x
1( ) SlIl X+ xsinxcosx — 2x“cosx = 180)6 840 ,

where

(n+1)4"—16n>+8n ,,

Falx) = 2-(2n)!

Noting that 2x* < 2(/2)? < 5 holds for 0 < x < 1t/2, we find that for 0 < x <
w/2andn>=>5,

Prily) 2x2((n+2)4"—2(n+1)(2n+1))
Pu(x) (2n—|—1)(n+1)<(n+1) 8n(2n—1)>
5(n+2)4"
<
(2n—|—1)(n+1)<(n+1) 8n(2n—1)>
5(n+2)

2n+1)(n+ 1)<(n+ 1) — Qn> ’
where

8n(2n—1)
4n

Noting that the sequence {Q,} is strictly decreasing for n > 5, we have

Qn:

45
0<On<O@s=1520 125

We then obtain that for 0 < x < /2 and n > 5,

Pn+l(x) < 5(n+2)
B @t ) (o4 1) - )

<1

Therefore, for fixed x € (0,7/2), the sequence n —— P,(x) is strictly decreasing for
n > 5. We then obtain that, for 0 < x < /2,

17 11
H O —— 2 H' .
1(x) >x (180 520" >>0 and (x) >0

So, H(x) is strictly increasing for 0 < x < /2. The proof is complete. [
THEOREM 2.3. The inequalities

(1—u)L+wQ <P<(1—-vi)L+viQ 2.7
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and
(1 =)L+ N <P < (1—v)L+WN (2.8)
hold if and only if
1 V2 1 1
<_7 2_7 g_, >_~ 2.9
mss nz— lsg 2z2o (2.9)
Proof. We first prove (2.7) and (2.8) with u; = %, V= gmz = §7 W = %,namely,
41 V2 V2
L+ - P l—— | L+ — 2.10
tilocr<(1- )0 e v
and
7 1 1 1
—-L+-N<P<|1——|L+—N. (2.11)
8 8 n 14

We claim that
2 2 2 2 1 1
(1—£>G+£Q< (1—£>L+£Q< (1——)L+—N. 2.12)
T T T T T T
This claim shows that, among the second inequalities in (2.5), (2.10) and (2.11), the

upper bound
(1 - Q) G+ \/—EQ
T T

is the best, in the sense that it is the smallest one among the three upper bounds in (2.5),
(2.10) and (2.11).

Obvious, the left-hand side of (2.12) holds. We now prove the right-hand side of
(2.12). Noting that G < L holds, we have

1 1 2 2
(1——)L+—N—{<1—£>L+£Q}
T T T T
1 1
== {(V2=DL+N-v20} > - {(V2-1G+N-v20}.
In order prove the right-hand side of (2.12), it suffices to show that

(V2—1)G+N > V20,

which can be written, by Remark 1.1, as

(V2-DV1-24+(1+2)>V2V/1+22,  0<z<l,
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i.e.,
(V2= DVT=t+(1+1)>V2V/1+1, 0<t<l. (2.13)
We find
((\fZ— V1 —t+(1—|—t)>2— (\fz\/l +t>2
=2(V2—-1)(1+0)VT—1—(2V2—=241)(1—1)
and

(z(ﬁ— D(1+0)V1 —1)2— ((zﬁ-z+:)(1 —t)>2
=1(1 —t){t2+(7—4\/§)t+40—28\/§} >0 for 0<r<l.
Hence, (2.13) holds. The claim (2.12) is proved.

By Remark 1.1, the first inequalities in (2.10) and (2.11) can be written for 0 <
z<1 as

4 2z 1

-+ —VI1+Z< 2.14

5 ln}—fi * 5 e arcsinzg (2.14)
and

7 ZZ 1 2 Z

- —(1+z9) < —, 2.15

81n1—f§+8( +7) arcsinz ( )
respectively.

We first prove (2.14) for 0 < z < 0.7. From the well known continued fraction for
In {2 (see [8, p. 196, Eq. (11.2.4)]), we find that for 0 <x < 1,

2x(15 — 4x?) 2x l+x
= —— <In .
3(5—3x2) —3x 1—x

(2.16)

Using (2.16), we have

z 4 2z 1 z 43(5-372%) 1 1,
S —V142 —e== 1+ 32
arcsinz (5111{—*24_5 +Z> ~ arcsinz {5 542 T35\ T3°
= 150—6572—42*
~arcsing  10(15 —4z2)

In order to prove (2.14) for 0 < z < 0.7, it suffices to show that

0(z) >0 for 0<z<0.7,
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where
102(15 — 427) .
O(Z) = m —arcsimz.
Differentiation yields
0'(c) = 10(2250 — 82572 +440z —162°) 1
2= (150 — 6522 — 4z%)2 1-22

Elementary calculations reveal that, for 0 < z < 0.7,

2

(10(2250—825z2+440z4—16z6) P
) -z

(150 — 6522 — 424)2

1
= 5 {120937500 — 2512875007 + 112209375

(1—22)(150 — 6522 — 4z*

—259300002° 4 28 (1066400 — 422407 — 25614)] >0

We then obtain 6’(z) > 0 for 0 < z < 0.7. Hence, 0(z) is strictly increasing for 0 <

7 < 0.7, and we have

10z(15 — 472

0(z) = 1015~ 4z) 5 2)
150 — 6572 — 4z*

Therefore, (2.14) holds for 0 < z < 0.7.
Second, we prove (2.14) for 0.7 <z < 1. Let

—arcsinz>0(0)=0 for 0<z<0.7.

0(z) = o1(2) + @ (2),

where

1(z) = — (:lzliz—k V1 ) and  @y(z) = ——

arcsinz’
Let 0.7 <r<z<s<1.Since w(z) is increasing and @,(z) is decreasing, we obtain
0(z) = o1(r) + m(s) =: a(rs).
We divide the interval [0.7, 1] into 30 subintervals:

29
k k+1
0.7,1] = 0.7 0.7+ —— f k=0,1,2,...,29.
[ 7] kLZJO[ +10 +100] or 1,200,

By direct computation we get

k k+1
. —_— 0 f k=0,1,2,...,29.
O'<07+100 07+ 100>> or g Ly <&y )
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Hence,

k k+1
fi T+ —,07+ —— =0,1,2,...,29.
o(z) >0 for ze [0 +100,0 + 100] and k=0,1,2,...,29
This implies that @(z) is positive on [0.7,1). This proves (2.14) for 0.7 < z < 1.
Hence, (2.14) holds forall 0 <z < 1.
We now prove (2.15). We first prove (2.15) for 0 < z < 0.7. Using (2.16), we have

z 7 2z 1 ) z 73(5-32%) 1 )
(=1 > . ~(1
arcsinz (81ni—+§+8( +Z)> arcsinz {8 15 —4z2 +8( +7)

.z 301322 -7
~arcsing  2(15—4722)

In order to prove (2.15) for 0 < z < 0.7, it suffices to show that

O(z) >0 for 0<z<0.7,

where
2z(15 — 42%) .
O = 3o Taa—g ~resine
Differentiation yields
2(450 — 16522 4+97* — 420 1
o)== ST —4) .
(30— 1322 — 7%) 1—22

Elementary calculations reveal that, for 0 < z < 0.7,

2(450 — 16522+ 97 — 42\ 1
(30— 1322 —4)2 1—-22

(247500 — 4773002°) + (212235 — 501282%) +28(2274 — 11622 — %) 50

(30— 132~ 24)*(1-2)

We then obtain @'(z) > 0 for 0 < z < 0.7. Hence, ©(z) is strictly increasing for
0 < z<0.7, and we have

2z(15 — 422
O(z) = M —arcsing>0(0)=0 for 0<z<0.7.

Therefore, (2.15) holds for 0 < z < 0.7.
Second, we prove (2.15) for 0.7 <z < 1. Let

¥(2) = y1(2) +32(2),
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where

7 22 1 2 Z
=—| = —(1+z d
n(@) (8 lni—fi + 8( te >> and - ya(z) = arcsinz’

Let 0.7 <r<z<s< 1. Since y(z) is increasing and y,(z) is decreasing, we obtain

¥(2) 2 y1(r) +y2(s) =: p(r;5).
We divide the interval [0.7,1] into 30 subintervals:

29

k k+1
0.7,1] = 0.7 ,074+——| for k=0,1,2,...,29.
[0.7,1] kLZJO[ +10 +100] or 1,200,
By direct computation we get
k k+1
0.7 0.74+ —— 0 for k=0,1,2,...,29.
p( 100’ +100)> or R
Hence,
k k+1
0 f 074 —,07+ —— d £=0,1,2,...,29.
y(Z)> or |: +100 + 100:| an s Ly &y )

This implies that y(z) is positive on [0.7,1). This proves (2.15) for 0.7 < z < 1. Hence,
(2.15) holds forall 0 <z < 1.

We then obtain (2.7) and (2.8) with y1y =L, vj = ¥2 iy = L vy = L.
Conversely, if (2.7) and (2.8) are valid, then we get

_z 2z _z 2z
P—L arcsinz = |p 1+ P—L arcsinz  |p %
< = <v; and W< = —= <.
O-L 1+722- 2Z~ N-L 1—|—Z2—ln21Z+Z
01— Tz
The limit relations
z 2z z 2z
) arcsinz  |n %H 1 ) arcsinz ~ |n 1= \/E
Iim — = — lim —

In{

0t 1422 -2 5T 1 \/14-12——1 2 m’
T—z

-2

_z 2 _z 2z
arcsinz ln% 1 arcsinz lnl +z 1
m ————= — — Ilm —M% — —
o+ 1 2 _2z 87 -1 <2
o +z In 12 S +22 n 1+~
yield
1 V2 1 1
M1<§» V1>77 #2<§» V2>E~

The proof is complete. [
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3. Proof of Conjecture 1.2

THEOREM 3.1. The following double inequality holds true:

-4 4— 21
A+ 2 AN < T < ZA4-N. 3.1)
T 3 3

Proof. By Remark 1.1, (3.1) may be rewritten as

4 — —<_—_—1
Tomame o> for 0<z<l. 3.2)
T z 3

By an elementary change of variable z = tanx (0 < x < 7/4), (3.2) becomes

4— 1
T”<U(x)<§ for 0<x<§, (3.3)
where
tanx _ 1
() = tan? x
Differentiation yields
Ui (x)
U'(x) = ———+—,
) x2sin® xtanx
where
2 w2 1 2, 1
U;(x) = xtanx — 2x~ + sin”x = xtanx — 3 cos(2x) —2x~ + 3
= 201 (222 = 1) Bl = (-1)")
= x" (3.4)
}2‘3 (2n)!
It is well known [1, p. 805] that
2(2n)! 2(2n)!
= < IB > 1. 3.5
(27.[)2,, < ‘ Zn‘ < (277:)2n(1 _21_2,,)7 n ( )
By the first inequality in (3.5), we find
2(2n)!
2n 2n
2(27" —1)|Ban| > 2(2 _1)(277:)2" > 1, n=3
We see from (3.4) that
Ui(x)>0, O0<x<Z. (3.6)

4

We then obtain U’(x) < 0 for 0 < x < /4. Hence, U(x) are strictly decreasing on
(0,t/4), and we have

tanx

X s l
) <UE) = tan2x zLH(%U(t) 3

4__7T_U(E
R

T
for 0 < x < /4. The proof is complete. [



PROOFS OF CERTAIN CONJECTURES OF VUKSIC INEQUALITIES 1173

REMARK 3.1. Noting that H + N = 2A holds, (3.1) can be written as (1.9).

THEOREM 3.2. The following double inequalities hold true:

%H—k%T <A<4TT”H+§T, (3.7)
éH+§Q<T< n_;\/zHJrz\fQ, (3.8)
éG+§Q<T< ”_iﬂG+2fQ, (3.9)

(22;?4)”“ \g;” veo<lrign (3.10)

Proof. By Remark 1.1, (3.7), (3.8), (3.9) and (3.10) may be rewritten for 0 < z < 1

as
P SR 8 _ _aroianz — (! —7) < 2v2
drctzanz (1 22) 4’ 9 Vv 1+Zz_(1_Z2) T ’

—V1-z 2\/§ V2n—4 VI+72- £

arctdn Z arctan z <

1
) < VRl
\/l—}—z —\/l—z T 2r—4 1+Z2_—arclzanz 4

respectively. By an elementary change of variable z = tanx (0 < x < 7/4), these four
inequalities become

<

AN AW

3 8 2v2 5 22 V2n—4 1
S <s, S<h) <2, < === <Jilx) < =
g <MW <g ghlW<—=m gehl)<Tm o <l <g
for 0 <x < /4, where
tan’ x any _ (1—tan’x)
Ji(x) = B (] )’ Jo(x) = 5
= — (1 —tan*x) secx — (1 —tan’x)
A) m%_m Si%— cos(2x) secx — 140X
3(x) = = =

= v JalxX) = ——r
secx — /1 —tan?x 1 — y/cos(2x) (x) sec? x — o

Elementary calculations reveal that

_ 3 T T 8 T 2v2
fmaw=3 4(F)=7  Jmae=-g a(7)-7
Jmaw =z n(7)=T7  Jmae=g 4(3) -5
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In order prove (3.7), (3.8), (3.9) and (3.10), it suffices to show that J;(x), Jo(x) and
J3(x) are strictly increasing and Ju(x) is strictly decreasing for 0 <x < 7 /4.
Differentiation yields

Ji(x) = _Sinxzs(gh ® o< 2
where
U (x) = xtanx +sin®x — 2x*> > 0 (see (3.6))
and
Us(x) = 2xsinxcosx — (4x* — 1) sin® xcos? x — 4xcos’ xsinx + x°.
We find
Us(x) = —% ( 2 %) (1—cos(4x)) — %xsin(4x) +x2
= é(—l)"‘lvn(x) = 19—6x6 — i—:xg +§(—1)"—lvn(x), (3.11)

where

_ 24n—5 (}’l — 2) 2n

val) = n-(2n—2)!

Elementary calculations reveal that, for 0 < x < /4 and n > 5,

Va1 (X) 8(n—1)x* __ 8(n=1)(m/4)
v (x) n+1)2n—1)(n—-2) m+1)2n—-1)(n-2)
8(n—1)

Y(n—2

< <1.
(n+1)2n—1)( )
Hence, forall 0 <x < m/4 and n > 5,
Vn+l(x) < 1.
v (x)

Therefore, for fixed x € (0,7/4), the sequence n —— v,(x) is strictly decreasing for
n > 5. We then obtain from (3.11) that

16 64 T
616 64 » T
Us(x) > x (9 45x)>0, 0<x< 7

Thus, we have

Ji(x) >0, 0<x<§.
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Hence, J;(x) is strictly increasing for 0 < x < /4.
Differentiation yields

x*(1 —cosx)*(1+2cosx)J}(x)

= 28inXCos° x + 2x7 sinxcos’ x — SiNxcosx + x> Sinx — SINXCOS> X — X + XCOS° X

1 21 1 X% 1 3
=7 sin(4x) + <% - Z) sin(3x) + Zxcos(3x) + (% - Z) sinx + Zrcosx—x
1 7 1 9 11
_ta b 12
15" 105" 25200 + 2 (3.12)
where
Vi) = 6-16" — (4n2—n+3)9”—36n2—9n+3x2n+1.

6(2n+1)!

Noting that 3 <3 (%)2 < 1 holds for 0 < x < /4, we find that for 0 <x < /4
and n > 6,

Vo) 3 (32. 16" — (1202 + 210+ 18)9" — (1202 + 27n + 14))

Va(x) (n+l)(2n+3)(6-16" (4n2 —n+3)9n (36n2+9n—3)>
32.16"
(n+1)(2n+3)(6~16"—(4n2—n+3)9"—(36n2+9n—3)>

B 32
C (n+1)(2n+3)(6—x,)’

where

9\" 36n*+9n—3
= (4n® —n+3)<16) — e

Noting that the sequence {x,} is strictly decreasing for n > 6, we have

0<x < g STAOOLT
"m0 8388608 Z
We then obtain that, for 0 < x < /4 and n > 6,
2
V;q/H(X) < ; 37465917 <1
20 (e 1)(2n+3) (6 - HE )

Therefore, for fixed x € (0,7/4), the sequence n —— V,(x) is strictly decreasing for
n > 6. We then obtain from (3.12) that, for 0 < x < /4,

1 1 53
201 _ 2 2 7 2 4
x~ (I —cosx)”(1+2cosx)J5(x) > x (15 105" 25200)c>>0.



1176 C.-P. CHEN AND N. ELEZOVIC

Hence, J(x) is strictly increasing for 0 < x < /4.
Differentiation yields

2 /cos(20) (1 — y/cos(2x)) 2T (x) = D (x) — Dy (),
where
Dy(x) = (sinx — xcosx) cos(2x) + x(x — sinx) sin(2x) > 0
and
Di (x) = (sinx — xcosx)y/cos(2x) > 0

forO<x<m/4.
We now prove J5(x) > 0 for 0 <x < m/4, it suffices to show that D, (x) > D (x).
Elementary calculations reveal that

D3(x) - Di(x)
2sinx

= —2x3 cos?x + sinx + 2 sinxcos* x + 4x? sinxcos’ x

2

+ (2x* + x* — 3) sinxcos” x — x* sin(2x)

1 1 1
__3_.3 Ta 1o 1Y
=—x —x cos(2x)+<2x —|—4x +2>smx

1, 1, 3. 1, . 1.
+ <2x + 2~ 8) sin(3x) + 7% sin(4x) + A sin(5x)

135, Loy 3T 5 108961
T 5400 9450 201600 ' 349272000

1864237 5 493 2419136561 5
1089728640000 583783200 11204153985024000
25139133427

LT "
- —1)"X
1300926768261120000" *}2%2( )" Xn(x),

(3.13)

where

Xh(x)::(135-25"——54n(2n—%1)16”4—(64n4——64n3——88n2——20n——243)9"
x2n+l

+umn@n—n@n+1MW+uB@n—lx&9—mf—5n—lﬁggragiTy-

We find that for 0 <x < /4 and n > 12,

o) (98V B9 (myhe 3
X, (x) 2 )7, 2\4) 7z, "z,

where

Y, =375-25"— &1 (n) + & (n) + E3(n) + &4(n)
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and
Zy=(n+1)(2n+3) (135 25" — &5(n) + (64n* — 64n — 880> — 20n — 243)9"

4 108n(2n — 1)(2n+ 1)4" + 108(2n — 1)(8n° — 4n> — 5n — 1)),

with
E(n) =96(2n+3)(n+1)16",  &(n) = (64n* + 1920 + 104n* — 132n — 351)9",
&(n) =48(2n+3)2n+1)(n+1)4",  &(n) = 12(2n+1)(8n° +20n> + 11n —2),
&s(n) =54n(2n+1)16".

It is easy to see that, for n > 12,

3, _ 3(375.25"+(§2(n)+53(n) +£’4(n)> B 3(375+ G | &0 "2*5(,?’)
Zi (e 1)n+3) (135250 = &5(m)) (- 1)(2n+3) (135 - 54
>

=

Noting that the sequences {%} (j =2,3,4,5) are strictly decreasing for n > 12,
we have, for n > 12,

&) &) &n) _ &H12)  &(12)  &(12)

0< 25 T T s S 35m T psm T psm
~ 472199873062850001 282662535168 202008
= 59604644775390625 | 2384185791015625 | 2384185791015625
~472206939631279401
" 59604644775390625

and
&s(n) P &5(12) _ 182395784908505088
257 2512 7 2384185791015625

We then obtain that for 0 < x < /4 and n > 12,

472206939631279401
- 3Y, - 3 <375 + 59604644775390625 )

X, Zn __ 182395784908505088
(x) (n+1)(2n+3) (135 2384185791015625 )

0<

Therefore, for fixed x € (0,7/4), the sequence n — X,(x) is strictly decreasing for
n > 12. We obtain from (3.13) that, for 0 < x < /4,

Dg(x)—D%(x):x9 13 N L o 37 4
2sinx 540 ' 94507 20160
15 [ 108961 1864237 493
— X — X
349272000 108972864000° 583783200
51 2419136561 25139133427 )
+ - X 0
11204153985024000  1300926768261120000
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We then obtain that for 0 < x < /4,
Dy(x) >Dj(x) and J5(x) > 0.

Hence, J3(x) is strictly increasing for 0 < x < /4.
Differentiation yields

) =~ 140,

where

I1(x) = x? sinx — sinxcosx + sinxcos” x 4 2xcos” x — xcos> x — x

and
2 . l.2
I (x) = x° —xsin(2x) + 7 Sin (2x).

We now prove Jj(x) < 0 for 0 < x < m/4, it suffices to show that /;(x) > 0 and
L(x)>0for0<x<m/4.
Elementary calculations reveal that

1 1 1 3 1
L(x) = <x2 + Z) sinx — 3 sin(2x) + 1 sin(3x) — Zxcosx—i—xcos(Zx) - Zxcos(3x)

7 7 n 1
.14
90 1890 ' Z Wa(x G149

where

—4n-4"4+8n* +Tn+1 2t

_ (n=1)9"
Walx) = 2-(2n+1)!

Noting that $x* < 1(%)* < 1 holds for 0 < x < 7/4, we find that, for 0 <x < 7r/4
and n > 5,

=
+
—
=
~—
=

22 <9n -9 — (161 + 16)4" + 8n> +23n + 16)

Wal¥) (g 1)(2n+3)<(n— 1)9" — dn -4+ 8n2 + Tn+ 1)
_ 9n-9"+8n*+23n+ 16
(n+ 1)(2n+3)<(n— 1)9”—4n-4”>
on 8n2+§3n+16
(n+1)(2n+3) ((n— 1)—4n (%)n) '
Noting that the sequences { W} and {4n(#)"} are both strictly decreasing

for n > 5, we have, forn > 5,

8n’+23n+16 _[8n°+23n+16] _ 331
9" = 9n s 59049

0<
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and
4\" 4\" 20480
0O<dn(=) < |4n(= =
dONOINS
We then obtain that for 0 < x < /4 and n > 5,

331
W1 (x) 9+ 55009

1
Wa () (n+1)(2n+3)<(n— 1)_M> =

59049

Therefore, for fixed x € (0,7/4), the sequence n —— W, (x) is strictly decreasing for
n > 5. We then obtain from (3.14) that, for 0 < x < /4,

7 41
L(x)>x" | —=———=x*) >0.
1) > ¢ (90 1890x>

Using (1.15) and (1.19), we obtain

I 1
snig)) = x?csc(2x) —x+ ) sin(2x)
22n+1)(2 1= 1)|B
(2n+1)!
By the first inequality in (3.5), we find that for n > 2
2(2n)!
2(2n+1)(2*"' = 1)|Byy| > 2(2n+ 1) (2% ' - 1)(2(7;;2" > 1.

We see from (3.15) that

4
L(x) >0, 0<x< 1

We then obtain Jj(x) < 0 for 0 < x < m/4. Hence, J4(x) is strictly decreasing for
0 < x < m/4. The proof is complete. ]

THEOREM 3.3. The inequalities

(1 =)L+ usT <A< (l—v3)L+wT (3.16)
and
(1 —pa)L+usQ <T < (1 —v4)L+v40 (3.17)
hold if and only if
1 T 4 2V/2
<_7 2_7 <_7 2— .
sy 327, MSs Vi p (3.18)
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Proof. We first prove (3.16) and (3.17) with pz = 1, v3 = Tl = %,v4 =22
namely,

1 1 T T
L4+-T<A<(1-Z)L+=T 1
phtal s << 4) 3 (3.19)
and
1 4 2 232
§L+§Q<T<<l—i> T\/_Q (3.20)

In fact, (3.7) = (3.19) and (3.8) = (3.20). More precisely, the following
inequalities are true:

11 1.3
—L+—T<—H+—T<A<(1——>H+ T<(1 4>L+ET (3.21)

2772 47 "4 4 4 4
and
1. 4 1 8 2 22 2 212
CL+2Q<-H+-0<T< 1—£ £Q< 1—£ —\/_Q
5 5 9 9 b T

(3.22)

Obviously, the last inequalities in (3.21) and (3.22) hold. The first inequalities in (3.21)
and (3.22) can be written, respectively, as

H+T 5H +4
+>L and +Q>L

We now prove that

H+T _ SH+4Q
2 9

> L. (3.23)

The first inequality in (3.23) can be written as

H+8
t0

which is the left-hand side of (3.8). The second inequality in (3.23) is mentioned in [9,
Table 2]. It can be written, by Remark 1.1, as

18
SU-2) 4V 2> (3.24)
1_

For 0 <z<1,let

14z 18z

‘S(Z)zlnl_z— SU_ )Vt
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Differentiation yields

2((5 722+ 524V T+ 22 - 5.+ 452 — 407"
(1—22)(4—422+5V1+22)2V1 + 72

£'(z) =

By an elementary change of variable z = \/y2 — 1 (1 <y < v/2), we find

(5722 45229V 14 22 — 54 4572 — 407
= 52y° — 40y* — 111y° 4 125y% + 64y — 90
=81(y—1)+72(y—1)2+249(y— 1)>+220(y — 1)*4+52(y — 1) > 0.

We then obtain &’(z) >0 for 0 <z < 1. Hence, £(z) is strictly increasing for 0 <z < 1,
and we have

1nH—z_ 18z .
-z 5(1-22)+4v1+2

for 0 < z < 1. This means that (3.24) holds. Hence, the second inequality in (3.23)
holds.
We then obtain (3.16) and (3.17) with ft3 = 4, vs = Z uy = 4 vy = 22
Conversely, if (3.16) and (3.17) are valid, then we get

§(2)>8(0)=0

1 2 z 2z
In T2 aresinz - Ip }E
M3 < ——5— —; < vz and ,u4<—_l+ ST < V4.
arctanz  |p %Z Z In %Z
The limit relations
1— 2z 2z
. In £ i In £ n
m —— = — m —=— = —
Lz 2z ’ - _z _ _2 ’
=0 arctanz | Lz 2 2=l arctanz | 12 4
_z 2 _z 2
y arcsinz | % 4 I arcsinz [ % 2\/§
im ———=-, lim L=
0t V142 -2 5 VT2 - 2 T
In £ In 1=
yield
1 n 4 2V/2
IJ3<§7 V3>z, IJ4<§7 V4>T-

The proof is complete. [
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