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Abstract. We introduce Herz-Morrey-Orlicz spaces on the half space, and study the boundedness
of the Hardy-Littlewood maximal operator. As an application, we establish Sobolev’s inequality
for Riesz potentials of functions in such spaces, which is one of mixed norm type inequalities.

1. Introduction

Let Rn be the Euclidean space. In harmonic analysis, the maximal operator is a
classical tool when studying Sobolev functions and partial differential equations. This
also plays a central role in the study of differentiation, singular integrals, smoothness
of functions and so on (see [4, 9, 18], etc.).

It is well known that the maximal operator is bounded on the Lebesgue space
Lp(Rn) if p > 1 (see [18]). The boundedness of the maximal operator was stud-
ied on Morrey spaces in [7, 14], on Orlicz-Morrey spaces in [16], and also on non-
homogeneous Herz spaces in [10]. For Morrey spaces, which were introduced to esti-
mate solutions of partial differential equations, we refer to [13, 17].

Recently, the boundedness of the maximal operator was studied for non-homoge-
neous central Herz-Morrey-Orlicz spaces on the whole space Rn (see [12]). Let H+
denote the half plane :

H+ = {x = (x′,xn) ∈ Rn−1×R : xn > 0}.

Our first aim in this paper is to study the boundedness of the Hardy-Littlewood maxi-
mal operator on H Φ,ω,q(H+) defined by a general function Φ and a weight ω satis-
fying certain conditions and 0 < q � ∞ (see Theorems 3.4 and 3.5 below). The space
H Φ,ω,q(H+) is referred to as a Herz-Morrey-Orlicz space on the half space. See Sec-
tion 2 for the definitions of Φ , ω and H Φ,ω,q(H+) . To prove Theorem 3.4, we need
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the boundedness of maximal operator on LΦ (see Lemma 3.1), and treat only the case
1 < q < ∞ , because the remaining case is easily settled.

One of the important applications of the boundedness of the maximal operator is
Sobolev’s inequality; in classical Lebesgue spaces, we know Sobolev’s inequality:

‖Iα f‖Lp∗ (Rn) � C‖ f‖Lp(Rn)

for f ∈ Lp(Rn) , 0 < α < n and 1 < p < n/α , where Iα is the Riesz kernel of order
α and 1/p∗ = 1/p−α/n (see, e.g. [2, Theorem 3.1.4]). Sobolev’s inequality for
Morrey spaces was given by D. R. Adams [1] (also [7, 14]), and then the result was
extended to Orlicz-Morrey spaces in [15]. For local Morrey-type spaces, we refer the
reader to [5, 6], for example. See also [10] for non-homogeneous Herz spaces and [8]
for non-homogeneous central Morrey spaces.

In [12], the boundedness of Riesz potential operators was studied for non-homo-
geneous central Herz-Morrey-Orlicz spaces on Rn . Our second aim in this paper
is to give a general version of Sobolev’s inequality for Riesz potentials of functions
in H Φ,ω,q(H+) as an application of the boundedness of the maximal operator on
H Φ,ω,q(H+) (see Theorem 4.7 below). This seems to be new even for the case
Φ(r) = rp and ω(r) = r−ν (see Corollary 4.8 and Remark 4.9 below). The key lemma
for our main Theorem 4.7 is Lemma 4.5 below.

2. Preliminaries

Throughout this paper, let C denote various positive constants independent of the
variables in question.

Let Φ be a convex function on [0,∞) such that

(Φ1) Φ(0) = 0 and Φ(r) > 0 for r > 0;

(Φ2) for some p2 > 1, r−p2Φ(r) is almost decreasing, that is, there exists a constant
A1 > 0 such that

Φ(rt) � A1r
p2Φ(t) when r > 1 and t > 0;

(Φ3) for some 1 < p1 � p2 , r−p1Φ(r) is almost increasing, that is, there exists a
constant A2 > 0 such that

Φ(rt) � A2r
p1Φ(t) when r > 1 and t > 0.

Here note from (Φ2) that Φ is doubling, that is, there exists a constant A > 0 such that

Φ(2r) � AΦ(r) for r > 0.

Further consider a weight ω such that

(ω1) ω(r) > 0 for r > 0;
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(ω2) ω is almost decreasing in (0,∞) ;

(ω3) ω is doubling.

We see that ω(r) = r−ν (log(e+ r))θ is almost decreasing when ν > 0 and θ ∈ R .
Note here that (Φ2) holds if and only if

(Φ2′) Φ(rt) � A1
−1rp2Φ(t) when 0 < r < 1 and t > 0;

and (Φ3) holds if and only if

(Φ3′) Φ(rt) � A2
−1rp1Φ(t) when 0 < r < 1 and t > 0.

Moreover, if Φ is of the form rp(log(e+ r))θ for p > 1 and θ ∈ R , then (Φ2) and
(Φ3) hold when 1 < p1 < p < p2 . In particular, p1 = p = p2 if and only if θ = 0.

For r > 0, set

H(r) = {x = (x′,xn) ∈ Rn−1×R : 0 < xn < r}
and

A(r) = H(2r)\H(r).

For 0 < q � ∞ , we denote by H Φ,ω,q(H+) the class of measurable functions f on the
half space H+ satisfying

‖ f‖H Φ,ω,q(H+) = inf

{
λ > 0 :

∫
H(2)

Φ
( | f (y)|

λ

)
dy

+
(∫ ∞

1

(
ω(r)

∫
A(r)

Φ
( | f (y)|

λ

)
dy

)q dr
r

)1/q

� 1

}
< ∞

when 0 < q < ∞ , H Φ,ω,∞(H+) is the space of all measurable functions f on H+ such
that

‖ f‖H Φ,ω,∞(H+)

= inf

{
λ > 0 :

∫
H(2)

Φ
( | f (y)|

λ

)
dy+ sup

r�1

(
ω(r)

∫
A(r)

Φ
( | f (y)|

λ

)
dy

)
� 1

}
< ∞.

The space H Φ,ω,q(H+) is referred to as a non-homogeneous central Herz-Morrey-
Orlicz space on the half space H+ , which is one of spaces with mixed norm. In
connection with H Φ,ω,q(H+) , we consider the space H Φ,ω,q(H+) of all measurable
functions f on H+ satisfying

‖ f‖H Φ,ω,q(H+) = inf

{
λ > 0 :

∫
H(2)

Φ
( | f (y)|

λ

)
dy

+
(∫ ∞

1

(
ω(r)

∫
H(r)

Φ
( | f (y)|

λ

)
dy

)q dr
r

)1/q

� 1

}
< ∞

when 0 < q < ∞ ; if q = ∞ , then we need necessary modifications. For these spaces,
see e.g. [3, 5, 6, 13].
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LEMMA 2.1. Suppose

(ω4) rδ0ω(r) is almost decreasing on [1,∞) for some δ0 > 0 .

Then H Φ,ω,q(H+) = H Φ,ω,q(H+) .

Proof. Let 0 < δ < δ0 . First, we show the case 0 < q < ∞ . Let f be a measurable
function on H+ with

∫
H(2)

Φ(| f (y)|)dy+
(∫ ∞

1

(
ω(r)

∫
A(r)

Φ(| f (y)|)dy

)q dr
r

)1/q

� 1.

In case 0 < q < ∞ , by Hölder’s inequality, we obtain∫
H(r)\H(2)

Φ(| f (y)|)dy

� C
∫ r

1

(∫
A(t)

Φ(| f (y)|)dy

)
dt
t

� C

(∫ r

1

(
t−δ ω(t)−1

)q′ dt
t

)1/q′(∫ r

1

(
tδ ω(t)

∫
A(t)

Φ(| f (y)|)dy

)q dt
t

)1/q

� Cr−δ ω(r)−1
(∫ r

1

(
tδ ω(t)

∫
A(t)

Φ(| f (y)|)dy

)q dt
t

)1/q

for r � 1 since

∫ r

1

(
t−δ ω(t)−1

)q′ dt
t

� C
(
r−δ0ω(r)−1

)q′ ∫ r

1
t(δ0−δ )q′ dt

t

= C
(
r−δ0ω(r)−1

)q′
r(δ0−δ )q′ = Cr−δq′ω(r)−q′

by (ω4) . For the case 0 < q � 1, we use the fact that (a+b)q � aq +bq for all a,b � 0
instead of Hölder’s inequality and use

t−δ ω(t)−1 � Cr−δ ω(r)−1

for all 1 � t � r by (ω4) . Hence we have by (ω4)

∫ ∞

1

(
ω(r)

∫
H(r)

Φ(| f (y)|)dy

)q dr
r

� C

{∫ ∞

1

(
ω(r)

∫
H(r)\H(2)

Φ(| f (y)|)dy

)q dr
r

+
∫ ∞

1

(
ω(r)

∫
H(2)

Φ(| f (y)|)dy

)q dr
r

}

� C

{∫ ∞

1

(
tδ ω(t)

∫
A(t)

Φ(| f (y)|)dy

)q(∫ ∞

t
r−δq dr

r

)
dt
t

+
(∫

H(2)
Φ(| f (y)|)dy

)q}

� C

{∫ ∞

1

(
ω(t)

∫
A(t)

Φ(| f (y)|)dy

)q dr
r

+
(∫

H(2)
Φ(| f (y)|)dy

)q}
,
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so that
∫

H(2)
Φ(| f (y)|)dy+

(∫ ∞

1

(
ω(r)

∫
H(r)

Φ(| f (y)|)dy

)q dr
r

)1/q

� C.

Next, we deal with the case q = ∞ . Let f be a measurable function on H+ with∫
H(2)

Φ(| f (y)|)dy+ sup
r�1

(
ω(r)

∫
A(r)

Φ(| f (y)|)dy

)
� 1.

By (ω4) , we obtain∫
H(r)\H(2)

Φ(| f (y)|)dy � C
∫ r

1

(∫
A(t)

Φ(| f (y)|)dy

)
dt
t

� C

(∫ r

1
t−δ ω(t)−1 dt

t

)
sup

1�t�r

(
tδ ω(t)

∫
A(t)

Φ(| f (y)|)dy

)

� Cr−δ ω(r)−1 sup
1�t�r

(
tδ ω(t)

∫
A(t)

Φ(| f (y)|)dy

)

� Cω(r)−1 sup
1�t�r

(
ω(t)

∫
A(t)

Φ(| f (y)|)dy

)

for r � 1. Hence we have by (ω2)

sup
r�1

(
ω(r)

∫
H(r)

Φ(| f (y)|)dy

)

� sup
r�1

(
ω(r)

∫
H(r)\H(2)

Φ(| f (y)|)dy

)
+ sup

r�1

(
ω(r)

∫
H(2)

Φ(| f (y)|)dy

)

� C

{
sup
r�1

(
sup

1�t�r

(
ω(t)

∫
A(t)

Φ(| f (y)|)dy

))
+
∫
H(2)

Φ(| f (y)|)dy

}

� C

{
sup
t�1

(
ω(t)

∫
A(t)

Φ(| f (y)|)dy

)
+
∫

H(2)
Φ(| f (y)|)dy

}
,

so that ∫
H(2)

Φ(| f (y)|)dy+ sup
r�1

(
ω(r)

∫
H(r)

Φ(| f (y)|)dy

)
� C. �

3. The boundedness of the maximal operator

We define the maximal function of a locally integrable function f on H+ by

M f (x) = sup
r>0

1
|B(x,r)|

∫
B(x,r)∩H+

| f (y)|dy,

where B(x,r) denotes the open ball centered at x ∈ Rn with radius r > 0.
In view of (Φ3) , we have the boundedness of maximal operator in LΦ(H+)

= { f ∈ L1
loc(H+) :

∫
H+

Φ(| f (y)|)dy < ∞} .
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LEMMA 3.1. ([11, Corollary 4.4]) There exists a constant C > 0 such that
∫

H+
Φ(M f (x))dx � C

∫
H+

Φ(| f (y)|)dy.

Let us start with the following lemma which will be useful in the sequel.

LEMMA 3.2. Let a < 1 . Then there exists a constant C > 0 such that∫
Rn−1

|x− y|a−n dx′ � C|xn − yn|a−1,

where x = (x′,xn) and y = (y′,yn) .

Proof. For x = (x′,xn) and y = (y′,yn) , set r = |x′ − y′| and b = |xn− yn| . Then

∫
Rn−1

|x− y|a−n dx′ = C
∫ ∞

0
(r2 +b2)(a−n)/2rn−2 dr � Cba−1. �

For a real number κ , x ∈ H(r) and r > 1, we define

Jκ ,r(x) =
∫

H+\(H(2r)∪B(x,r))
|x− y|κ−n f (y)dy

and set
f1,r = f1,r;x = f χH+\(H(2r)∪B(x,r)).

Next result is instrumental for the boundedness of the maximal operator.

LEMMA 3.3. Suppose

(ω5) rκ p2−1+β0ω(r)−1 is almost decreasing on [1,∞) for some β0 > 0 .

Let ε > 0 and β > 0 such that

κ p2 + ε(p2−1)−1 < 0 and ε(p2 −1)+ β < β0.

Then there exists a constant C > 0 such that

r−ε p2

∫
H(r)

Φ(rεJκ ,r(x))dx �Crκ p2+β ω(r)−1
(∫ ∞

r

(
t−β ω(t)

∫
A(t)

Φ( f (y))dy

)q dt
t

)1/q

when 0 < q < ∞ and

r−ε p2

∫
H(r)

Φ(rεJκ ,r(x))dx � Crκ p2ω(r)−1 sup
t�r

(
ω(t)

∫
A(t)

Φ( f (y))dy

)

when q = ∞ , for all nonnegative measurable functions f on H+ .
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Proof. We show only the case 1 < q < ∞ . Let ε be given as in the present lemma.
For a nonnegative measurable function f on H+ and x ∈ H(r) , we have

Jκ ,r(x) =
∫

H+\(H(2r)∪B(x,r))
|x− y|κ−n f (y)dy

� C
∫ ∞

r

(
1

|B(x,t)|
∫

B(x,t)
f1,r(y)dy

)
tκ−1 dt.

We obtain by Jensen’s inequality and (Φ2)

Φ(rεJκ ,r(x)) � CΦ
(

rε
∫ ∞

r

(
1

|B(x,t)|
∫

B(x,t)
tκ+ε f1,r(y)dy

)
t−ε−1 dt

)

� Crε
∫ ∞

r

(
1

|B(x,t)|
∫

B(x,t)
Φ(tκ+ε f1,r(y))dy

)
t−ε−1 dt

� Crε
∫ ∞

r
t(κ+ε)p2−n

(∫
B(x,t)

Φ( f1,r(y))dy

)
t−ε−1 dt

� Crε
∫

H+\(H(2r)∪B(x,r))
|x− y|κ p2+ε(p2−1)−nΦ( f (y))dy

since r > 1 and

κ p2 + ε(p2−1)−n < κ p2 + ε(p2−1)−1 < 0.

If x ∈ H(r) and y ∈ H+ \B(x,r) , then for x = (x′,−xn)

|x − y| � 2xn + |x− y|< 2r+ |x− y|< 3|x− y|.

Therefore, Lemma 3.2 gives

∫
H(r)

|x− y|κ p2+ε(p2−1)−n dx �
∫

H(r)
(|x − y|/3)κ p2+ε(p2−1)−n dx

� C
∫ r

0
(xn + yn)κ p2+ε(p2−1)−1 dxn

� Cryκ p2+ε(p2−1)−1
n

for y∈H+\(H(2r)∪B(x,r)) since κ p2 +ε(p2−1) < 1. Hence we obtain by Hölder’s
inequality and (ω5)

∫
H(r)

Φ(rεJκ ,r(x))dx � Crε
∫

H+\H(2r)

(∫
H(r)

|x− y|κ p2+ε(p2−1)−n dx

)
Φ( f (y))dy

� Crε+1
∫

H+\H(2r)
yκ p2+ε(p2−1)−1
n Φ( f (y))dy

� Crε+1
∞

∑
j=1

(2 jr)κ p2+ε(p2−1)−1
∫

A(2 jr)
Φ( f (y))dy
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� Crε+1

(
∞

∑
j=1

(
(2 jr)κ p2+ε(p2−1)−1+β ω(2 jr)−1

)q′
)1/q′

×
(

∞

∑
j=1

(
(2 jr)−β ω(2 jr)

∫
A(2 jr)

Φ( f (y))dy

)q
)1/q

� Cr(κ+ε)p2+β ω(r)−1

×
(

∞

∑
j=1

(
(2 jr)−β ω(2 jr)

∫
A(2 jr)

Φ( f (y))dy

)q
)1/q

,

which gives∫
H(r)

Φ(rεJκ ,r(x))dx

� Cr(κ+ε)p2+β ω(r)−1
(∫ ∞

r

(
t−β ω(t)

∫
A(t)

Φ( f (y))dy

)q dt
t

)1/q

,

which proves the assertion. �
Now we are ready to prove the boundedness of maximal operator on H Φ,ω,q(H+) .

THEOREM 3.4. Suppose

(ω5′) r−1+β0ω(r)−1 is almost decreasing on [1,∞) for some β0 > 0 .

Let ε > 0 be given such that

ε(p2−1)−1 < 0 and ε(p2−1) < β0.

Then there exists a constant C > 0 such that

∫
H(2)

Φ(M f (x))dx+
(∫ ∞

1

(
r−ε p2ω(r)

∫
H(r)

Φ(rεM f (x))dx

)q dr
r

)1/q

� C

when 0 < q < ∞ and

∫
H(2)

Φ(M f (x))dx+ sup
r�1

(
r−ε p2ω(r)

∫
H(r)

Φ(rεM f (x))dx

)
� C

when q = ∞ , for all f ∈ H Φ,ω,q(H+) with ‖ f‖H Φ,ω,q(H+) � 1 .

Proof. We show only the case 1 < q < ∞ . Let f be a nonnegative measurable
function on H+ such that

∫
H(2)

Φ( f (y))dy+
(∫ ∞

1

(
ω(r)

∫
H(r)

Φ( f (y))dy

)q dr
r

)1/q

� 1.
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For r > 1 write

f = f χH+\H(2r) + f χH(2r) = f2,r + f3,r.

First note by (Φ2) and Lemma 3.1 that

r−ε p2

∫
H(r)

Φ(rεM f3,r(x))dx � C
∫

H(r)
Φ(M f3,r(y))dy

� C
∫

H+
Φ( f3,r(y))dy

= C
∫

H(2r)
Φ( f (y))dy,

so that ∫
H(2)

Φ(M f3,2(x))dx � C
∫

H(4)
Φ( f (y))dy � C

and

∫ ∞

1

(
r−ε p2ω(r)

∫
H(r)

Φ(rεM f3,r(x))dx

)q dr
r

� C
∫ ∞

1

(
ω(r)

∫
H(2r)

Φ( f (y))dy

)q dr
r

� C
∫ ∞

1

(
ω(r)

∫
H(r)

Φ( f (y))dy

)q dr
r

� C.

For x ∈ H(r) , note that

M f2,r(x) � CJ0,r(x).

Take β > 0 such that
ε(p2 −1)+ β < β0.

Then we obtain by Lemma 3.3 and (ω5′)

r−ε p2

∫
H(2)

Φ(rεM f2,r(x))dx �Crβ ω(r)−1
(∫ ∞

r

(
t−β ω(t)

∫
A(t)

Φ( f (y))dy

)q dt
t

)1/q

,

so that

∫
H(2)

Φ(M f2,2(x))dx � C

(∫ ∞

2

(
t−β ω(t)

∫
A(t)

Φ( f (y))dy

)q dt
t

)1/q

� C

(∫ ∞

2

(
ω(t)

∫
H(t)

Φ( f (y))dy

)q dt
t

)1/q

� C
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and again by Lemma 3.3∫ ∞

1

(
r−ε p2ω(r)

∫
H(r)

Φ(rεM f2,r(x))dx

)q dr
r

� C
∫ ∞

1
rβq
(∫ ∞

r

(
t−β ω(t)

∫
A(t)

Φ( f (y))dy

)q dt
t

)
dr
r

� C
∫ ∞

1

(
t−β ω(t)

∫
A(t)

Φ( f (y))dy

)q(∫ t

1
rβq dr

r

)
dt
t

� C
∫ ∞

1

(
ω(t)

∫
A(t)

Φ( f (y))dy

)q dt
t

� C

{∫
H(2)

Φ( f (y))dy+
(∫ ∞

1

(
ω(t)

∫
H(t)

Φ( f (y))dy

)q dt
t

)1/q
}

� C.

Consequently, ∫
H(2)

Φ(M f (x))dx � C

and ∫ ∞

1

(
r−ε p2ω(r)

∫
H(r)

Φ(rεM f (x))dx

)q dr
r

� C,

and the proof of the theorem is completed. �
In view of Theorem 3.4 and Lemma 2.1, we present the boundedness of maximal

operator on H Φ,ω,q(H+) .

THEOREM 3.5. Suppose (ω4) and (ω5′) hold. Let ε > 0 be given such that

ε(p2−1)−1 < 0 and ε(p2−1) < β0.

Then there exists a constant C > 0 such that∫
H(2)

Φ(M f (x))dx+
(∫ ∞

1

(
r−ε p2ω(r)

∫
A(r)

Φ(rεM f (x))dx

)q dr
r

)1/q

� C

when 0 < q < ∞ and∫
H(2)

Φ(M f (x))dx+ sup
r�1

(
r−ε p2ω(r)

∫
A(r)

Φ(rεM f (x))dx

)
� C

when q = ∞ , for all f ∈ H Φ,ω,q(H+) with ‖ f‖H Φ,ω,q(H+) � 1 .

COROLLARY 3.6. Let 0 < ν < 1 . If p > 1 , then there exists a constant C > 0
such that(∫

H+
M f (x)p(1+ xn)−ν dx

)1/p

� C

(∫
H+

| f (y)|p(1+ yn)−ν dy

)1/p

.
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4. Sobolev inequality

The Riesz potential of order α (0 < α < n) of f is defined by

Iα f (x) =
∫

H+
|x− y|α−n f (y)dy

with f ∈ L1
loc(H+) .

For x = (x′,xn) ∈ H+ and r > 0, write

I1,r f (x) =
∫

B(x,r)
|x− y|α−n f (y)dy,

I2,r f (x) =
∫

B(x,1)\B(x,r)
|x− y|α−n f (y)dy,

I3,r f (x) =
∫

B(x,xn/2)\B(x,r)
|x− y|α−n f (y)dy,

I4,r f (x) =
∫

H+\B(x,r)
|x− y|α−n f (y)dy.

In order to get our aims we shall need some lemmas.

LEMMA 4.1. There exists a constant C > 0 such that

I1,r f (x) � CrαM f (x)

for all nonnegative measurable function f on H+ .

As in the proof of Lemma 3.3, we show the following result.

LEMMA 4.2. Let ε > 0 be a number such that α p1 + ε(p1 − 1)− n < 0 . Then
there exists a constant C > 0 such that

Φ(rε I2,r f (x)) � Crα p1+ε p1−n
∫

B(x,1)\B(x,r)
Φ( f (y))dy

for all nonnegative measurable functions f on H+ , x ∈ H+ and 0 < r < 1/2 .

Proof. Let f be a nonnegative measurable function on H+ and x ∈ H+ . For
0 < r < 1/2, we write

f̃2,r = f χB(x,1)\B(x,r).

Then we have by Jensen’s inequality and (Φ3′)

Φ(rε I2,r f (x)) � CΦ
(

rε
∫ 2

r

(
1

|B(x,t)|
∫

B(x,t)
tα+ε f̃2,r(y)dy

)
t−ε−1 dt

)

� Crε
∫ 2

r

(
1

|B(x,t)|
∫

B(x,t)
Φ(tα+ε f̃2,r(y))dy

)
t−ε−1 dt
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� Crε
∫ 2

r
tα p1+ε p1−n

(∫
B(x,t)

Φ( f̃2,r(y))dy

)
t−ε−1 dt

� Crε
∫

B(x,1)\B(x,r)
|x− y|α p1+ε(p1−1)−nΦ( f (y))dy

� Crα p1+ε p1−n
∫

B(x,1)\B(x,r)
Φ( f (y))dy

since α p1 + ε(p1−1)−n < 0. �

LEMMA 4.3. If ε > 0 and α p2 + ε(p2−1)−n < 0 , then there exists a constant
C > 0 such that

Φ(rε I3,r f (x)) � Crα p2+ε p2−n
∫

B(x,xn/2)
Φ( f (y))dy

for all nonnegative measurable functions f on H+ , x = (x′,xn) ∈ H+ and r � 1/2 .

Proof. Let f be a nonnegative measurable function on H+ . It is sufficient to
prove the result for 1/2 � r < xn/2. We write

f̃3,r = f χB(x,xn/2)\B(x,r).

Then

I3,r f (x) =
∫

B(x,xn/2)\B(x,r)
|x− y|α−n f (y)dy

� C
∫ xn

r

(
1

|B(x,t)|
∫

B(x,t)
f̃3,r(y)dy

)
tα−1 dt.

We have by Jensen’s inequality and (Φ2)

Φ(rε I3,r f (x)) � CΦ
(

rε
∫ xn

r

(
1

|B(x,t)|
∫

B(x,t)
tα+ε f̃3,r(y)dy

)
t−ε−1 dt

)

� Crε
∫ xn

r

(
1

|B(x,t)|
∫

B(x,t)
Φ(tα+ε f̃3,r(y))dy

)
t−ε−1 dt

� Crε
∫ ∞

r
tα p2+ε p2−n

(∫
B(x,t)

Φ( f̃3,r(y))dy

)
t−ε−1 dt

� Crε
∫

B(x,xn/2)\B(x,r)
|x− y|α p2+ε(p2−1)−nΦ( f (y))dy

� Crα p2+ε p2−n
∫

B(x,xn/2)
Φ( f (y))dy,

which gives the assertion. �
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LEMMA 4.4. Suppose

(ω6) rα p2+ε0(p2−1)−nω(r)−1 is almost decreasing on [1,∞) for some ε0 > 0 .

If 0 < ε < ε0 , then there exists a constant C > 0 such that

rε I4,r f (x) � CΦ−1(rα p2+ε p2−nω(r)−1)

for all r � 1/2 , x = (x′,xn)∈H+ with r � xn/2 and nonnegative measurable functions
f on H+ with ‖ f‖H Φ,ω,q(H+) � 1 .

Proof. We show only the case 1 < q < ∞ . Let f be a nonnegative measurable
function on H+ such that

∫
H(2)

Φ( f (y))dy+
(∫ ∞

1

(
ω(r)

∫
H(r)

Φ( f (y))dy

)q dr
r

)1/q

� 1.

Let ε such that 0 < ε < ε0 . For x = (x′,xn) ∈ H+ with r � xn/2 and r � 1/2, we
write

f̃4,r = f χH+\B(x,r).

Then

I4,r f (x) � C
∫ ∞

r

(
1

|B(x,t)|
∫

B(x,t)
f̃4,r(y)dy

)
tα−1 dt.

Note from (ω6) that
α p2 + ε0(p2 −1)−n < 0

since ω(r) is almost decreasing on [1,∞) , so that

α p2 + ε(p2−1)−n = α p2 + ε0(p2 −1)−n+(ε− ε0)(p2 −1) < 0.

We have by Jensen’s inequality and (Φ2)

Φ(rε I4,r f (x)) � CΦ
(

rε
∫ ∞

r

(
1

|B(x,t)|
∫

B(x,t)
tα+ε f̃4,r(y)dy

)
t−ε−1 dt

)

� Crε
∫ ∞

r

(
1

|B(x,t)|
∫

B(x,t)
Φ(tα+ε f̃4,r(y))dy

)
t−ε−1 dt

� Crε
∫ ∞

r
tα p2+ε p2−n

(∫
B(x,t)

Φ( f̃4,r(y))dy

)
t−ε−1 dt

� Crε
∫

H+\B(x,r)
|x− y|α p2+ε(p2−1)−nΦ( f (y))dy.

Since yn � 4xn/2 = 2xn when y ∈ H+ \ (H(r)∪B(x,r)) and yn � 4r , |x− y| � |xn −
yn| � yn/2. When y ∈ H+ \ (H(r)∪B(x,r)) and r < yn < 4r , |x− y| > r > yn/4.
Therefore,

rε
∫

H+\(H(r)∪B(x,r))
|x− y|α p2+ε(p2−1)−nΦ( f (y))dy

� Crε
∫

H+\H(r)
yα p2+ε(p2−1)−n
n Φ( f (y))dy
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since α p2 + ε(p2−1)−n < 0. Hence

Φ(rε I4,r f (x))

� C

{
rε
∫

H+\H(r)
yα p2+ε(p2−1)−n
n Φ( f (y))dy+ rα p2+ε p2−n

∫
H(r)

Φ( f (y))dy

}
.

Here we find by Hölder’s inequality and (ω6)∫
H+\H(r)

yα p2+ε(p2−1)−n
n Φ( f (y))dy � C

∞

∑
j=0

∫
A(2 jr)

(2 jr)α p2+ε(p2−1)−nΦ( f (y))dy

� C

(
∞

∑
j=0

(
(2 jr)α p2+ε(p2−1)−nω(2 jr)−1

)q′
)1/q′( ∞

∑
j=0

(
ω(2 jr)

∫
A(2 jr)

Φ( f (y))dy

)q
)1/q

� Crα p2+ε(p2−1)−nω(r)−1

(
∞

∑
j=0

(
ω(2 jr)

∫
A(2 jr)

Φ( f (y))dy

)q
)1/q

.

Further,

rα p2+ε p2−n
∫

H(r)
Φ( f (y))dy � Crα p2+ε p2−nω(r)−1.

Hence

Φ(rε I4,r f (x)) � Crα p2+ε p2−nω(r)−1,

which gives the assertion. �

LEMMA 4.5. Suppose (ω6) holds. Let 0 < ε < ε0 . Let f be a nonnegative
measurable function on H+ such that ‖ f‖H Φ,ω,q(H+) � 1 .

(1) Let N1,ε = n + (α + ε)(p2 − p1) . If α p2 + ε0p2 − n < 0 , then there exists a
constant C > 0 such that

Iα f (x) � CM f (x)(ω(xn)Φ(M f (x)))−α/N1,ε

for all x = (x′,xn) ∈ H+ with xn � 1 and (ω(xn)Φ(M f (x)))−1/N1,ε < 1 .

(2) Let N2,ε = n− (α + ε)(p2 − p1) . If α p2 + ε0p2 − n < 0 , then there exists a
constant C > 0 such that

Iα f (x) � CM f (x)(ω(xn)Φ(M f (x)))−α/N2,ε

for all x = (x′,xn) ∈ H+ with xn � 2 and 1 � (ω(xn)Φ(M f (x)))−1/N2,ε � xn/2 .

(3) Suppose

(ω7) there exist a real number N3,ε and a constant A > 0 such that 0 < N3,ε �
N2,ε and

tN3,ε � AtN2,ε ω(t)

for all t � 1 .
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Then there exists a constant C > 0 such that

Iα f (x) � CM f (x)Φ(M f (x))−α/N3,ε

for all x = (x′,xn) ∈ H+ with xn � 1 and (ω(xn)Φ(M f (x)))−1/N2,ε � xn/2 .

Proof. First we show the case (1). By Lemmas 4.1–4.4, we have for 0 < t < 1
and x = (x′,xn) ∈ H+ with xn � 1

Iα f (x) =
∫

B(x,t)
|x− y|α−n f (y)dy+

∫
B(x,1)\B(x,t)

|x− y|α−n f (y)dy

+
∫

B(x,xn/2)\B(x,1)
|x− y|α−n f (y)dy+

∫
H+\B(x,xn/2)

|x− y|α−n f (y)dy

� C

{
tαM f (x)+ t−εΦ−1

(
tα p1+ε p1−n

∫
H(2xn)

Φ( f (y))dy

)

+ Φ−1
(∫

H(3xn/2)
Φ( f (y))dy

)
+ x−ε

n Φ−1(xα p2+ε p2−n
n ω(xn)−1)

}
� C

{
tαM f (x)+ t−εΦ−1(tα p1+ε p1−nω(xn)−1)

+ Φ−1(ω(xn)−1)+ x−ε
n Φ−1(xα p2+ε p2−n

n ω(xn)−1)
}

� C
{
tαM f (x)+ t−εΦ−1(tα p1+ε p1−nω(xn)−1)

}
since

α p1 + ε p1−n � α p2 + ε p2−n < α p2 + ε0p2−n < 0

and
α p1 + ε(p1−1)−n � α p2 + ε(p2−1)−n < 0.

If t = (ω(xn)Φ(M f (x)))−1/N1,ε < 1, then

Φ(t−α−εΦ−1(tα p1+ε p1−nω(xn)−1)) � A1t
(−α−ε)p2tα p1+ε p1−nω(xn)−1

= A1t
−N1,ε ω(xn)−1

by (Φ2) , so that

Iα f (x) � C
{
tαM f (x)+ tα Φ−1(A1t

−N1,ε ω(xn)−1)
}

� CtαM f (x)

= CM f (x)(ω(xn)Φ(M f (x)))−α/N1,ε ,

which gives Assertion (1).
Next we show the case (2). We have for x = (x′,xn) ∈ H+ and 1 � t < xn/2

Iα f (x) =
∫

B(x,t)
|x− y|α−n f (y)dy+

∫
B(x,xn/2)\B(x,t)

|x− y|α−n f (y)dy

+
∫

H+\B(x,xn/2)
|x− y|α−n f (y)dy
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� C
{
tαM f (x)+ t−εΦ−1(tα p2+ε p2−nω(xn)−1)+ x−ε

n Φ−1(xα p2+ε p2−n
n ω(xn)−1)

}
� C

{
tαM f (x)+ t−εΦ−1(tα p2+ε p2−nω(xn)−1)

}
by Lemmas 4.1, 4.3 and 4.4. If 1 < t = (ω(xn)Φ(M f (x)))−1/N2,ε < xn/2, then

Φ(t−α−εΦ−1(tα p2+ε p2−nω(xn)−1)) � A−1
2 t(−α−ε)p1tα p2+ε p2−nω(xn)−1

= A−1
2 t−N2,ε ω(xn)−1

by (Φ3′) , so that

Iα f (x) � C
{
tαM f (x)+ tα Φ−1(A−1

2 t−N2,ε ω(xn)−1)
}

� CtαM f (x)

= CM f (x)(ω(xn)Φ(M f (x)))−α/N2,ε ,

which gives Assertion (2).
Finally we show the case (3). Let x = (x′,xn) ∈ H+ with xn � 1.
If (ω(xn)Φ(M f (x)))−1/N2,ε � xn/2 � 1/2, then we take t = Φ(M f (x))−1/N3,ε .

Since xn � 1, we see that

x
N3,ε
n � Ax

N2,ε
n ω(xn) � A2N2,ε Φ(M f (x))−1 = A2N2,ε tN3,ε ,

so that t � A−1/N3,ε 2−N2,ε/N3,ε xn � C . We find

Iα f (x) =
∫

B(x,t)∩H+
|x− y|α−n f (y)dy+

∫
H+\B(x,t)

|x− y|α−n f (y)dy

� C
{
tαM f (x)+ t−εΦ−1(tα p2+ε p2−nω(t)−1)

}
by Lemmas 4.1 and 4.4. Since

Φ(t−α−εΦ−1(tα p2+ε p2−nω(t)−1)) � Ct(−α−ε)p1tα p2+ε p2−nω(t)−1

= Ct−N2,ε ω(t)−1 � Ct−N3,ε

by (Φ3′) , we have

Iα f (x) � C
{
tαM f (x)+ t−εΦ−1(tα p2+ε p2−nω(t)−1)

}
� C

{
tαM f (x)+ tα Φ−1(t−N3,ε )

}
� CtαM f (x)

= CM f (x)Φ(M f (x))−α/N3,ε ,

which gives Assertion (3). �
Suppose there exist convex functions Ψi,ε (i = 1,2,3) on [0,∞) such that

(Ψi,ε ) there exists a constant A3 > 0 such that

Ψi,ε

(
tΦ(t)−α/Ni,ε

)
� A3Φ(t)

for t > 0.
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In view of previous results we have the following.

LEMMA 4.6. Suppose (ω6) and (ω7) hold for α p2 +ε0p2−n < 0 . Let 0 < ε <
ε0 . Then there exists a constant C > 0 such that

∫
A(r)

(
Ψ1,ε

((
x−ε p2
n ω(xn)

)α/N1,ε xε
nIα f (x)

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N1,ε <1}

+ Ψ2,ε

((
x−ε p2
n ω(xn)

)α/N2,ε xε
nIα f (x)

)
χ{x=(x′,xn)∈H+:1�(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

+ Ψ3,ε

((
x−ε p2
n

)α/N3,ε xε
nIα f (x)

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

)
dx

� C
∫

A(r)
Φ(rεM f (x))dx

for all r � 1 and nonnegative measurable functions f on H+ such that ‖ f‖H Φ,ω,q(H+)
� 1 .

Proof. Let x = (x′,xn) ∈ A(r) with r � 1.
If (ω(xn)Φ(M f (x)))−1/N1,ε < 1 with N1,ε = n+(α + ε)(p2 − p1) , then we have

by Lemma 4.5 (1) and (Φ2)

Iα f (x) � CM f (x)(ω(xn)Φ(M f (x)))−α/N1,ε

� CM f (x)
(
ω(xn)x−ε p2

n Φ(xε
nM f (x))

)−α/N1,ε ,

so that in view of (Ψ1,ε )

Ψ1,ε

((
x−ε p2
n ω(xn)

)α/N1,ε xε
nIα f (x)

)
� CΨ1,ε

(
xε
nM f (x)Φ(xε

nM f (x))−α/N1,ε
)

� CΦ(xε
nM f (x)).

If 1 � (ω(xn)Φ(M f (x)))−1/N2,ε � xn/2 with N2,ε = n− (α + ε)(p2 − p1) , then
we have by Lemma 4.5 (2) and (Φ2)

Iα f (x) � CM f (x)(ω(xn)Φ(M f (x)))−α/N2,ε

� CM f (x)
(
ω(xn)x−ε p2

n Φ(xε
nM f (x))

)−α/N2,ε

and hence, in view of (Ψ2,ε ),

Ψ2,ε

((
x−ε p2
n ω(xn)

)α/N2,ε xε
nIα f (x)

)
� CΦ(xε

nM f (x)).

Finally, if (ω(xn)Φ(M f (x)))−1/N2,ε � xn/2, then we obtain by Lemma 4.5 (3) and
(Φ2)

Iα f (x) � CM f (x)Φ(M f (x))−α/N3,ε � CM f (x)
(
x−ε p2
n Φ(xε

nM f (x))
)−α/N3,ε ,
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so that in view of (Ψ3,ε )

Ψ3,ε

((
x−ε p2
n

)α/N3,ε xε
nIα f (x)

)
� CΦ(xε

nM f (x)),

as required. �
Now we establish our main result.

THEOREM 4.7. Suppose (ω4) , (ω5′) , (ω6) and (ω7) hold for α p2 + ε0p2 −
n < 0 . If 0 < ε < ε0 , ε(p2 − 1)− 1 < 0 and ε(p2 − 1) < β0 , then there exists a
constant C > 0 such that∫ ∞

1

(
r−ε p2ω(r)

×
∫
A(r)

(
Ψ1,ε

((
x−ε p2
n ω(xn)

)α/N1,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N1,ε <1}

+ Ψ2,ε

((
x−ε p2
n ω(xn)

)α/N2,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:1�(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

+ Ψ3,ε

((
x−ε p2
n

)α/N3,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

)
dx

)q dr
r

� C

when 0 < q < ∞ and

sup
r�1

(
r−ε p2ω(r)

×
∫
A(r)

(
Ψ1,ε

((
x−ε p2
n ω(xn)

)α/N1,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N1,ε <1}

+ Ψ2,ε

((
x−ε p2
n ω(xn)

)α/N2,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:1�(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

+ Ψ3,ε

((
x−ε p2
n

)α/N3,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

)
dx

)
� C

when q = ∞ , for all measurable functions f on H+ such that ‖ f‖H Φ,ω,q(H+) � 1 .

Proof. We show only the case 1 < q < ∞ . In view of Lemma 4.6 and Theorem
3.5, we obtain
∫ ∞

1

(
r−ε p2ω(r)

×
∫
A(r)

(
Ψ1,ε

((
x−ε p2
n ω(xn)

)α/N1,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N1,ε <1}

+ Ψ2,ε

((
x−ε p2
n ω(xn)

)α/N2,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:1�(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}
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+ Ψ3,ε

((
x−ε p2
n

)α/N3,ε xε
n |Iα f (x)|

)
χ{x=(x′,xn)∈H+:(ω(xn)Φ(M f (x)))−1/N2,ε �xn/2}

)
dx

)q dr
r

� C
∫ ∞

1

(
r−ε p2ω(r)

∫
A(r)

Φ(rεM f (x))dx

)q dr
r

� C,

as required. �

When Φ(r) = rp and ω(r) = r−ν , we obtain the following corollary.

COROLLARY 4.8. Let

E1 = {x = (x′,xn) ∈ H+ : M f (x) � (2nxν−n
n )1/p}

and
E2 = {x = (x′,xn) ∈ H+ : M f (x) < (2nxν−n

n )1/p}.
Let 1/p∗ = 1/p−α/n> 0 and 1/pν = 1/p−α/(n−ν)> 0 . If p > 1 and 0 < ν < 1 ,
then there exists a constant C > 0 such that

∫
E1\H(1)

(
|Iα f (x)|(1+ xn)−ν/p

)p∗
dx+

∫
E2\H(1)

|Iα f (x)|pν x−ν
n dx � C

for all measurable functions f on H+ such that

∫
H+

| f (y)|p(1+ yn)−ν dy � 1.

In order to prove Corollary 4.8, it is enough to notice that for Φ(r) = rp and
ω(r) = r−ν we have N1,ε = N2,ε = n and N3,ε = n−ν and then we may take Ψ1,ε(r) =
Ψ2,ε(r) = rp∗ and Ψ3,ε(r) = rpν in view of (Ψi,ε ) (i = 1,2,3) .

REMARK 4.9. We shall show that the exponent pν in Corollary 4.8 is needed.
To show this, consider the function

f (y) = |y|−(n−ν)/p−εχH+\H(1)(y)

for 0 < ν < 1 and 0 < ε < n− (n−ν)/p . Then, in view of Lemma 3.2, we have

∫
H+

f (y)p(1+ yn)−ν dy �
∫ ∞

1
y−ν
n

(∫
Rn−1

|y|ν−ε p−n dy′
)

dyn

� C
∫ ∞

1
y−ε p−1
n dyn < ∞.

We find
M f (x) � C|x|−(n−ν)/p−ε � Cx−(n−ν)/p−ε

n < (2nxν−n
n )1/p
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for x ∈ H+ \H(c) with some c � 1. Note that

Iα f (x) �
∫

H+∩B(x,|x|/2)
|x− y|α−n f (y)dy

� C|x|−(n−ν)/p−ε
∫

H+∩B(x,|x|/2)
|x− y|α−n dy

� C|x|−(n−ν)/p−ε+α

for x ∈ H+ \H(1) . Let s > 0 such that

1/s < ((n−ν)/p−α + ε)/(n−1) = (1/pν + ε/(n−ν))(n−ν)/(n−1).

Hence it follows from Lemma 3.2 that∫
E2\H(1)

Iα f (x)s(1+ xn)−ν dx �
∫

H+\H(c)
Iα f (x)s(1+ xn)−ν dx

� C
∫ ∞

c
x−ν
n

(∫
Rn−1

|x|(−(n−ν)/p−ε+α)s dx′
)

dxn

� C
∫ ∞

c
x−ν+(−(n−ν)/p−ε+α)s+n−1
n dxn

since (−(n−ν)/p− ε + α)s+n < 1.
If

1/s � 1/pν + ε/(n−ν),

then ∫
E2\H(1)

Iα f (x)s(1+ xn)−ν dx = ∞.

This implies that s � pν by letting ε → 0.
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