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A MATRIX INEQUALITY FOR POSITIVE
DOUBLE JOHN DECOMPOSITION
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(Communicated by F. Hansen)

Abstract. In 1998, Barthe [2] established the reversed Brascamp-Lieb inequality and its geomet-
ric version. The matrix inequality for John decomposition played a key role in the proof of the
geometric Brascamp-Lieb inequality (see also Ball [1]). In this paper, we propose a new matrix
inequality based on the so called “double John decomposition”, which is a generalization of the
results of Ball and Barthe.

1. Introduction

The celebrated Brascamp-Lieb inequality states: the multilinear operator on
Ly (R™) x---xLp, (R"™) defined by

F(f17 afm —/ Hlex

is saturated by Gaussian functions. For details, see [3, 5, 2].

In 1998, Barthe [2] established the reverse Brascamp-Lieb inequality which was
conjectured by Ball [1]. Especially, he obtained the following well-known geometric
Brascamp-Lieb inequality:

THEOREM 1. Let m,n be integers. For i =1,...,m, let (¢;)]", be positive real
numbers, (n;)!", be integers, and let B; be a linear surjectwe map from R" onto R™
satisfying BB =1, and

m
Y ¢iBiB; = I,.
i=1
Iffori=1,....m, f; is a non-negative integrable function on R, then one has

f XL eax<TT( [, 5)"

i=1

Mathematics subject classification (2010): 26D15, 52A21, 52A40.
Keywords and phrases: Matrix inequality, John decomposition. positive double John decomposition.

The authors would like to acknowledge the support from the National Natural Science Foundation of China
(11271247).

© IV, Zagreb 715

Paper MIA-21-50


http://dx.doi.org/10.7153/mia-2018-21-50

716 LULU MA AND LEI HOU

and
m

/* sup{ilfllﬁi(yi) IngiciBi‘yi:yi E]R"i} dx>H</Rn,—fi>Ci'

! i=1
Here [* denotes the outer integral.

In the proof of Theorem 1, a matrix inequality plays a crucial role: if

m
BBi=1I,, Y cBB=I, (1)
i=1

and A; are m; X m; positive definite matrixes, then

m

m
det (Y ciBiiBt) > [ (detar)”.
i=1

i=1

The decomposition of identity satisfying (1) is called a john decomposition. For the
case nj=1, i=1,...,m, it was crucial in the well-known John theorem, see [1].

In 2011, Li and Leng [4] defined the positive double John basis, and established
the following matrix inequality: if (c;)7", are positive numbers, and a sequence of pairs
{uj,vi}1', satisfies

L= ciui v, (2)

i=1

then for A;,8; > 0, one has

det ( i cidit; ® ui> det ( i cibvi ® v,-) > ﬁ(ll.&_)ci'
=l i=1 i

1

The decomposition of identity satisfying (2) was called a positive double John basis.
Using this matrix inequality, they proved a generalized version of Brascamp-Lieb in-
equality.

Their result are of dimension 1, but as far as we know, the result of Barthe [2] is
a multidimensional version. In this paper we defined the multidimensional version of
positive double John decomposition as follows.

DEFINITION 1. Suppose m >n, nj<n and ¢; >0, i=1,---,m. Let U;, V; be
n; x n matrices. If V;U! =1, and

m
ULV, = I,
i=1
then we say that U;,V; satisfy the positive double John decomposition.

Our main result is the following matrix inequality, which is the generalization of
the results of both Barthe [2] and Li and Leng [4].
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THEOREM 2. Main) For ¢; >0, i=1,---,m, let U;, V; be n; X n matrices
satisfying the positive double John decomposition. Then for any n; X n; positive definite
diagonal matrices A;,B;, we have

m

m m ¢
det (¥ ctiAv;) det (3 civiBv:) =[] (deta;-dets;) (3)
i=1 i=1

i=1

2. Proof of Theorem 2

Now we prove our main result. The following Cauthy-Binet formula is needed.

LEMMA 1. Let m > n be positive integers and I C {1,2,...,m}. Let A be an
n X m matrix and B an m X n matrix. If A; denotes the square matrix obtained from
A by keeping only the columns with indices in I, and Bj denotes the square matrix
obtained from B by keeping the rows with indices in I, then we have the formula

det(AB) = ) det(A;) det(B).
j1|=n

LEMMA 2. Let P; be n x n; matrix, and Q; be n; x n matrix, for i =1,...,m.

Let I; C{1,---,n;} with |||+ -+ |Ln| =n, and I = (I,...,Ly). Denote |I| = |I{| +

-+ |Ln|. Denote Dy = (Dy,,...,Dy,), where ng is an n x |I;| matrix obtained from

P; keeping the columns with indices in I;; and denote G; = (thl e ,G?m)t, where Gy,
is an |1j| x n matrix obtained from Q; keeping the rows with indices in I;. Then

det ( iP,-Q,-) - S det(Dy)det(Gy).

i=1 [1|=|I|+...+ |l |=n

Proof. Clearly,
01
ZPQt_(Ph'”? m) :

nx(ny+-+ny)
M/ (ny+-Anm)xn

By Lemma 1, we get the desired result. [

Proof of Theorem?2. Let I; C{1,---,n;} with |[}|+---+|Ly| =n, and I = (I,,...,1,).
Denote || = ||+ +|Ln|. Let Dy = (Df ,...,Dj ), where DtI is an n x |I;| matrix
obtained from U] keeping the columns with indices in ;; and let G =(Gy,...,Gy ),
where G, is an |I j| X n matrix obtained from V; keepmg the rows with 1nd1ces in I
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Note that
m Vi
Z CiUit‘/i - <ClUfa s 7chl{n> :
et nx(ny+-+nm)
M/ (ny+-+nm)xn
1
Gl
m
Gl
. 1 1 m .
:<C1D17...,6‘1D71,...,CmDm7...,Csz1) :
nx(nl+"'+nn7) Gl

m

Mim
Gm (n4+++np)xn

where Dlj is the j-th column of U! and G{ is the j-th row of V;.

m .
Write ¢; = [] cl.l’l . Substituting P; = c,-Ui’ and Q; =V; into Lemma 2, we obtain
i=1

1 = detl, = det (Z ciU! V,-) = D crdet(Dy) det(Gy). “4)
i=1 =1y ool | =n

Denote n; x n; positive definite diagonal matrices A;, B; by

ai bii
Ai = T, . y Bi =
ain,— bin,—

We see that .
allGl

Ay ain, GY'
1

AmVm (ny4-++nm)xn am Gy,

N

Dy Gm (ny+-4npy)xn

Substituting P, = c,-Ui’ and Q; = A;V; into Lemma 2, we have

det (2 c,-U,-’AM) = D ajcydet(Dy) det(Gy),
i=1 =1y oo | =0
where a; = [[ aj.
jel;

i=1,...m
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Applying the arithmetic-geometric means inequality, we have

arcy det(DI) det(G])
=11y -t | =

> H a;‘[ det(Dy)det(Gy)

[1|=]1 |+ A+ | =0
m n; 3 crdey(Dy)det(Gy)

[l|=n,1;3]
Observe that V;U! = I,, implies
G/D =1.

Let uy,...,u, | besuch that G{u,- =0and D/, uy,...,u,_; arelinear independent,
then we see

det (I, — e;D'G)) (DY yuy,... sup—1)) = det (1 —c;)DY uy, ... uyy)
= (1 —ci)det(Dj,uh...,un,l),

which implies o
det(l, —¢;D'G') =1—¢;.

Therefore, we get

2 cydet(Dy)det(Gy)

HENEY,

= Z Ccr det(D]) det(G]) — 2 Ccr det(DI)det(GI)
[1]=n [Tl=n.j¢li

= det(l,) — det(I, — ¢;G!D?)

=1- (1 - C,‘)

= Cj.

Now we have shown that
arcdet(Dy) det(Gy) > [ (Ha,J) : 5)
=1 oot || =0 i=1 =1
Similarly, for A;, B;, we have

m m
det (2 C,‘U{A,‘U,‘) det (Z C,‘VfB,‘V,‘)

i=1 i=1

= 2 alcldet D[ 2 b[C]det(GI) s
|7]=n |7]=n
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which is greater than

Z civ/ arby det(DI) det(G])
[I|=n
employing the Cauchy-Schwartz inequality. Applying (5) we get

m m m
det z C,‘U{A,‘Ui det Z C,‘Vl-tB,‘Vi > H(detA,- . detB,‘)Ci.
i=1 i=1 i=1

This completes the proof. [
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