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A HILBERT–TYPE FRACTIONAL INTEGRAL INEQUALITY WITH THE

KERNEL OF MITTAG–LEFFLER FUNCTION AND ITS APPLICATIONS

QIONG LIU

(Communicated by J. Pečarić)

Abstract. By using the theory of the local fractional calculus and the methods of weight function,
a Hilbert-type fractional integral inequality with the kernel of Mittag-Leffler function and its
equivalent form are given. Their constant factors are proved being the best possible, and its
applications are discussed briefly.

1. Introduction

Assuming that f ,g � 0, 0 <
∫ ∞
0 f 2(x)dx < ∞ , 0 <

∫ ∞
0 g2(y)dy < ∞ , we have the

famous Hilbert’s integral inequality and its equivalent form (cf. [1, 2]):∫ ∞

0

∫ ∞

0

f (x)g(y)
x+ y

dxdy < π
{∫ ∞

0
f 2(x)dx

} 1
2
{∫ ∞

0
g2(y)dy

} 1
2
, (1)

∫ ∞

0

[∫ ∞

0

f (x)
x+ y

dx
]2

dy < π2
∫ ∞

0
f 2(x)dx, (2)

where the constant π and π2 are the best possible. There have been a number of im-
provements and extensions on inequalities (1) and (2) (cf. [3–10]), which are important
in the mathematical analysis and its applications (cf. [1, 2, 8]). In 2010, Yang [11]
presented a new Hilbert-type integral inequality and its equivalent form, as follows:

If p > 1, 1
p + 1

q = 1, f ,g > 0, 0 <
∫ ∞
0

1
x f p(x)dx < ∞ , 0 <

∫ ∞
0

1
y gq(y)dy < ∞ , then

∫ ∞

0

∫ ∞

0
e−xy f (x)g(y)dxdy <

{∫ ∞

0

1
x

f p(x)dx
} 1

p
{∫ ∞

0

1
y
gq(y)dy

} 1
q
, (3)

∫ ∞

0
y
[∫ ∞

0
e−xy f (x)dx

]p
dy <

∫ ∞

0

1
x

f p(x)dx. (4)

In recent years, the theory of fractional calculus has been developed rapidly, and it
has been widely used in the fields of science and engineering. Some researchers have
used the fractal theory to discuss and generalize some classical inequalities (cf. [12–
14]), but the research on the Hilbert-type fractional integral inequalities are still not
involved. In this paper, by using the theory of local fractional calculus and the method
of weight function to make a meaningful attempt, a Hilbert-type fractional integral
inequality and its equivalent form are established.
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2. Preliminaries

DEFINITION 1. (cf. [15, 16]) The α -type set of set Ω are defined as the set Ωα ,
where 0 < α � 1. This set Ωα is called a fractional set. The set Ω is called base set of
fractional set.

Let Rα (0 < α � 1) be the α -type set of real line numbers, if aα , bα , cα ∈ Rα ,
then (cf. [15, 16])

1◦ aα +bα ∈ Rα , aαbα ∈ Rα ;
2◦ aα +bα = bα +aα = (a+b)α = (b+a)α ;
3◦ aα +(b+ c)α = (a+b)α + cα ;
4◦ aαbα = bαaα = (ab)α = (ba)α ;
5◦ aα(bαcα) = (aαbα)cα ;
6◦ aα(bα + cα) = aαbα +aαcα ;
7◦ aα +0α = aα , aα1α = aα , (−a)α = −aα ;
8◦ If a < b , then aα < bα . If aα < bα , then a < b .

DEFINITION 2. (cf. [15, 16]) A non-differentiable function f : R → R
α (0 <

α � 1) , x → f (x) is called to be local fractional continuous at x0 , if for any ε > 0,
there exists δ > 0, such that | f (x)− f (x0)|< ε whenever |x−x0|< δ . If f (x) is local
fractional continuous on the interval (a,b) , we denote f (x) ∈Cα(a,b) .

DEFINITION 3. (cf. [15, 16]) The local fractional derivative of f (x) of order α
(0 < α � 1) at x0 is defined by

f (α)(x0) =
dα f (x)

dxα |x=x0 = lim
x→x0

Γ(1+ α)( f (x)− f (x0))
(x− x0)α .

If for all x ∈ I ⊂ R , there exists f (k+1)α(x) =

k+1︷ ︸︸ ︷
Dα

x · · ·Dα
x f (x) , then we denote f ∈

D(k+1)α(I) , where k = 0,1,2, · · · .

DEFINITION 4. (cf. [15, 16]) Let f (x) ∈ Cα(a,b) . Then the local fractional
integral is defined by

aI
α
b f (x) =

1
Γ(1+ α)

∫ b

a
f (t)(dt)α =

1
Γ(1+ α)

lim
Δt→0

N

∑
i=1

f (ti)(Δti)α ,

with Δti = ti−ti−1 (i = 1, · · ·N) , Δt = max
1�i�N

{Δti} , and a= t0 < t1 < · · ·< tN−1 < tN = b

is partition of interval [a,b] . Here, it follows that aIα
b f (x) = 0 if a = b , aIα

b f (x) =
−bIα

a f (x) if a < b .

DEFINITION 5. (cf. [15, 16]) Mittag-Leffler function defined on fractal set of
fractal dimension α is by the expression:

Eα(xα) :=
∞

∑
k=0

xαk

Γ(1+ αk)
, x ∈ R, and 0 < α � 1.
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DEFINITION 6. If s ∈ C , let f (x) denote a function which vanishes for negative
values of x . Local fractional Laplace’s transform Lα{ f (x)} of order α is defined by
the following expression, if it is finite:

Lα{ f (x)}(s) :=
1

Γ(1+ α)

∫ ∞

0
Eα(−sαxα) f (x)(dx)α ,

DEFINITION 7. Gamma function on fractal set of fractal dimension α is defined
by the following expression:

Γα(x) :=
1

Γ(1+ α)

∫ ∞

0
Eα(−tα)t(x−1)α(dt)α , 0 < α � 1

LEMMA 1. If m > −1 , Re(s) > 0 , then we have

Lα{xmα}(s) =
Γα(m+1)
s(m+1)α .

Proof. Setting t = sx , by Definition 6 and Definition 7, we obtain

Lα{xmα}(s) =
1

Γ(1+ α)

∫ ∞

0
Eα(−sαxα )xmα(dx)α

=
1

s(m+1)α Γ(1+ α)

∫ ∞

0
Eα(−tα)tmα(dt)α

=
Γα(m+1)
s(m+1)α . �

LEMMA 2. (cf. [18, 19, 20]) If f ,g (� 0) ∈Cα(a,b) , F,G,h (� 0) ∈Cα(S(β )) ,
p > 1 , 1

p + 1
q = 1 , S(β ) is a fractal surface, then we have

1◦ Hölder inequality on the fractal set

aI
α
b f (x)g(x) �

{
aI

α
b f p(x)

} 1
p
{

aI
α
b gq(x)

} 1
q ,

2◦ Hölder weighted inequality on the fractal set

1
Γ2(1+ α)

∫∫
S(β)

h(x,y)F(x,y)G(x,y)(dx)α (dy)α

�
{ 1

Γ2(1+ α)

∫∫
S(β)

h(x,y)F p(x,y)(dx)α (dy)α
} 1

p

×
{ 1

Γ2(1+ α)

∫∫
S(β)

h(x,y)Gq(x,y)(dx)α (dy)α
} 1

q
.

The inequality keeps the form of equality, then there exist constants A and B, such that
they are not all zero and AFp(x,y) = BGq(x,y) .a.e. on S(β ) .
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LEMMA 3. If 0 < α � 1 , β ,λ > 0 , we define the weight function ω(α,β ,λ ,x)
as follows:

ω(α,β ,λ ,x) :=
1

Γ(1+ α)

∫ ∞

0
Eα(−λ α(xy)α )xβ αy(β−1)α(dy)α , x ∈ (0,+∞),

then we have

ω(α,β ,λ ,x) =
Γα(β )
λ β α , (5)

Proof. Setting xy = u , by Lemma 1, we obtain

ω(α,β ,λ ,x) =
1

Γ(1+ α)

∫ ∞

0
Eα(−λ α(xy)α )xβ αy(β−1)α(dy)α

=
1

Γ(1+ α)

∫ ∞

0
Eα(−λ αuα)u(β−1)α(du)α

= Lα{u(β−1)α}(λ )

=
Γα(β )
λ β α �

LEMMA 4. If p > 1 , 1
p + 1

q = 1 , 0 < α � 1 , β ,λ > 0 , and ε small enough, we

define two functions f̃ (x) , g̃(y) as follows:

f̃ (x) :=
{

0, x ∈ (0,1)
x(β−1)α− εα

p , x ∈ [1,∞)
,

g̃(y) :=
{

0, y ∈ (1,∞)
y(β−1)α+ εα

q , y ∈ (0,1]
,

then we have

J̃εα =
{

0I
α
∞ (x[p(1−β )−1]α f̃ p(x))

} 1
p
{

0I
α
∞ (y[q(1−β )−1]αg̃q(y))

} 1
q εα =

1
Γ(1+ α)

, (6)

Ĩεα = εα · 0I
α
∞

[
0I

α
∞ (Eα(−λ α(xy)α ) f̃ (x)g̃(y))

]
>

Γα(β )
λ β αΓ(1+ α)

(1−o(1)) (ε → 0+).

(7)

Proof. We easily obtain:

J̃εα =
{

0I
α
∞ (x[p(1−β )−1]α f̃ p(x))

} 1
p
{

0I
α
∞ (y[q(1−β )−1]αg̃q(y))

} 1
q εα

=
{

1I
α
∞ (x−(1+ε)α)

} 1
p
{

0I
α
1 (y−(1−ε)α(dy)α} 1

q εα

=
1

Γ(1+ α)
.
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Since H(u) = u(β+1)αEα(−λ α(xy)α ) is continuous in [x,∞) and lim
u→+∞

H(u) = 0,

therefore exists a constant M > 0, satisfying H(u) � M . In addition, let u−1+ ε
q = t ,

then u(−2+ ε
q )α(du)α = − 1

(1− ε
q )α (dt)α , and we can write

1I
α
∞
(
x−(1+ε)α)

xI
α
∞
(
Eα(−λ αuα)u(β−1+ ε

q )α)
=

1
Γ2(1+ α)

∫ ∞

1
x−(1+ε)α(dx)α int∞

x Eα(−λ αuα)u(β−1+ ε
q )α(du)α

<
M

Γ2(1+ α)

∫ ∞

1
x−α(dx)α

∫ ∞

x
u(−2+ ε

q )α(du)α

=
−M

(1− ε
q )α Γ2(1+ α)

∫ ∞

1
x−α(dx)α

∫ 0

x
−1+ ε

q
(dt)α

=
M

(1− ε
q )α Γ2(1+ α)

∫ ∞

1
x−(2− ε

q )α(dx)α

=
−M

(1− ε
q )2α Γ2(1+ α)

∫ 0

1
(ds)α

=
M

(1− ε
q )2α Γ2(1+ α)

Further, setting xy = u , and by Lemma 1, we have

Ĩεα = εα · 0I
α
∞

[
0I

α
∞ (Eα(−λ αxαyα) f̃ (x)g̃(y))

]

=
εα

Γ(1+ α)

∫ ∞

1
x(β−1)α− εα

p (dx)α
[ 1

Γ(1+ α)

∫ 1

0
Eα(−λ α(xy)α )y(β−1)α+ εα

q (dy)α
]

=
εα

Γ(1+ α)

∫ ∞

1
x−(1+ε)α(dx)α

[ 1
Γ(1+ α)

∫ x

0
Eα(−λ αuα)u(β−1+ ε

q )α(du)α
]

=
1

Γ2(1+ α)

∫ ∞

0
Eα(−λ αuα)u(β−1+ ε

q )α(du)α

− εα ·1 Iα
∞

(
x−(1+ε)α

)
x
Iα
∞

(
Eα(−λ αuα)u(β−1+ ε

q )α
)

=
Γα(β + ε

q )

λ (β+ ε
q )α Γ2(1+ α)

− εα ·1 Iα
∞

(
x−(1+ε)α

)
x
Iα
∞

(
Eα(−λ αuα)u(β−1+ ε

q )α
)

>
Γα(β + ε

q )

λ (β+ ε
q )α Γ(1+ α)

− Mεα

(1− ε
q )2α Γ2(1+ α)

=
Γα(β )

λ β αΓ(1+ α)
(1−o(1)) (ε → 0+). �
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3. Main results

For convenience, we use notation of the double fractional integral as (see [16]):

0I
α
∞
[
0I

α
∞F(x,y)

]
=

1
Γ2(1+ α)

∫ ∞

0

∫ ∞

0
F(x,y)(dx)α (dy)α .

THEOREM 1. If p > 1 , 1
p + 1

q = 1 , 0 < α � 1 , β ,λ > 0 , f ,g(� 0) ∈Cα (0,∞) ,
0 < 0Iα

∞
(
x[p(1−β )−1]α f p(x)

)
< ∞ , 0 < 0Iα

∞
(
y[q(1−β )−1]αgq(y)

)
< ∞ , then we have

0I
α
∞
[
0I

α
∞Eα(−λ α(xy)α ) f (x)g(y)

]
<

Γα(β )
λ β α

{
0I

α
∞
(
x[p(1−β )−1]α f p(x)

)} 1
p
{

0I
α
∞
(
y[q(1−β )−1]αgq(y)

)} 1
q , (8)

where the constant factor Γα (β )
λ βα is the best possible.

Proof. By Hölder weighted inequality on fractal set and Lemma 3, we obtain

0I
α
∞
[

0I
α
∞Eα(−λ α(xy)α ) f (x)g(y)

]

=0 Iα
∞
[

0I
α
∞Eα(−λ α(xy)α)

[y
(β−1)α

p

x
(β−1)α

q

][x
(β−1)α

q

y
(β−1)α

p

]
f (x)g(y)

]

�
{

0I
α
∞
[

0I
α
∞Eα(−λ α(xy)α) f p(x)

y(β−1)α

x(p−1)(β−1)α

]} 1
p

×
{

0I
α
∞
[

0I
α
∞Eα(−λ α(xy)α)gq(y)

x(β−1)α

y(q−1)(β−1)α

]} 1
q

=
{

0I
α
∞
[
ω(α,β ,λ ,x)x(p(1−β )−1)α f p(x)

]} 1
p
{

0I
α
∞
[
ω(α,β ,λ ,y)y(q(1−β )−1)αgq(y)

]} 1
q

=
Γα(β )
λ β α

{
0I

α
∞
(
x[p(1−β )−1]α f p(x)

)} 1
p
{

0I
α
∞
(
y[q(1−β )−1]αgq(y)

)} 1
q (9)

If (9) keeps the form of equality for some y ∈ (0,∞) , then, there exist constants A
and B , such that they are not all zero, and

A
y(β−1)α

x(p−1)(β−1)α f p(x) = B
x(β−1)α

y(q−1)(β−1)α gq(y) a.e. in (0,∞)× (0,∞).

Assuming that A �= 0, then there exist constant C �= 0, such that x[p(1−β )−1]α f p(x) =
C

Axα a.e. in x ∈ (0,∞) . We find that 1
Γ(1+α)

∫ ∞
0

C
Axα (dx)α = C

ALnαxα |∞0 is diffuse, which

contradicts the fact that 0 < 0Iα
∞
(
x[p(1−β )−1]α f p(x)

)
< ∞ . Thus (9) takes the form of

strict inequality. So we obtain (8).
If the constant factor Γα (β )

λ βα appearing on the right hand sides of (8) is not the

best possible, then exists a positive constant K < Γα (β )
λ βα , such that inequality (8) is still
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valid when replacing Γα (β )
λ βα by K. Then by (6) and (7), we have Γα (β )

λ βα (1−o(1)) < K .

Letting ε → 0+ , we get K � Γα (β )
λ βα , which contradicts the fact that K < Γα (β )

λ βα . Hence,

the constant factor Γα (β )
λ βα of (8) is the best possible. The theorem is proved. �

THEOREM 2. Under the conditions of Theorem 1, we have

0I
α
∞

{
y

(q(β−1)+1)α
q−1 [0Iα

∞Eα(−λ α(xy)α ) f (x)]p
}

<
[Γα(β )

λ β α

]p
0I

α
∞
(
x[p(1−β )−1]α f p(x)

)
,

(10)
where the constant factor

[Γα (β )
λ βα

]p
is the best possible, and inequality (10) is equivalent

to inequality (8).

Proof. Letting [ f (x)]n := min{n, f (x)} . Since 0 < 0Iα
∞
(
x[p(1−β )−1]α f p(x)

)
< ∞ ,

there exists positive integer n0 ∈ N , such that 0 < 1
n
Iα
n

(
x[p(1−β )−1]α f p(x)

)
< ∞ (n �

n0) . Setting gn(y) := y
(q(β−1)+1)α

q−1

[
1
n
Iα
n (Eα(−λ α(xy)α )[ f (x)]n)

] p
q ( 1

n < y < n , n �
n0) , when n � n0 , by (8) we find

0 < 1
n
Iα
n

(
y[q(1−β )−1]αgq

n(y)
)

= 1
n
Iα
n

(
y[q(1−β )−1]αg(q−1)

n (y)gn(y)
)

= 1
n
Iα
n

{
1
n
Iα
n (Eα(−λ α(xy)α)[ f (x)]n)y

(q(β−1)+1)α
q−1

[
1
n
Iα
n (Eα(−λ α(xy)α)[ f (x)]n)

] p
q
}

= 1
n
Iα
n

{
1
n
Iα
n

(
Eα(−λ α(xy)α )[ f (x)]ngn(y)

)}

<
Γα(β )
λ β α

{
1
n
Iα
n

(
x[p(1−β )−1]α[ f (x)]pn

)} 1
p
{

1
n
Iα
n

(
y[q(1−β )−1]αgq

n(y)
)} 1

q
. (11)

Moreover, by (11) we have

0 < 1
n
Iα
n

(
y[q(1−β )−1]αgq

n(y)
)

= 1
n
Iα
n

{
y

(q(β−1)+1)α
q−1

[
1
n
Iα
n (Eα(−λ α(xy)α )[ f (x)]n)

]p
}

<
[Γα(β )

λ β α

]p
1
n
Iα
n

(
x[p(1−β )−1]α[ f (x)]pn

)
< ∞. (12)

It follows that 0 < 0Iα
∞
(
y[q(1−β )−1]αgq

∞(y)
)
< ∞ . For n→ ∞ , by (8), both (11) and

(12) still keep the form of strict inequalities. Hence we have inequality (10).
On the other hand, by Hölder’s inequality on fractal set and (10), we have

0I
α
∞
[
0I

α
∞Eα(−λ α(xy)α) f (x)g(y)

]
= 0I

α
∞

{[
y

(q(β−1)+1)α
p(q−1)

0I
α
∞ (Eα(−λ α(xy)α) f (x))

][
y

(q(1−β)−1)α
p(q−1) g(y)

]}

�
{

0I
α
∞

(
y

(q(β−1)+1)α
(q−1)

[
0I

α
∞ (Eα(−λ α(xy)α ) f (x))

]p
)} 1

p
{

0I
α
∞
(
y[q(1−β )−1]αgq(y)

)} 1
p

<
Γα(β )
λ β α

{
0I

α
∞
(
x[p(1−β )−1]α f p(x)

)} 1
p
{

0I
α
∞
(
y[q(1−β )−1]αgq(y)

)} 1
q .
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The above inequality is (8), thus inequality (10) is equivalent to inequality (8).

If the constant factor
[Γα (β )

λ βα

]p
appearing on the right hand sides of (10) is not

best possible, then by (10), we can get a contradiction that the constant factor Γα (β )
λ βα

appearing on the right hand sides of (8) is not the best possible. Thus the constant
factor

[Γα (β )
λ βα

]p in (10) is the best possible. �

4. Simple applications

Selecting α values and appropriate β ,λ values in (8) and (10), by Lemma 3, some
Hilbert-type fractional integral inequalities and their equivalent forms are obtained.

EXAMPLE 1. Letting α = β = λ = 1, we obtain (3) and (4).

EXAMPLE 2. Letting α = 0.5, β = λ = 1, p = q = 2. If f ,g (> 0) ∈C0.5(0,∞) ,
0 < 0I0.5

∞
(
x−0.5 f 2(x)

)
< ∞ , 0 < 0I0.5

∞
(
y−0.5g2(y)

)
< ∞ , then we have the following

equivalence inequalities:

0I
0.5
∞

[
0I

0.5
∞

(
(E0.5(−(xy)0.5) f (x)g(y)

)]
<

{
0I

0.5
∞

(
x−0.5 f 2(x)

)} 1
2
{

0I
0.5
∞

(
y−0.5g2(y)

)} 1
2
,

(13)

0I
0.5
∞

{
y0.5

[
0I

0.5
∞

(
E0.5(−(xy)0.5) f (x)

)]2}
< 0I

0.5
∞

(
x−0.5 f 2(x)

)
. (14)
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[7] M. KRNIĆ, M. GAO, J. PEČARIĆ, AND X. GAO, On the besr constant in Hilbert’s inequality, Math-

ematical inequalities and applications 8, 2 (2005), 317–329.
[8] B. C. YANG, The norm of operator and Hilbert-type inequalities, Science press, 2009.
[9] Q. LIU, D. Z CHEN, A Hilbert-type integral inequality with a hybrid kernel and its applications,

Colloquium mathematicum 143, 2 (2016), 193–207.
[10] M. T. RASSIAS, B. C. YANG, A Hilbert-type integral inequality in the whole plane related to the

hypergeometric function and the beta function, Journal of mathematical analysis and applications 428
(2015), 1286–1308.

[11] B. C. YANG, Hilbert-type integral inequality with non-homgeneous kernel, Journal of Shanghai Uni-
versity: Natural Science 17, 5 (2011), 603–605.

[12] H. MO, X. SUI, D. YU, Generalized convex functions on fractal sets and two related inequalities,
Abstract and Applied Analysis, Article ID636751 (2014).



A HILBERT-TYPE FRACTIONAL INTEGRAL INEQUALITY 737

[13] E. SAMET, Z. S. MEHMET, Generalized pompeiu-type inequalities for local fractional integrals and
its applications, Applied Mathematics and Computation 274 (2016), 282–291.

[14] W. B. SUN, Q. LIU, New inequalities of Hermite-Hadamard type for generlized convex function on
fractal sets and its applications, Journal of Zhejiang University: Science Edition 44, 1 (2017), 47–52.

[15] X. J. YANG, Advanced local fractional calculus and its applications, New York: World Science Pub-
lisher, 2012.

[16] X. J. YANG, Local fractional functional analysis and its applications, Progress in Nonlinear Science
4 (2011), 1–225.

[17] J. GUY, Laplace’s transform of fractional order via the Mittag-Leffler function and modified Riemann-
Liouville derivative, Applied Mathematics Letters 22 (2009), 1659–1664.
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