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WEIGHTED END–POINT WEAK TYPE (p, p) ESTIMATES FOR

g∗λ –FUNCTION WITH KERNELS OF LOWER REGULARITIES

ZHENGYANG LI AND QINGYING XUE

(Communicated by I. Perić)

Abstract. In 1970, if 1 < p < 2 and λ = 2/p , C. Fefferman obtained the end-point weak (p, p)
boundedness of g∗λ -function. In this paper, the authors essentially improved the result given by
C. Fefferman, by showing that the weighted end-point weak type (p, p) boundedness of g∗λ -
function still holds with lower regularities assumed on the kernel for 1 < p < 2 and λ = 2/p .
Moreover, similar results can also be extended to parametric Littlewood-Paley g∗λ -function with
more rough kernels.

1. Introduction

As is well known, Littlewood-Paley g∗λ -function plays very important roles in the
problems associated with multipliers ([11], p. 94 and p. 232) and function spaces
(for example, Sobolov spaces (see [11], p. 162). The classical g∗λ -function of higher
dimensions was first introduced by Stein [10] in 1961 as follows,

g∗λ ( f )(x) =
(∫∫

R
n+1
+

(
t

t + |x− y|
)nλ

|∇y,t u(y,t)|2t1−ndydt

)1/2

, λ > 1 (1.1)

where u(y, t) = (Pt ∗ f )(y) is the Poisson integral of f and ∇y,t = ( ∂
∂y1

, · · · , ∂
∂yn

, ∂
∂ t ) . In

[10], if λ > 2, Stein gave the weak (1,1) boundedeness and Lp (p > 1) bounds of
g∗λ -function. In the same paper, Stein also showed that g∗λ -function is not of weak type
(1,1) for 1 < λ � 2. Since g∗λ ( f )(x) is decreasing with respect to λ , thus, a natural
question arises, what happens if 1 < λ < 2? In 1970, Fefferman [4] improved Stein’s
Lp (p > 1) result by enlarging the region of the restriction λ > 2 to λ > max{2/p,1} .
Moreover, if 1 < p < 2, λ = 2/p becomes the end-point case, though the weak (1,1)
estimate doesn’t hold by Stein’s results, Fefferman surprisingly succeeded to prove that
the following weak (p, p) boundedness still holds for 1 < p < 2 and λ = 2/p .
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THEOREM A. ([4]) Let g∗λ be defined as in (1.1) , then
(i) If 1 < p < 2 and λ = 2/p, then g∗λ is of weak type (p, p);
(ii) If 1 < p < ∞ and λ > max{2/p,1} , then g∗λ is of type (p, p) .

REMARK 1. Note that in (i) , 1 < p < 2, which means that 1 < λ = 2/p < 2.
Moreover, if p tends to one from the right side, then 2/p tends to two from the left
side. Thus the weak (p, p) boundedness can be looked as a replacement of Stein’s
weak (1,1) estimate for 1 < λ < 2.

In 1974, by using a different method compared with Theorem A and consider-
ing the estimates of a kind of maximal function associated with g∗λ -function, which
was first introduced by Fefferman and Stein [5] in 1970, Muckenhoupt and Wheeden
obtained the following weighted results of Theorem A.

THEOREM B. ([6]) Let g∗λ be defined as in (1.1) , then
(i) If 1 < p < 2 and λ = 2/p, then g∗λ is of weighted weak type (p, p) for w∈A1 ;
(ii) If 1 < p < ∞ and λ > max{2/p,1} , then g∗λ is of weighted strong type (p, p)

for w ∈ Apλ/2 .

Since then, efforts have been made to decrease the smoothness condition of g∗λ -
function. On one hand, the following more generalized Littlewood-Paley g∗λ -function
has been studied:

g∗λ ,ψ( f )(x) =
(∫ ∫

R
n
+

(
t

t + |x− y|
)λn

|ψt ∗ f (y)|2 dydt
tn+1

)1/2

, λ > 1, (1.2)

where ψt(x) = tnψ(x/t) , ψ is a function on R
n such that there exist positive constants

C0 , C1 , δ and γ satisfying

ψ ∈ L1(Rn) and
∫

Rn
ψ(x)dx = 0; (1.3)

|ψ(x)| � C0(1+ |x|)−n−δ ; (1.4)

|ψ(x+ y)−ψ(x)|� C1|y|γ (1+ |x|)−n−γ−δ for 2|y| � |x|. (1.5)

As a more generalized g∗λ -function, Lp (p > 1) bounds of g∗λ ,ψ -function is also well
known (see for example, [7, pp. 309-318]). In 2009, Xue and Ding [13] established the
weak type (1,1) bounds of g∗λ ,ψ for λ > 2. From [10], we know that if 1 < λ � 2,
then g∗λ ,ψ is also not of weak type (1,1) . Inspired by the Fefferman’s work [4], in
this paper we considered the end-point weighted weak (p, p) boundedness of g∗λ ,ψ -
function defined by (1.1) for 1 < p < 2 and λ = 2/p . Our first main result is as
follows.

THEOREM 1.1. Let ψ be a fucntion satisfying (1.3)–(1.5) and ω ∈ A1 , then for
1 < p < 2 and λ = 2/p, there exists a constant C > 0 such that

ω
({x ∈ R

n| g∗λ ,ψ( f )(x) > α}) � C
α p ‖ f‖p

Lp
ω
. (1.6)
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REMARK 2. It is easy to see that the Poisson kernel of g∗λ satisfies (1.3)–(1.5) ,
One may obtain immediately the weighted weak (p, p) boundedness of g∗λ -function
for 1 < p < 2 and λ = 2/p , which coincides with (i) of Theorem B.

If we take ω = 1 in Theorem 1.1, we obtain the unweighted weak (p, p) estimate
of g∗λ ,ψ -function, which essentially improves the conclusion (i) in Theorem A.

COROLLARY 1. Let ψ be a fucntion satisfying (1.3)–(1.5) . If 1 < p < 2 and
λ = 2/p, then g∗λ ,ψ is of weak type (p, p) .

On the other hand, efforts have also been made to study g∗λ ,ψ with even more
rough kernels. For example, one may pay attention to the kind of kernels with compact
support (the classical operator g∗λ ,ψ does not need to satisfies the compact condition,
thus they are quite different in this sense), This compact support assumption allows
us to consider the corresponding theory along with more rough kernels. Then one
may consider the the parametrized Littlewood-Paley g∗λ -function. Let us first give the
definition. Suppose that Ω ∈ L1(Sn−1) is homogeneous of degree zero on R

n and
satisfies ∫

Sn−1
Ω(x′)dσ(x′) = 0, (1.7)

where Sn−1 denote the unit sphere of R
n(n � 2) equipped with Lebesgue measure

dσ = dσ(x′) . Let ϕρ(x) = Ω(x)|x|−n+ρ χB(x) , where ρ > 0 and B denotes the unit
ball in R

n . Then the parametrized Littlewood-Paley g∗λ -function is defined by

μ∗,ρ
λ ( f )(x) =

(∫ ∫
R

n+1
+

(
t

t + |x− y|
)λn

|ϕρ
t ∗ f (y)|2 dydt

tn+1

)1/2

,

where λ > 1 and ϕρ
t (x) = 1

tn ϕρ(x/t) .
If ρ = 1, in 1990, Torchinsky and Wang [8] obtained the weighted L2 bounded-

ness of μ∗,ρ
λ . In 1999, Sakamoto and Yabuta [9] established the Lp boundedness of

μ∗,ρ
λ , theirs results can be summarized as follows.

THEOREM C. ([9]) If Ω satisfies (1.7) and Ω ∈ Lipβ (Sn−1) , 0 < β � 1 , i.e.

|Ω(x′)−Ω(y′)| � |x′ − y′|β , x′ , y′ ∈ Sn−1 , (1.8)

then
(a) for λ > 1 , ρ > 0 and 2 � p < ∞ , ‖μ∗,ρ

λ ( f )‖p � Cn,p,ρ ,β‖ f‖p ;
(b) for λ > 2/p, 0 < ρ � n/2 and 2n/(n+2ρ)< p < 2 , ‖μ∗,ρ

λ ( f )‖p �Cn,p,ρ ,β‖ f‖p ;

(c) for λ > 2/p, ρ > n/2 and 1 < p < 2 , ‖μ∗,ρ
λ ( f )‖p � Cn,p,ρ ,β‖ f‖p ;

(d) for 0 < ρ � n/2 , 1 � p � 2n/(n+2ρ) , there exists a function Ω ∈ Lipβ (Sn−1)
satisfies (1.7) , such that ‖μ∗,ρ

λ ( f )‖p � Cn,p,ρ ,β‖ f‖p are not bounded on Lp(Rn) .

In 2002, Ding, Lu and Yabuta [2] improved the conclusion (a) in Theorem B
with more rough kernels, Ω ∈ L logL(Sn−1) . In 2005, Ding and Xue [3] established
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the weak type (1,1) bounds of μ∗,ρ
λ for ρ > n/2 and λ > 2. In 2007, Xue, Ding and

Yabuta [14] studied the weighted weak-type (1,1) bounds of μ∗,ρ
λ for λ > 2 and the

weighted Lp bounds of μ∗,ρ
λ . The main point in the above results is that the properties

of μ∗,ρ
λ depends heavily on whether it is bigger or smaller than one half of ρ . In this

paper, our second main purpose is to show the following weighted weak-type (p, p)
boundedness of μ∗,ρ

λ for λ = 2/p .

THEOREM 1.2. If ω ∈ A1 , Ω ∈ Lipβ (Sn−1) , 0 < β � 1 , satisfies (1.7), then for
λ = 2/p, 0 < ρ � n/2 and max{2n/(n+ ρ),2n/(n+1/2ρ)}< p < 2 , there exists a
constant C > 0 such that

ω({x ∈ R
n| μ∗,ρ

λ ( f )(x) > α}) � C
α p ‖ f‖p

Lp
ω
. (1.9)

THEOREM 1.3. Let ω ∈ A1 . Suppose that Ω ∈ Lipβ (Sn−1) (0 < β � 1) and
satisfies (1.7). Then, for λ = 2/p, ρ > n/2 and 2n/(n+1/2ρ)< p < 2 , there exists a
constant C > 0 such that

ω({x ∈ R
n| μ∗,ρ

λ ( f )(x) > α}) � C
α p ‖ f‖p

Lp
ω
. (1.10)

REMARK 3. One may guess the best region of p in Theorem 1.2-1.3 is 2n/(n+
2ρ) < p < 2, which is the same as in Theorem B. However, we don’t know whether it
is true or not. In fact, our estimates in the proof of Theorem 1.2-1.3 have already been
very delicate and complex.

This paper is organized as follows. In Section 2, we give the proof of Theorem
1.1. The proof of 1.2 will be given in Section 3. The proof of Theorem 1.3 is quite
similar to the proof of Theorem 1.2, we therefore omit the details of it. In the appendix,
we give a simple proof of a lemma used in the proof of our theorems.

2. Proof of the weighted weak-type (p, p) bounds of g∗λ ,ψ

In this section, we will prove Theorem 1.1, the weighted weak-type (p, p) bounds
of g∗λ ,ψ . Some basic ideas in the proof of Theorem 1.1 are taken from [4]. We begin
with a lemma, which is essential to our proofs.

LEMMA 1. Let ω ∈ A1 , f ∈ Lp
ω(Rn) and α > 0 be given, there is a collection

{Qj} of pairwise disjoint Whitney cubes, functions u and b on R
n with the following

properties:

(i) Ω = ∪ jQ j , ω(Ω) � C
α p ‖ f‖p

Lp
ω

.

(ii) 1
ω(Qj)

∫
Qj

| f (y)|pω(y)dy � Cα p , for any one of the cubes {Qj} .
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(iii) For any cube Qj of the collection, let Q̃ j be a cube with the same center as Qj ,
but with twice as large a side. Then no point of R

n lies in more than N of the
cubes Q̃ j . We say that the Q̃ j have bounded overlaps.

(iv) f = u+b.

(v) |u| � Cα almost everywhere, and ‖u‖Lp
ω

� ‖ f‖Lp
ω

.

(vi) 1
ω(Qj)

∫
Qj

|b(y)|pω(y)dy � Cα p for each cube Qj from the collection.

(vii) b is supported in Ω , b = ∑ j b j , where each b j is supported in a Whitney cube
Qj .

∫
Qj

b j(y)dy = 0 for each cube Qj from the collection.

Lemma 1 is the weighted extension of the decomposition lemma in [4]. The proof
is just a modification of the classical proof, for completeness, we give the proof of this
lemma in the appendix.

Now we will apply the above lemma to prove Theorem 1.1.

Proof of Thoerem 1.1. Let f ∈ Lp
ω(Rn) and α > 0. We need to show that

ω
({x ∈ R

n| g∗λ ( f )(x) > α}) � C
α p ‖ f‖p

Lp
ω
. (2.1)

Applying Lemma 1 to f and α , we obtain a decomposition f = u+ b , satisfying all
properties in Lemma 1. Since g∗λ ( f ) � g∗λ (u)+g∗λ (b) , we have

ω
({x∈R

n|g∗λ ( f )> (C+1)α})� ω
({x∈R

n|g∗λ (u)> α})+ω
({x∈R

n|g∗λ (b)>Cα}).
To estimate ω({x ∈ R

n|g∗λ (u) > α}) , note that conclusion (v) in Lemma 1 and the L2
ω

bounds [1] of g∗λ , we obtain

ω
({x ∈ R

n| g∗λ (u) > α}) � 1
α2

∫
R

∣∣g∗λ (u)(x)
∣∣2ω(x)dx � C

α2

∫
R

∣∣u(x)
∣∣2ω(x)dx

� C
α p

∫
R

∣∣u(x)
∣∣pω(x)dx � C

α p

∫
R

∣∣ f (x)∣∣pω(x)dx.

Thus we have proved

ω
({x ∈ R

n| g∗λ (u)(x) > α}) � C
α p ‖ f‖p

Lp
ω
. (2.2)

Hence, to show (2.1), it is sufficient to prove that

ω
({x ∈ R

n| g∗λ (b)(x) > Cα}) � C
α p ‖ f‖p

Lp
ω
. (2.3)

To show inequality (2.3), we need a basic decomposition of g∗λ , the method of this
decomposition is coming from [4]. Firstly, we introduce some notation. If x ∈ R

n and
Qj is Whitney cube from the collection Qj in Lemma 1, then x ∼ Qj means that x
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belongs to a cube Qj , which touches or coincides with Qj . In addition, we denote
b j(x) = b(x) · χQj(x) .

By definition,

g∗λ (b)(x) =
(∫ ∫

R
n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣∑

j
ψt ∗ b j(y)

∣∣∣∣2 dydt
tn+1

)1/2

.

Then we have g∗λ (b)(x) � g(1)
λ (b)(x)+g(2)

λ (b)(x) , where

g(1)
λ (b)(x) =

(∫ ∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y�Qj

ψt ∗ b j(y)
∣∣∣∣2 dydt

tn+1

)1/2

and

g(2)
λ (b)(x) =

(∫ ∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y∼Qj

ψt ∗ b j(y)
∣∣∣∣2 dydt

tn+1

)1/2

.

So to prove (2.3), and thus to finish the proof of Theorem 1, we need to show that

ω
({x ∈ R

n| g(1)
λ (b)(x) > Cα}) � C

α p ‖ f‖p
Lp

ω
(2.4)

and

ω
({x ∈ R

n| g(2)
λ (b)(x) > Cα}) � C

α p ‖ f‖p
Lp

ω
. (2.5)

Now we prove (2.4) first.

Proof of (2.4) . By the condition (1.5) of ψ , conclusion (vi) in Lemma 1,∣∣∣∣ ∑
y�Qj

ψt ∗ b j(y)
∣∣∣∣ =

∣∣∣∣ ∑
y�Qj

∫
Qj

ψt(y− t)b(z)dz

∣∣∣∣ � ∑
y�Qj

∫
Qj

|ψt(y− t)||b(z)|dz

� ∑
y�Qj

sup
z∈Qj

C0tδ

(t + |y− z|)n+δ

∫
Qj

|b(z)|dz

� C ∑
y�Qj

sup
z∈Qj

tδ

(t + |y− z|)n+δ α|Qj|.

On the other hand, it is clear that

sup
z∈Qj

tδ

(t + |y− z|)n+δ |Qj| � C
∫

Qj

tδ

(t + |y− z|)n+δ dz

for any cube Qj satisfying y � Qj , the constant C is independent of t . Therefore,∣∣∣∣ ∑
y�Qj

ψt ∗b j(y)
∣∣∣∣�Cα ∑

y�Qj

∫
Qj

tδ dz

(t + |y− z|)n+δ �Cα
∫

Rn

tδ dz

(t + |y− z|)n+δ dz �Cα.
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Putting the estimate we just proved into the definition of g(1)
λ , we obtain

|g(1)
λ (b)(x)|2 � Cα

∫ ∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y�Qj

ψt ∗ b j(y)
∣∣∣∣dydt
tn+1 =: CαJ (x).

So to prove (2.4), we have to show that ω
({x ∈ R

n|J (x) > α}) � C
α p ‖ f‖p

Lp
ω

. By the

Chebyshev inequality, it suffices to prove that∫
Rn

J (x)ω(x)dx � Cα1−p‖ f‖p
Lp

ω
. (2.6)

By the definition of J , we have∫
Rn

J (x)ω(x)dx =
∫

Rn

∫∫
R

n+1
+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y�Qj

ψt ∗ b j(y)
∣∣∣∣dydt
tn+1 ω(x)dx

�
∫∫

R
n+1
+

(
1
tn

∫
|x−y|�t

ω(x)dx

)
1
t

∣∣∣∣ ∑
y�Qj

ψt ∗ b j(y)
∣∣∣∣dydt

+
∫∫

R
n+1
+

(
1
tn

∫
|x−y|>t

tλn−n

|x− y|λn
ω(x)dx

)
1
t

∣∣∣∣ ∑
y�Qj

ψt ∗ b j(y)
∣∣∣∣dydt

� C
∫∫

R
n+1
+

1
t

∣∣∣∣ ∑
y�Qj

ψt ∗ b j(y)
∣∣∣∣Mω(y)dydt

� C∑
j

∫∫
(y,t)∈R

n+1
+

y�Qj

1
t

∣∣ψt ∗ b j(y)
∣∣ω(y)dydt. (2.7)

We denote zi as the center of the cube Qi , and ri the sidelength of Qi , respectively.
Recalling the geometry of the Whitney cubes, that is, if Qi touches Qj , then l(Qi)/4 �
l(Qj) � 4l(Qi ), where l(Q) means the diameter of Q . So we have

{y ∈ R
n| y � Qj} ⊂ {y ∈ R

n, |y− z| > r j/4}, ∀z ∈ Qj . (2.8)

Now we consider
∫
Rn

∫ ∞
0

1
t |ψt ∗ b j(y)|dydt , the j th summand in the right-hand side of

(2.7). By using property (2.8) and
∫
Qj

b j(z)dz = 0, it can be controlled by a constant
times ∫∫

(y,t)∈R
n+1
+

y�Qj

1
t

∣∣∣∣∫
Qj

(
ψt(y− z)−ψt(y− zk)

)
b j(z)dz

∣∣∣∣ω(y)dydt

�
∫∫

(y,t)∈R
n+1
+

|y−z|� 1
4 r j

1
t

∫
Qj

∣∣ψt(y− z)−ψt(y− zk)
∣∣b j(z)dzω(y)dydt

:=
∫

Qj

J1(z)b j(z)dz+
∫

Qj

J2(z)b j(z)dz. (2.9)
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where

J1(z) =
∫∫

(y,t)∈R
n+1
+

1
4 r j�|y−z|�2|z−z j|

1
t

∣∣ψt(y− z)−ψt(y− zk)
∣∣ω(y)dydt

J2(z) =
∫∫

(y,t)∈R
n+1
+

|y−z|�2|z−z j|

1
t

∣∣ψt(y− z)−ψt(y− zk)
∣∣ω(y)dydt.

Estimate for J1(z) . Recall the condition (1.4) of ψ , i.e. |ψ(x)|�C0(1+ |x|)−n−δ ,
and note that since z,z j ∈ Qj , 1

4 r j < |y− z|� 2|z− z j| , then |y− z| , |y− zk| and r j are
comparable. Hence, by definition of J1(z) ,

J1(z) � C
∫∫

(y,t)∈R
n+1
+

1
4 r j�|y−z|�2|z−z j |

tδ−1

(t + |y− z|)n+δ ω(y)dydt.

We consider two subcases, t > |y− z| and t � |y− z| , respectively. Note that if t >
|y− z| , then

J1(z) � C
∫∫

(y,t)∈R
n+1
+ , t>|y−z|

1
4 r j�|y−z|�2|z−z j|

t−n−1ω(y)dydt � C
(r j)n

∫
|y−z|�2

√
nr j

ω(y) dy � Cω(z).

If t � |y− z| , with a similar estimate above, we also have J1(z) � Cω(z) .
Estimate for J2(z) . Recall the condition (1.5) of ψ , i.e.∣∣ψ(x+ y)−ψ(x)

∣∣ � C1|y|γ (1+ |x|)−n−γ−δ , for 2|y| � |x| .

By definition of J2(z) ,

J2(z) � C1

∫∫
(y,t)∈R

n+1
+

|y−z|�2|z−z j |

|z− z j|γ tδ−1

(t + |y− z|)n+γ+δ ω(y)dydt

= C1

∫∫
(y,t)∈R

n+1
+ t>|y−z|

|y−z|�2|z−z j |

|z− z j|γ tδ−1ω(y)
(t + |y− z|)n+γ+δ dydt

+C1

∫∫
(y,t)∈R

n+1
+ , t�|y−z|

|y−z|�2|z−z j|

|z− z j|γtδ−1ω(y)
(t + |y− z|)n+γ+δ dydt := C1

(
J2,1(z)+ J2,2(z)

)
.
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Firstly, we consider J2,1(z) , note that t > |y− z|� 2|z− z j| , we have

J2,1(z) =
∫∫

(y,t)∈R
n+1
+

|y−z|�2|z−z j|,t>|y−z|

|z− z j|γ tδ−1ω(y)
(t + |y− z|)n+γ+δ dydt

�
∫∫

(y,t)∈R
n+1
+

|y−z|�2|z−z j|,t>|y−z|

|z− z j|γt−n−γ−1ω(y)dydt

�
∫
|y−z|�2|z−z j |

|z− z j|γ
|y− z|n+γ ω(y)dy

� CMω(z).

As for J2,2(z) , we denote N = max{2|z− z j|,t} , then

J2,2(z) =
∫∫

(y,t)∈R
n+1
+

|y−z|�2|z−z j|,t>|y−z|

|z− z j|γ tδ−1

(t + |y− z|)n+γ+δ ω(y)dydt

�
∫∫

(y,t)∈R
n+1
+

|y−z|�N

|z− z j|γ tδ−1

|y− z|n+γ+δ ω(y)dydt

We consider two cases, t > 2|z− z j| and t � 2|z− z j| , respectively.
Note that if t > 2|z− z j| , then N = t , and

J2,2(z) �
∫∫

(y,t)∈R
n+1
+

|y−z|�t

|z− z j|γtδ−1

|y− z|n+γ+δ ω(y)dydt � C
∫
|y−z|�2|z−z j |

|z− z j|γ
|y− z|n+γ ω(y)dy

� CMω(z) � Cω(z).

If t � 2|z− z j| , then N = 2|z− z j| , with a similar estimate, we have J2,2(z) �CMω(z) .
Thus, we obtain J2(z) � CMω(z) . Putting the estimates of J1(z) and J2(z) into

(2.9), we have the j th summand in the right-hand side of (2.7) satisfying∫
Rn

∫ ∞

0

1
t
|ψt ∗ b j(y)|ω(y)dydt � C

∫
Qj

|b j(z)|ω(z)dz.

Therefore, ∫
Rn

J (x)ω(x)dx � C∑
j

∫
Qj

|b(z)|ω(z)dz � C∑
j

αω(Qj) (2.10)

= Cαω(Ω) � Cα1−p‖ f‖p
Lp

ω
,
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this completes the proof of (2.6). Since we have reduced inequality (2.4) to inequality
(2.6), we have also proved (2.4).

Now we are in the position to prove (2.5), we will use the condition p = 2/λ .

Proof of (2.5) . Recall that inequality (2.5) states that

ω({x ∈ R
n | g(2)

λ (b)(x) > Cα}) � C
α p ‖ f‖p

Lp
ω
.

Since ω(Ω) � C
α p ‖ f‖p

Lp
ω

, it will be enough to prove that

ω({x ∈ R
n\Ω | g(2)

λ (b)(x) > Cα}) � C
α p ‖ f‖p

Lp
ω
.

Let y j be the center of Qj , now if x ∈ R
n\Ω , then for any point y in Qj , there exsist

constants C2 and C3 that independent of variables satisfying C2|x− y j| � |x− y| �
C3|x−y j| . Since ∑y∼Qj

|ψt ∗b j(y)|2 is an empty sum if y /∈ Ω , because of that if x /∈ Ω
then x ∼ Qj never holds. therefore, for x ∈ R

n\Ω ,

(g(2)
λ (b)(x))2 =

∫∫
Ω×(0,∞)

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y∼Qi

ψt ∗ bi(y)
∣∣∣∣2 dydt

tn+1

� ∑
j

∫
Qj

∫ ∞

0

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y∼Qi

ψt ∗ bi(y)
∣∣∣∣2 dydt

tn+1

� C∑
j

1

|x− y j|nλ

∫
Qj

∫ ∞

0
tλn−n−1

∣∣∣∣ ∑
y∼Qi

ψt ∗ bi(y)
∣∣∣∣2dydt. (2.11)

By definition of y ∼ Qi , the relation y ∼ Qi depends only on which cube y is located
in, we can assured that∣∣∣∣ ∑

y∼Qj

ψt ∗ b j(y)
∣∣∣∣2 =

∣∣∣∣ ∑
y j∼Qj

ψt ∗ b j(y)
∣∣∣∣2, y ∈ Qj . (2.12)

Denote that b j = ∑y j∼Qi
bi and φ(x) = (1+ |x|2)− n+δ

2 . Recall the condition (b) of ψ
that |ψ(x)| � C0(1+ |x|)−n−δ , we have∫

Qj

∫ ∞

0
tλn−n−1

∣∣ ∑
y∼Qj

ψt ∗ b j(y)
∣∣2dydt =

∫
Qj

∫ ∞

0
tλn−n−1

∣∣ψt ∗ b j(y)
∣∣2dydt (2.13)

�
∫

Rn

∫ ∞

0
tλn−n−1(|ψt | ∗ |b j|(y))2

dydt (2.14)

� C
∫

Rn

∫ ∞

0
tλn−n−1(φt ∗ |b j|(y))2

dydt (2.15)

We claim that ∀ L ∈ N , ∃ CL s.t.

|φ̂(ξ )| � CL

(|ξ |+1)L , (2.16)
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Now we first prove the claim (2.16). Since φ is a smooth function, and its any derivative
is integrable, then

‖φ̂ (ξ )‖∞ � ‖φ‖1 � C, (2.17)

and for ∀α ∈ R
n , we have∣∣ξ αφ̂ (ξ )

∣∣ =
∣∣CD̂α φ (ξ )

∣∣ � C‖Dαφ(ξ )‖1 � C,

so for any given L ∈ N and |ξ | > 0, we get∣∣φ̂ (ξ )
∣∣ � C

|ξ α | � C
|ξ |L , (2.18)

combine (2.17) and (2.18), we conclude that for any given L ∈ N , we have

|φ̂(ξ )| � CL

(|ξ |+1)L .

Thus we have proved the claim (2.16). By (2.16), we get∣∣φ̂t(ξ )
∣∣ � CL

(|tξ |+1)L . (2.19)

Recalling

Ir( f )(x) = 2−rπ− n
2

Γ( n−r
2 )

Γ( r
2 )

∫
Rn

f (x− y)|y|−n+rdy

is Riesz potential operator with order r . Since p = 2/λ , then

1
p
− 1

2
=

(λn−n
2 )
n

. (2.20)

By Plancherel theorem, (2.19), (2.20) , we get∫
Rn

∫ ∞

0
tλn−n−1

∣∣φt ∗ |b j|(y)∣∣2dydt

=
∫

Rn

∫ ∞

0
tλn−n−1

∣∣φ̂t · |̂b j|(ξ )
∣∣2dξdt

� CL

∫
Rn

∫ ∞

0
tλn−n−1 1

(|tξ |+1)2L

∣∣|̂b j|(ξ )
∣∣2dξdt,

Take t|ξ | = s , and by the boundedness of the Riesz potential operator (see e.g., [12, p.
11]), we have∫

Rn

∫ ∞

0
tλn−n−1

∣∣φt ∗ |b j|(y)∣∣2dydt

� C
∫

Rn

∫ ∞

0
sλn−n−1 1

(s+1)2L |ξ |n−λn
∣∣|̂b j|(ξ )

∣∣2dξds

� C
∫

Rn

(|ξ | n−nλ
2 ||̂b j|(ξ )|)2

dξ = C‖I(λn−n)/2(|b j|)‖2
L2 � C‖b j‖2

Lp ,
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combing this with (2.13) and (2.11), we obtain

(g(2)
λ (b)(x))2 � ∑

j

C

|x− y j|λn
‖b j‖2

Lp .

By the estimate above, it yields that

ω({x ∈ R
n\Ω| g(2)

λ (b)(x) > Cα}) � C
α2

∫
Rn−Ω

(
g(2)

λ (b)(x)
)2ω(x)dx

� C
α2 ∑

j
‖b j‖2

Lp

∫
Rn−Ω

ω(x)
|x− y j|nλ dx. (2.21)

Note that ω ∈ A1 , then ω(βQj) � Cβ nω(Qj) , we obtain∫
Rn\Ω

ω(x)
|x− y j|nλ dx �

∫
Rn\Qj

ω(x)
|x− y j|nλ dx =

∞

∑
i=1

∫
2iQ j/2 j−1Qj

ω(x)
|x− y j|nλ dx

�
∞

∑
i=1

ω(2iQ j)
2il(Qj)nλ � ω(Qj)

|Qj|λ . (2.22)

Recalling the geometry of the Whitney cubes, that is, if Qi touches Qj , then l(Qi)/4 �
l(Qj) � 4l(Qi ), and for fixed x , x ∼ Qj , holds for at most N Whitney cubes. Putting
inequality (2.22) into (2.21), we have

ω
({x ∈ R

n\Ω| g(2)
λ (b)(z) > Cα}) � C

α2 ∑
j

‖b j‖2
Lp

ω(Qj)
|Qj|λ

� C
α2 ∑

j
∑

y j∼Qi

(
1

|Qi|
∫

Qi

|bi(y)|pdy

) 2
p

ω(Qj)

� C
α2 ∑

j
∑

y j∼Qi

(
1

ω(Qj)

∫
Qj

|b j(y)|pω(y)dy

) 2
p

ω(Qj)

=
C
α2 ∑

j

α2ω(Qj) � C‖ f‖p
Lp

ω
. (2.23)

Hence, we completed the proof of (2.5).

The proof of Theorem 1.1 is thus finished. �

3. Proof of the weighted weak-type (p, p) bounds of μ∗,ρ
λ

In this section, we will prove Theorem 1.2. Since the proof of Theorem 1.3 is
similar to Theorem 1.2, we omit the details here.

Proof of Thoerem 1.2. Fix α > 0 and let f be in Lp
ω , we have to show

ω
({x ∈ R

n| μ∗,ρ
λ ( f )(x) > α}) � C

α p ‖ f‖p
Lp

ω
.
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Following the arguments in the proof of Theorem 1.1, it is sufficient to show that

ω
({x ∈ R

n| μ∗,ρ
λ (b)(x) > α}) � C

α p ‖ f‖p
Lp

ω
. (3.1)

To do so, we have only to prove

ω
({x ∈ R

n| μ1,ρ
λ (b)(x) > Cα}) � C

α p ‖ f‖p
Lp

ω
(3.2)

and

ω
({x ∈ R

n| μ2,ρ
λ (b)(x) > Cα}) � C

α p ‖ f‖p
Lp

ω
, (3.3)

where

μ1,ρ
λ (b)(x) =

(∫ ∫
Rn

+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y�Qj

ϕρ
t ∗ b j(y)

∣∣∣∣2 dydt
tn+1

)1/2

and

μ2,ρ
λ (b)(x) =

(∫ ∫
Rn

+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y∼Qj

ϕρ
t ∗ b j(y)

∣∣∣∣2 dydt
tn+1

)1/2

.

Now let us begin with the proof of (3.2).

Proof of (3.2) . By definition of ϕ and conclusion (vi) in Lemma 1, we have∣∣∣∣ ∑
y�Qj

ϕρ
t ∗ b j(y)

∣∣∣∣ =
∣∣∣∣ ∑
y�Qj

∫
z∈Qj

|y−z|<t

|Ω(y− z)|
tρ |y− z|n−ρ

∣∣b j(z)
∣∣dz

∣∣∣∣
� ∑

y�Qj

sup
z∈Qj

|y−z|<t

|Ω(y− z)|
tρ |y− z|n−ρ

∫
Qj

∣∣b j(z)
∣∣dz

� C ∑
y�Qj

sup
z∈Qj

|y−z|<t

|Ω(y− z)|
tρ |y− z|n−ρ α|Qj|.

Since y � Qj , it is clear that

sup
z∈Qj

|y−z|<t

|Ω(y− z)|
tρ |y− z|n−ρ � C

|Ω(y− z)|
tρ |y− z|n−ρ .

Therefore,

| ∑
y�Qj

ϕρ
t ∗ b j(y)| � Cα

∫
|y−z|<t

|Ω(y− z)|
tρ |y− z|n−ρ dz = Cα.
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By the estimate above, we obtain(
μ1,ρ

λ (b)(x)
)2 � Cα

∫ ∫
R

n
+

(
t

t + |x− y|
)λn ∣∣∣∣ ∑

y�Qj

ϕρ
t ∗ b j(y)

∣∣∣∣dydt
tn+1 =: CαL (x).

To prove (3.2), it suffices to prove that∫
Rn

L (x)ω(x)dx � Cα1−p‖ f‖p
Lp

ω
.

Using the method in proof of estimate (2.7) in Theorem 1.1, we also have∫
Rn

L (x)ω(x)dx � C∑
j

∫
y�Qj

∫ ∞

0

1
t

∣∣ϕt ∗ b j(y)
∣∣ω(y)dydt.

Recall zi is the center of the cube Qi , ri is the sidelength of Qi , and

{y ∈ R
n|y � Qj} ⊂ {y ∈ R

n|y− z|> 1
4
r j|}, ∀z ∈ Qj . (3.4)

Since
∫
Qj

b j(z)dz = 0, then∫
y�Qj

∫ ∞

0

1
t
|ϕt ∗ b j(y)|ω(y)dydt

=
∫

y�Qj

∫ ∞

0

1
tρ+1

∣∣∣∣ ∫
|y−z|<t
z∈Qj

(
Ω(y− z)
|y− z|n−ρ − Ω(y− z j)

|y− z j|n−ρ

)
b j(z)dz

∣∣∣∣ω(y)dydt

�
∫

Qj

∫∫
(y,t)∈R

n+1
+

1
4 r j<|y−z|<t

1
tρ+1

∣∣∣∣ Ω(y− z)
|y− z|n−ρ − Ω(y− z j)

|y− z j|n−ρ

∣∣∣∣ω(y)dydt|b j(z)|dz. (3.5)

In order to estimate (3.5), recall z,zk ∈ Qj , y � Qj , by the mean value theorem, we
have∣∣∣∣ Ω(y− z)
|y− z|n−ρ − Ω(y− z j)

|y− z j|n−ρ

∣∣∣∣ �
∣∣∣∣ Ω(y− z j)
|y− z|n−ρ − Ω(y− z j)

|y− z j|n−ρ

∣∣∣∣+ ∣∣∣∣ Ω(y− z)
|y− z j|n−ρ − Ω(y− z j)

|y− z j|n−ρ

∣∣∣∣
� C

rj

|y− z|n−ρ+1 +C
rβ

j

|y− z|n−ρ+β .

Putting the estimate into (3.5), then∫
y�Qj

∫ ∞

0

1
t

∣∣ϕt ∗ b j(y)
∣∣ω(y)dydt

�
∫

Qj

∫∫
(y,t)∈R

n+1
+

1
4 r j<|y−z|<t

1
tρ+1

(
r j

|y− z|n−ρ+1 +
rβ

j

|y− z|n−ρ+β

)
ω(y)dydt|b j(z)|dz

:=
∫

Qj

(
K1(z)+K2(z)

)|b j(z)|dz. (3.6)
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Now we consider K1(z) , doing the t-integration first,

K1(z) =
∫∫

(y,t)∈R
n+1
+

1
4 r j<|y−z|<t

1
tρ+1

r j

|y− z|n−ρ+1 ω(y)dydt � CMω(z) � Cω(z).

Similarly, we obtain K2(z) � Cω(z) , putting these two estimates into (3.6), we have∫
y�Qj

∫ ∞

0

1
t
|ϕt ∗ b j(y)|ω(y)dydt � C

∫
Qj

|b j(z)|ω(z)dz.

Simiar arguments as in (2.10) yield that∫
Rn

L (x)ω(x)dx � C∑
j

∫
Qj

|b(z)|ω(z)dz � Cα1−p‖ f‖p
Lp

ω
.

So we have proved (3.2) . �

Proof of (3.3) . Similar to (2.5), to prove (3.3), it is sufficient to prove

ω
({x ∈ R

n\Ω| μ2,ρ
λ (b)(x) > Cα}) � C

α p ‖ f‖p
Lp

ω
. (3.7)

By the method in proof of estimate (2.11), we have

(μ2,ρ
λ (b)(x))2 � C∑

j

1

|x− y j|nλ

∫
Qj

∫ ∞

0
tλn−n−1| ∑

y∼Qi

ϕt ∗ bi(y)|2dydt. (3.8)

Recall the argument of (2.12), we have∣∣∣∣ ∑
y∼Qj

ψt ∗ b j(y)
∣∣∣∣2 =

∣∣∣∣ ∑
y j∼Qj

ψt ∗ b j(y)
∣∣∣∣2, y ∈ Qj . (3.9)

Note that b j = ∑y j∼Qi
bi , by Plancherel theorem, then we have

∫
Qj

∫ ∞

0
tλn−n−1

∣∣∣∣ ∑
y∼Qj

ϕt ∗ b j(y)
∣∣∣∣2dydt

�
∫

Rn

∫ ∞

0
tλn−n−1

∣∣ϕt ∗ b j(y)
∣∣2dydt

=
∫ ∞

0
tλn−n−1

∫
Rn

∣∣b̂ j(ξ )
∣∣2∣∣∣∣ 1

tρ

∫
|y|<t

e−iξ ·y Ω(y)
|y|n−ρ

∣∣∣∣2dξdt

=:
∫ ∞

0
tλn−n−1

∫
Rn

∣∣b̂ j(ξ )
∣∣2∣∣kρ

t (ξ )
∣∣2dξdt.

Denote γ = 1
2 min(1,1/ρ) ,

∣∣kρ
t (ξ )

∣∣ satisfying following properties [9, p. 110–112]:
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If t � 1/|ξ | , then
∣∣kρ

t (ξ )
∣∣ � C|ξ |t . If t � 1/|ξ | , then

∣∣kρ
t (ξ )

∣∣ � C|ξ |−γρ t−γρ +
|ξ |γ/2tγ/2 . By these estimates, we have

∫
Qj

∫ ∞

0
tλn−n−1

∣∣∣∣ ∑
y∼Qj

ϕt ∗ b j(y)
∣∣∣∣2dydt

� C
∫ 1/|ξ |

0
tλn−n−1

∫
R

∣∣b̂(ξ )|2|ξ 2
∣∣t2dξdt

+C
∫ ∞

1/|ξ |
tλn−n−1

∫
R

∣∣b̂(ξ )
∣∣2(|ξ |−γρ t−γρ + |ξ |γ/2tγ/2)2

dξdt

� C
∫

Rn

∣∣ ˆb(ξ )
∣∣2|ξ |2 ∫ 1/|ξ |

0
tλn−n−1dtdξ (3.10)

+C
∫

Rn

∣∣ ˆb(ξ )
∣∣2|ξ |−2γρ

∫ ∞

1/|ξ |
tλn−n−1−2γρdtdξ

+C
∫

Rn

∣∣ ˆb(ξ )
∣∣2|ξ |−γ

∫ ∞

1/|ξ |
tλn−n−1−γdtdξ

� C
∫

Rn

(|ξ | n−nλ
2 |b̂ j(ξ )|)2

dξ = C‖I(λn−n)/2( f )‖2
L2 � C‖b j‖2

Lp ,

since λ = 2/p , 0 < ρ � n/2 and max{2n/(n+ ρ),2n/(n+1/2ρ)}< p < 2, we can
assure that the right side of the second inequality is integrabel. Thus, we obtain

(μ2,ρ
λ (b)(x))2 � C∑

j

1

|x− y j|λn
‖b j‖2

Lp ,

repeat the same estimate of (2.21), (2.22) and (2.23) we complete the proof of (3.3).
Since we have reduced the proof of inequality (3.1) to inequality (3.2) and inequality
(3.3), we have also proved (3.1).

The proof of Theorem 1.2 is finished. �

4. Appendix

Proof of Lemma 1. First, noting that if we take the open set Ω = {x ∈ R
n| f ∗(x) >

α p} , where

f ∗(x) = sup
x∈Q

1
ω(Q)

| f (y)|pω(y)dy,

then the proofs of conclusion (i) , (ii) and (iii) in Lemma 1 is quite similar to the
decomposition Lemma in [4], we therefore omit the details of them. Now, we define

b j =
(

f − 1
|Qj|

∫
Qj

f dx

)
χQj ,

b = ∑ j b j and u = f −b . Hence, it’s clear that conclusion (iv) and (v) are true.
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Next, we need to obtain the estimates of u . By definition,

u(x) =

{
1

|Q| j
∫
Qj

f (y)dy i f x ∈ Qj,

f (x) i f x /∈ Qj.

Hence, on the set R
n\Ω , u = f . On each Qj , for ω ∈ A1 , the Hölder inequality gives

that ∫
Qj

|u(x)|pω(x)dx �
∫

Qj

∣∣∣∣ 1
|Qj|

∫
Qj

| f (y)|dy

∣∣∣∣p

ω(x)dx

=
(
|Qj|

1
p−1

∫
Qj

(
ω(Qj)
|Qj|

) 1
p

| f (y)|dy

)p

� C

(
|Qj|

1
p−1

∫
Qj

ω(y)
1
p | f (y)|dy

)p

� C
∫

Qj

∣∣ f (x)∣∣pω(x)dx.

Thus, we have proved ‖u‖Lp
ω

� ‖ f‖Lp
ω
. Now we need to show that |u| � Cα holds

almost everywhere. Note that ω ∈ A1 , then ω ∈ Ap , by conclusion (ii) and Hölder
inequality

1
|Qj|

∫
Qj

| f (x)|dx =
1

|Qj|
∫

Qj

| f (x)|ω 1
p (x)ω− 1

p (x)dx

�
(

1
|Qj|

∫
Qj

| f (x)|pω(x)dx

) 1
p
(

1
|Qj|

∫
Qj

ω
1

p−1 (x)dx

) p−1
p

� C

(
1

|Qj|
∫

Qj

| f (x)|pω(x)dx

) 1
p
(

1
|Qj|

∫
Qj

ω(x)dx

)− 1
p

= C

(
1

ω(Qj)

∫
Qj

| f (x)|pω(x)dx

) 1
p

� Cα p. (4.1)

Thus, if x ∈ Qj , we have |u(x)| � Cα . If x ∈ R
n\Ω , by estimate (4.1) and Lebesgue

differentiable theorem

u = f (x) = lim
x∈Qj
|Qj |→0

1
|Qj|

∫
Qj

| f (t)|dt � lim
x∈Qj
|Qj |→0

C

(
1

ω(Qj)

∫
Qj

| f (x)|pω(x)dx

) 1
p

� Cα p.

Therefore, we proved the conclusion (v) .
Finally, it is obviously that conclusion (vi) follows from ‖u‖Lp

ω
� ‖ f‖Lp

ω
. This

finished the proof of this Lemma. �
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