athematical
nequalities
& Bapplications
Volume 21, Number 3 (2018), 629-648 doi:10.7153/mia-2018-21-46

INFINITE SERIES FORMULA FOR HUBNER UPPER BOUND FUNCTION
WITH APPLICATIONS TO HERSCH-PFLUGER DISTORTION FUNCTION

MIAO-KUN WANG, SONG-LIANG QIU AND YU-MING CHU

(Communicated by 1. Peric)

Abstract. In this paper, we find an infinite series formula for the Hiibner upper bound func-
tion, present the bounds for the Hersch-Pfluger distortion function, and improve the well known
results on the quasiconformal Schwarz lemma and the solutions of the Ramanujan modular
equations. Besides, the submultiplicative and power submultiplicative properties of the Hersch-
Pfluger distortion function are also discussed.

1. Introduction

In 1952, Hersch and Pfluger [24, 27] generalized the classical Schwarz Lemma for
analytic functions to the class QCk(B) (K > 1) of K -quasiconformal mappings of the
unit disk B = {z € C: |z] < 1} onto itself with the origin fixed. They proved that there
exists strictly increasing function @k : [0,1] — [0,1] such that

If (@) < ek (lzl) (1.1)

for each f € OCk(B) and z € B. Inequality (1.1) is known as the Schwarz Lemma for
Quasiconformal mappings and the function @k is said to be Hersch-Pfluger distortion
function defined by

(1.2)
%/2 2un2p\—1/2 / /
%/:Ji/(r):/o (1—rsin0)12d0, 2'(r) = 7 ()

for r€ (0,1) and K € (0,0), @x(0) = @x (1) —1=0,where ¥ =v1—-r2, 0<r<1,
u(r) is the conformal modulus of the Grotzsch ring B\ [0,7] and # = J# (r) is the
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classical complete elliptic integral of the firstkind [1, 3,7, 1 1, 12, 13, 14,21, 22, 23, 37,
38, 39, 42, 43, 44, 46, 48, 52]. For later reference, we recall that the complete elliptic
integrals of the second kind [15, 16, 17, 18, 19, 20, 34, 40, 41, 45, 49, 50, 51] is defined

by
/2
5:6"(1’):/ V1= P2sin20d0, &'(r)=EF), reo,1).
JO

The bounds for the Hersch-Pfluger distortion function @k (r) have been studied by
a lot of mathematicians for many years [0, 8, 25, 26, 28, 29, 31, 36]. For example, in
1960, Wang [36] obtained that

(PK(V) < 4171/Kr1/K
forall r € (0,1). Later, Hiibner [25] proved
ox(r) <exp{a (r)(1-1/K)}r'/¥

forall r € (0,1), where . (r) = 2/"># (r).# (') /T +logr is the Hiibner upper bound
function [30, 31]. In 1999, Qiu, Vamanamurthy and Vuorinen [31] showed that the
Hiibner upper bound function is the best possible function in terms of exponent form,
namely, they proved that, for a(r) is a real function on (0, 1), inequality

ok (r) <exp[(1 —1/K)a(r)]r'/X (1.3)

takes place for all € (0,1) if and only if a(r) > .# (r). Moreover, if we let b(r) and
¢(r) be real functions defined on (0, 1), then [31] also showed that inequalities

@1k (r) <exp[(1—K)b(r)]rX (1.4)

and
91/ (r) > exp[(1 = K)e(r))r* (1.5)
hold for all r € (0,1) and K € (1,00) if and only if b(r) < .#(r) and c(r) > % (r) =
u(r)+logr, respectively, where u(-) is the Grotzsch ring function defined as in (1.2).
On the other hand, Vuorinen [35] found that the solutions of Ramanujan’s modular
equation in number theory are related to the Hersch-Pfluger distortion function. Indeed,
the classical modular equation of degree p can be expressed by u(s) = pu(r) (0<r<
1) and its solution is given by

s=o@k(r), K=1/p.

For these, and more properties and inequalities for @k (r) can be found in the literature
[2,4,5,9, 10, 32,47, 53].

The main purpose of this paper is to find an infinite series formula and present new
bounds for the Hiibner upper bound function, discuss the submultiplicative and power
submultiplicative properties for the Hersch-Pfluger distortion function, and improve
the well known results on the quasiconformal Schwarz lemma and the solutions of the
Ramanujan modular equations.

Throughout this paper, we let ¥’ =1 —r? for 0 <r <1, and % (r) = u(r) +
logr, . (r) =272 (r)# () /7 +logr. We now state our main results as follows.
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THEOREM 1.1. Let ro =¥ =V1—1%, r = 2V7 /(1 +7) = @(ro), 1 =

zf/(l +r1)=@2(r1) = @a(r0), -+, 1n =2/Fu1/(1 +10-1) = @2(ru—1) = P2 (r0).
Then

A (r) = = [(1 =ro)log(1 —ro) + (14 ro)log(1 +rp)]

1

2
1 & il S

+§kzl{ D—Io (7)] [(1—r)log(1 —rk)—l—(l—l—rk)log(l—i-rk)]}.

THEOREM 1.2. Let the functions H, J and I be defined on (0,1) by

H(r)= %[(1 —r)log(l —r)+ (L +r)log(1+r)],
2
Jm_Hwnm¢<ﬁrf>#W

and

Y (2\/7> P32 H(zx/i(urf)l/zﬂl/“)
2 3

I(r)y=H(")+=H Ty +2(1+r/_\/7) Vi)
respectively. Then the inequalities
I(r) < (r)<J(r) (1.6)
hold for all r € (0,1).

Applying Theorem 1.2 and inequalities (1.3) and (1.4), we get the following corol-
lary immediately.

COROLLARY 1.3. (1) Forall r€ (0,1) and K € (1,0),
¢1/x(r) < expl(1 = K)I(n)]r*

and
x(r) < exp[(1 = 1/K)J(r)]r'/X,
where I(r) and J(r) are defined as in Theorem 1.2.
(2) If f € OCk(B), then for each z € B,
£ (@) < exp{a (|2])(1 = 1/K)} 2] /* < exp{I (J2))(1 = 1/K)} /¥,
that is

[0 12)3/8 1-(1-]g»)!/2

il {a 0 -]

l+(17|22\2)1/2 1-1/K
X [1+(1—|z|2)1/z} } |Z|1/K.
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THEOREM 1.4. Let a(rt), b(r,t) and c(r,t) be the functions defined on (0,1) x

(0,1). Then
(1) The inequality

ok (1) @k (1) gk (rt) < e FOI=1/K) (1.7)

holds for all r,t € (0,1) and K € [1,e0) ifand only if a(r,t) = A (r)+ .4 (t) — A (rt).
(2) The inequality

O1/x () @1k (1)) @1k (1) < Pr(1=K) (1.8)

holds for all r,t € (0,1) and K € (1,00) if and only if b(r,t) < A (r)+ 4 (t)— A (rt).
(3) The inequality

ek (1)@ (t)/ @1k (rt) > ec(r) (1K) (1.9)
holds for all r,t € (0,1) and K € (1,%0) if and only if c(r,t) = U (r)+ U (t) — U (rt).
THEOREM 1.5. Let A(r), B(r) and C(r) be the functions defined on (0,1). Then

the following statements are true:
(1) If 0 < p < 1, then the inequalities

ok (1) /o (1) > A DI-1E) (1.10)
@1/x(r)? [ @1k (r7) > POUE), (L.11)
‘P1/K(V)p/‘P1/K(VP) < CU=K) (1.12)

hold for all r € (0,1) and K € (1,00) if and only if A(r) < p# (r)— A (r?), B(r) >
pA(r)— A (rP), C(r) < p% (r)— U (r"), respectively.
(2) If p > 1, then the inequalities

o (1) [ r (r7) < LUK, (1.13)
@1k ()" 1k (r”) > LOA=K), (1.14)
(Pl/K(r)p/(Pl/K(rp) < 1K) (1.15)

hold for all r € (0,1) and K € (1,) if and only if A(r) = p.# (r)— .#(r?), B(r) >
pU(r)—U(r?), C(r) < pA (r) — A (rP), respectively.
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2. Proofs of Theorems 1.1 and 1.2
Proof of Theorem 1.1. Tt follows from ro =¥ =v/1—12, r| =27 /(1 +7) =

@2(r0), r2=2/r1/(1+11) = @2(r1) = Qa(r0) -+, 'n =2/Fu1/ (1 +70-1) = @2 (rn—1)
= @ (rp) that

a2 (35) « (25) (15) e (355)

2
T
24;”
T
2

1+7 1—7
=zt )J{()( 5 )%()—Hog( r)
r/[i J/( )%/()—|—10gr}+10g<1;;)_%10g(1_}/2)
_2 - Umr)loa(1 =) + (L4 ) log(147)

7 ’

that is,
E///(r/l) =M (r)— % [(1=ro)log(1 —ro) + (1+ro)log(1+rp)].  (2.1)
Putting r; into (2.1) instead of rg, one has
D) = A) 5[ ri)log(1 = n) + (14 r)log(1 +r)] . (22)
From (2.1) and (2.2) we clearly see that

A (r) — %[(1—ro)log(l—ro)+(1+ro)log(1+r0)]

B % (720) [(1=ri)log(l —r1) + (1 +r1)log(1 +71)]

% [(1—rp)log(1 —ry) + (14 ro)log(1+r9)]
) [(1 =) log(1 = 1) + (14 1) log(1+r1)]

: E) [(1—=r2)log(1l —r2) + (14 r2)log(14r)]
3
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Generally, by induction we can obtain

M (r) — % [(1—ro)log(1 —ro) + (14 ro)log(1 +ry)]

1 k1 T'm
_ 5,; { [H (7)] [(1=r)log(1—r) + (1 +7) log(1 +rk)]}

=11 (%)), 2.3)

From (2.3) and the fact that .# (r) is strictly decreasing from (0, 1) onto (0,log4)
we know that the double inequality

0<A(r)— % [(1—=ro)log(l —ro) + (1 +ro)log(1+ ro)]
kZ{ [H ( )] [(1 =) log(1 _rk)+(1+rk)10g(1+rk)]}
I;I (%m)log4
€ (0

holds for all r € (0,1). Letting n — oo, then []};,_, (rn/2) = 0, and thereby

1
2

M (r) = %[(1 —ro)log(1 —rg) 4 (1 +ro)log(1 +ro)]

1 & k=1 T'm
+§1;1{ L!:IO (7)] [(1—rk)log(l—rk)+(1+rk)10g(1+rk)]}-

This completes the proof of Theorem 1.1. [J

Proof of Theorem 1.2. For r € (0,1),let ro=r"=v1—r, r =2/r/(1+ro),
ry =2,/r1/(14r1). Then from Theorem 1.1 and the inequality

H(r)= irZ”“/[(Zn—l— 1(2n+2)] < (10g2)r2

for r € (0,1) we conclude that

() <HI)+ 2 [10g2)R] + 7 [10g2)2] + -+ [T () [(tog2)2
(1) <H()+ 3 [(log2)] + 55 [(t0g2)3] 4+ [T () (o2 +

H(r')+log2 {T o fon ]

22 n

2
/ 1()}’1 ror ror rolt

=H(r")+ (%logz) rort (14r1) = H(r') +log2 <1+\/—> P = J(r)

147
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and
A (1) ZH()+ ZH(r) + T H() + 5 (V—ZI)ZH(rz)+’—2° (r—21)3H(r2)
_|_...+%O(%1)n[-[(r2)+...
() + D)+ D) | T4 (3) ok (5) "+
N, ror .

3. Proofs of Theorems 1.4 and 1.5

In [6], the following submultiplicative and power submultiplicative properties of
ok (r) were proved for K € (1,00), p € (1,00) and r,¢ € (0,1) by Anderson, Vamana-
murthy and Vuorinen (also see [7, Exercises 10.19 (1), (5)]):

ok (r) o (1) < 4' X g ()

and
ok (r)P < 4(P*1)(1*1/K)¢K(rp).

In this section, we shall refine the above inequalities and establish some new sharp
inequalities concerning the submultiplicative and power submultiplicative properties
for @k (r). In order to prove our main results we need several formulas and lemmas,
which we present in this section.

For 0 <r <1, denote s = @x(r) (K € (0,%)), the following formulas were pre-
sented in [7, Equations(3.6)—(3.8),(5.9) and (10.6)] or [4, Theorem 4.1]:

dxX _E—r"*H dE E—H d(E—1"H) 2

dr /% dr ro dr ©odr _4rr’2f/"i/(r)27

g du(r) —T

ds ssS2 () (s)  ssP A (s)?

o w2 (NA(r) KA (r)

2 (s A (r
95 _ 2 Py (s) = 2 n‘);( ) é ((r))

oK 7nK

The following Lemma 3.1 follows from Theorem 3.21 (7), Exercises 3.43 (11),
(29), (32), Theorem 3.30 (1) and Theorem 5.13 (2) in [7].

LEMMA 3.1. (1) P12 is strictly decreasing from (0,1) onto (0,7/2);
(2) (& —&)/r? is strictly increasing from (0,1) onto (7T/4,00);

)

) [ =& —(&—1)))r* is strictly increasing from (0,1) onto (11/16,00);
) % (r) is strictly decreasing from (0,1) onto (0,log4);

) A (r) is strictly decreasing from (0,1) onto (0,log4).
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LEMMA 3.2. Let K € (0,00), 0 <x<r<1, s= @k(r) and y = ¢g(x). Then the
following statements are true:

(1) f(K) =52 (5)* ) (/> (y)*) is stricily decreasing from (0,e0) onto (0,1);

(2) g(K)=1[H(s)=&(5)]/[H (y)— E(y)] is strictly decreasing from (0,00) onto
(1)) ).

Proof. For part (1), by logarithmic differentiation, we have

LK) A a5+ n%% ()& (s) — 5" A (9)]

f(K) dK K
A O)H )~ e D)~ H V)]
= Z1h0) - Fils)], G.)

where f(r) = 2" (r)[H (r) = E()]|+ 2" (N {H (r) = E(r) = [E(r) = P> 2 (F)]}. By
Lemma 3.1 (1), (2) and (4), we clearly see that f|(r) is strictly increasing on (0,1).
Then equation (3.1) leads to the conclusion that df(K)/dK < 0 for K € (0,e0) since
y <s and f(K) is strictly decreasing on (0,). Moreover, f(0") =1 and by Lemma
3.1(5),

3 g2 3 ogs+u) o\
lim f(K)= lim “(y)3s—2=“(x)3 lim [ & k)R
K—o0 Koo 11 (s5)° w(r)® K—teo elogy'+u(y)
3
LGOI (eu<f>—u<r’>)2’(:0_
PR

For part (2), logarithmic differentiating gives

I dg(K) 2 SH(5)H'(5)E(s) 2 Y H(0)A'(1)ED)
g(K) dK K A (s)—&(s) K  H(y)—&E()
2

" 7K

where g1(r) = " (r)&(r)[r*# (r) /(K (r) — &(r))] is strictly decreasing on (0, 1) by
Lemma 3.1 (3). Then equation (3.2) leads to the conclusion that dg(K)/dK < 0 for
K € (0,00) since y < s and g(K) is strictly decreasing on (0,c0). Moreover,

2
2 logs+pu(s)

lim g(K) = lim S — tim <679u(y>u(s>>

K—0 K—0

[81(s) —g1)], (3.2)

K—0 y2 elogy+u(y)
= lim (e““)*ﬂ(”)z/ f_ Joo,
K—0
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LEMMA 3.3. The inequalities
M (r)+ A (t) > A (rt) (3.3)

U (r)+U(t) > U (rt) (3.4)
hold for all r,t € (0,1).

Proof. Inequality (3.4) follows directly from [7, Theorem 5.12 (2)]. For inequality
(3.3), if we let f(r) = .4 (r)+ .#(t) — A4 (rt) for fixed t € (0,1), then differentiating
f leads to

af _ 4. /

Y L W) - E0) - A ()6 <0 ()
for all r € (0,1), as the function r — &7 (r)[# (r) — &(r)] is strictly increasing on
(0,1) by Lemma 3.1 (1) and (2). Then (3.5) leads to the conclusion that f(r) < f(17) =
0 for all r € (0,1), and inequality (3.3) follows. [

LEMMA 3.4. Let p € (0,00), then the following statements are true:
(1) The function
f(r) = A (") = pA(r)
is strictly decreasing from (0, 1) onto (0,(1— p)log4) if 0 < p < 1, is strictly increas-
ing from (0,1) onto ((1 — p)log4,0) if p > 1 and is the constant function f(r) =0 if
—1;
g (2) The function
g(r) =% (r") = p%(r)
is strictly decreasing from (0, 1) onto (0,(1— p)log4) if 0 < p <1, is strictly increas-
ing from (0,1) onto ((1—p)log4,0) if p > 1 and is the constant function g(r) =0 if
p=1.

Proof. For part (1), clearly, f(r) =0 if p=1. Let x = r?, then differentiation
gives
df(r) _4p
P20 () ()~ 60~ () - 6W)] . G6)
Since the function r — ¢ (r)[# (r) — & (r)] is strictly increasing on (0,1), equation
(3.6) implies df(r)/dr <0 if 0 < p <1 and df(r)/dr >0 if p > 1. Moreover, by
Lemma 3.1 (6) we have f(0") = lim A (rP)—p (r)=(1—p)log4 and f(17)=0.
r—0

For part (2), g(r) =0 if p = 1. if we also let x = r”, then by differentiation we
have

_ pr’ 2 (0 — R ()2
dg(r)/dr_ 4/‘7‘/2)6/2:1/(7')2%()6)2[ '/45/( ) '/45/( ) ] (37)

Lemma 3.1 (1) shows that the function r — r' ¢ (r) is strictly decreasing on (0,1).

Hence by (3.7) we conclude that dg(r)/dr <0if 0< p <1 and dg(r)/dr>01if p>1.
Moreover, by Lemma 3.1 (5) we get g(07) = lir(r)l+ U (rP)—p7 (r) = (1—p)log4 and
r—

g(17)=0. O
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THEOREM 3.5. Let a(r,t) and b(r,t) be the functions defined on (0,1) x (0,1).
For each (r,t) € (0,1) x (0,1), we define the functions f and g on [0,%) by

116) = o r)ox(0) ()" /it

and
8(K) = 01 o1x0) ()" /1),

Then
(1) f is strictly decreasing on (0, 1] if and only if

a(rt) = U (r)+u (t)— % (rt)
forall r,t € (0,1), and strictly increasing on (0,1] if and only if
a(rt) < M (r)+ 4 (t)— A (r1)
forall r,t € (0,1). Moreover, f is strictly decreasing on [1,9) if and only if
a(rt) = M (r)+ 4 (t) — A (rt) (3.8)

forall it €(0,1).
(2) g is strictly increasing on (0,1] if and only if

b(rt) = A (r)+ (1) — A (rt)
forall r,t € (0,1). For K € [1,00), g is strictly decreasing on [1,0) if and only if
b(rt) < M(r)+ 4 (t)— A (r1) 3.9)
forall r,t € (0,1), and g is strictly increasing on [1,00) if and only if
b(rt) = U(r)+%(t)— U (rt) (3.10)

forall it €(0,1).

Proof. Let x=rt, s = @k (r), u= @k(t), and y = @k (x). Then simple computa-
tions lead to

19f 12 p A 12 H(1)
Fox s a® X Sy tame W S
- %%yy/z (y)zééjf - %a(nt)
= (K ) —a(r1)], (3.11)
where
2 H'(r) 2 p H'(t) 2 p A (x)
h(K,rt) = Es %(s)2%—m+Eu %(u)z 0 —Ey (y)2 )
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Differentiating & gives

moh _A(r) s EW) =P 2 A(r)
79K =2 %(r)s%(s) [—;%(s)—i—sT —s H (s)* 520
VAOW u Ew) —u* )| 2 A1)
+2 %(t)ul/(u) [—;%(u)—l—u—uu/z —a H (u)? 70
H'(x) y EW) YY) 2, A (x)
~257 Y X V) l—y% R — ()? Y40
= H O A )~ EO (Ko, (312

where

) A (x A\ 52 () [ (s) — E(s)]
hl(K7 7t) ( ) ( r ) y’zji/y3[e/ﬂi/y _éo(y)]
C(HON WA (W) A () — E(w)]
(%(r)) YA G A ) - EO)] o

It follows from Lemma 3.2(1) and (2) that the function K — & (K, r,t) is strictly
increasing on [0,0), and

lim iy (K,rt) = —oo, (3.14)
K—0t
. hz(r,t)
lim iy (K = 3.15
R S =) o
(%)
Iylgohl(erut) = (Ji/((xx))) ) (316)

where

hy(r,t) =x> (x) .4 (x

)
— 2 ()0 [ A (1) - E)]
<A () A () [H () = EW] = A (1) A (1) A () [H (x) — £ ()]
— 2 () () () [H (x) — & (x)]
=2 LA ) = () = A (O] H () [H (x) = E(x)] <0 (3.17)

forall r,z € (0,1) by (3.3).

Equations (3.14)—(3.16), inequality (3.17) and the monotonicity of the function
K — h (K, r,1) lead to the conclusion that there exists Ky € (1,0) such that (K, r,1) <
0 for K € (0,Kp) and h;(K,r,t) >0 for K € (Ky,o0). Then from (3.12) and (3.13) we
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know that the function K — h(K,r,t) is strictly decreasing on (0,Kp), and strictly
increasing on (Kp, o). Moreover, by (3.4) one has

Klir101+h(K, rt)=U(r)+U(t)— U (rt) >0, (3.18)
Il{imlh(K,r,t) =M (r)+ . #(t)— A (rt) >0, (3.19)
Jlim h(K.r1) = 0. (3.20)

It follows from (3.11), (3.18), (3.19) and (3.20) together with the piecewise mono-
tonicity of the function K — h(K,r,t) that

df/dK =0 forall K € (0,1] <> a(rt) < Kir(lofl]h(K,r,t) =M (r)+ M (t)— A (r1),
€(o,

df/dK <Oforall K € (0,1] <= a(rt)> sup h(K,nt)=U%r)+Ut)— U (rt),
Ke(0,1]

df/dK <Oforall K € [1,00) <= a(nt)> sup h(K,nt)=.#(r)+.#(t)— A (rt).
Ke(l,0)
Thus part (1) holds true.
Part (2) follows from part (1) and the fact that g(K) = f(1/K). O

Proof of Theorem 1.4. By Theorem 3.5, the “if” parts are clear. We only need
to prove the “only if” for part (1), since the others are similar. Denote s = @k(r),
u=@k(t),and y = @k (x). In (1.7), taking logarithm, rasing to power K/(K — 1) and
letting K — 1, we get

lim logs+logu —logy <
K—1 1-1/K

a(nt).

By I’Hopital rule, we have

lim logs+logu —logy _

Jim = )+ (1)~ A (1),

hence, part (1) follows. [

REMARK 3.6. Let t — 0 in Theorems 3.5 and 1.4, then Theorems 3.5 and 1.4
reduce to Theorem 6 and Corollary 1 (namely, inequalities (1.3)—(1.5) in [31], respec-
tively.

THEOREM 3.7. Let A(r) and B(r) be the functions defined on (0,1). For each
re (0,1) and p € (0,0), we define the functions F and G on [0,%) by

F(K) = g(? () ()
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and
G(K) = puyx (1 (0) " i)

Then the following statements are true:
(1) For 0< p <1, F is strictly increasing on (0,1] if and only if A(r) < pZ (r) —
U (r?), and strictly decreasing on (0,1] if and only if A(r) = p.# (r) — A4 (r"). More-

over, F is strictly increasing on [1,0) if and only if
A(r) < pdl (r) — A (r7) (3.21)

Sorall r€(0,1);

For p> 1, F is strictly increasing on (0, 1] ifand only if A(r) < p# (r) — A (1P),
and strictly decreasing on (0,1] if and only if A(r) = p% (r)— % (r”). Moreover, F is
strictly decreasing on [1,o0) if and only if

A(r) 2 p Al (r) — A (") (3.22)

forall re (0,1).

(2) For 0 < p <1, G is strictly decreasing on (0,1] if and only if B(r) <
pA(r) — A (rP) for all r € (0,1). Moreover, G is strictly increasing on [1,0) if
and only if

B(r) = pa (r) — A (r") (3.23)

Sforall r € (0,1), and G is strictly decreasing on [1,o0) if and only if
B(r) < pu (r)— % (") (3.24)

forall r€(0,1).
For p > 1, G is strictly increasing on (0,1] if and only if B(r) = p.#(r) —
A (rP). Moreover, G is strictly increasing on [1,0) if and only if

B(r) = p (r) =% (r") (3.25)
Sorall r € (0,1), and G is strictly decreasing on [1,00) if and only if
B() < pot (1) — A1) (3.26)

forall r€(0,1).

Proof. Since G(K) = F(1/K), it suffices to prove the assertion of part (1). Let
x=rP, s = @g(r) and y = @g(x). Then logarithmic differentiation of F gives

1 JF _ 1255/2%(5)2 H'(r) lZyy’zJi/(y)2 Hlx) 1
T ke H(r) y mK* A (x) K?

1

K

A(r)

[F1(K) —A(r)], (3.27)
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wh
e A 2
I(K) - T %(r) S (S) T %(X)y (y) . (328)
Simple computations lead to
KILI})L Fi\(K) = pZ (r) =% (r"), (3.29)
11<LHI1FI(K) =pA(r)— A (r"), (3.30)
Jlim £ (K) =0, (3.31)
noF . A'(r), s Es) =) | 2 H(r)
53—1{1 =2p 0 s (s) l—;%(s) +s — 7 | e® A (s)? 70
H'(x) y EN-Y2P Y| 2, A (x)
_Zﬁ(x)y%(y) l—y%()’)‘i‘y e K2 v)° 40
= A O I 0) - EWIB(K), (332
where
(WY (AN A ()~ ()]
ro=(535) ~(50) Feoreoeor O

Next, we divide the proof into two cases.
Case 1 p>1.Then x < r and thereby y < s. Equation (3.33) and Lemma 3.2(1)
and (2) show that F>(K) is strictly increasing on (0, ). Moreover

lim F(K) = —oo, (3.34)
K—0t
. (AN A () [ H () = E()]
im A K) = <«%f (x)) U () [ (x) - E )] <0 63
/ 2
lim F(K) = (";8) (3.36)
since
P A (x)\? /2% A (r)? [H (r) = E(r)]
ey gl (% YA () 1 (x) — )

=2 H ()" () [H (x) — EW)) — pr> (1) () [ (r) — E(r)]
<X () (1) [H (x) = EW)] — pr> H (1) (1) (x) [H (x) — E(x)]

=2 L) = pll () K ()1 (x) — E@)] < 0.

)
)
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It follows from (3.34)—(3.36) and the monotonicity of F>(K) that there exists K| €
(1,00) such that F»(K) < 0 for K € (0,K;), and F>(K) > 0 for K € (K],0). By (3.32)
we clearly see that F|(K) is strictly decreasing on (0,K;), and strictly increasing on
(Ki,c0). Thus from (3.27)—(3.31) and Lemma 3.4 one has

JdF/dK =0 forall K € (0,1] < A(r) < KiI(l(;fl]Fl(K) =p(r)— A (1),
€0,

JdF/dK <Oforall K € (0,1] < A(r) > sup Fi(K)=p%(r)—% ("),
Ke(0,1]

JF /K < Oforall K € [1,00) <= A(r) > sup F\(K)=pH(r)— 4 (r").
Ke[l,00)
The assertion of part (1) for p > 1 is clear.
Case 2 0 < p < 1. Then x > r and thereby y > s. Equation (3.33) and Lemma
3.2(1) and (2) imply that F>(K) is strictly decreasing on (0,0). Moreover

/ 2
Jim Fa(K) = (?8) , (3.37)
A\ A ) A () A (r) = )]
pm Pk = (Jf (x)) R O
lim Fy(K) = —eo, (3.39)

since

2 (2 1 () — 6 )] (“’”)2— e

H (x) X2 (x)? [ (x) — &(x)]
=2 () () [ A (x) = E ()] = pr® H (1) A () [ A (r) = E(1)]
Sx2 (1) A () A (r) [H (r) = E ()] = pr® H (r) A (r)? [ A (r) = E()]
=S LA ) = p A (D] H (1) [H (1) = ()] > 0.

It follows from (3.37)—(3.39) and the monotonicity of F>(K) that there exists K, €
(1,00) such that F»(K) > 0 for K € (0,K;), and F>(K) < 0 for K € (K;,0). By (3.32)
we clearly see that F;(K) is strictly increasing on (0,K5), and strictly decreasing on
(K3,0). Thus from (3.27)—(3.31) and Lemma 3.4 one has

OF /9K > 0forall K € (0,1] = A() < inf Fi(K) = p (1) = % ("),
Ke(0,

dF/JK < Oforall K € (0,1] <= A(r) > sup F(K)=pd (r)— A (r"),
Ke(0,1]

JF /dK > 0forall K € [1,00) <= A(r) /KlFf )Fl(K) =p (r)— A (r).
e[l

The assertion of part (1) for 0 < p < 1 isclear. [J

Proof of Theorem 1.5. Theorem 1.5 follows from Theorem 3.7 together with the
similar proof of Theorem 1.4. [J
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4. Remarks

REMARK 4.1. The following well-known upper and lower bounds for .# (r) were
given in [30, 31]:

L(r) = [(1 —logd)r +log4]? artrhr <)< H ()= 0es @)
AM(r) < D(r) = ?log4 (4.2)

for all r € (0,1), where arth is the inverse of the hyperbolic tangent function. Conse-
quently, for each z € B and f € QCk(B),

arth|z|

|f(z)|<min{4(lf\z\2)3/4(171/1()|Z|1/K74(1*‘Z‘2) | (1*1/K>|Z|1/K}.

Computational and numerical experiments show that the upper bound in (1.6) is
tighter than the upper bounds in (4.1) and (4.2), and the lower bound in (1.6) is also
better than that in (4.1) for 0 < r < 0.963 (see Figures 1-2). Therefore, Corollary 1.3
is an improvement of the quasiconformal Schwarz lemma and the estimation for the
solutions of Ramanujan’s modular equations.

08

0.6

041

02

0.0

Figure 1: The graph of J(r), Ji(r) and J>(r) on (0,1)

REMARK 4.2. In 1999, Qiu and Vuorinen [33] found a infinite series for % (r) =
u(r)+logr as follows:

=)

U (r) = 22—1”10g(1+rn)

n=0

forall r € (0,1), where r, is defined as in Theorem 1.1.
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006 FT — — ——— Ty
005 I(r) = L(r)
004 f 1

003 ]

0.02 - q

0.00f \j 1

0.0 0.2 04 0.6 0.8 1.0

Figure 2: The graph of the difference of 1(r) —I1(r) on (0,1)

Simple computations lead to
I'(r)y < (r) <J(r),

where I*(r) =log(1+ )+ [log(1 +r1) +1log(1+r2)]/2, and J*(r) =log(1l +r") +
[log(1+ry) +1og2]/2.

Let I(r) and J(r) be defined as in Theorem 1.2. Then the explicit forms of in-
equalities (1.7)—(1.15) involving @k (r) in Theorems 1.4 and 1.5 can be derived. Here
we omit the details.

REMARK 4.3. As described in Section 3, Anderson, Vamanamurthy and Vuori-
nen [6] proved that

Pk ()i (1) <4 Xoi(r1), gr(r)P < 4P DV g (r7)

for K,p € (1,00) and r,z € (0,1).
From Lemma 3.1 (6) and Lemma 3.3 we clearly see that inequalities (1.7) and
(1.13) with a(r,t) = A (r)+.# (t) — A (1t) and A(r) = p.# (r) — 4 (rP) in Theorems

1.4 and 1.5 refine the above inequalities.

REMARK 4.4. One of the referees communicated to us that some upper and lower
bounds of @k (r) were obtained by the descending and ascending Landen transfor-
mations in [7, Corollary 5.44], and these results might be better than those in Corol-
lary 1.3. Actually, Vuorinen et al. in [7, Corollary 5.44], using the identity @k (r) =

020 (Pk (92— (r))) and inequalities
P pr(r) <4TVEAK D K> (4.3)

4K Lo p(r) <rF, K>, (4.4)



646

M.-K. WANG, S.-L. QIU AND Y.-M. CHU

provided refinements of (4.3) and (4.4). Note that our Corollary 1.3 improves the right-
hand inequalities of (4.3) and (4.4). If we employ @k (r) = @2 (@x(@,-»(r))) and
inequalities in Corollary 1.3, then the analog of Corollary 5.44 in [7] can be also derived
in the same way, which also refine their results.
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