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EXTENSIONS AND REFINEMENTS OF FEJER AND
HERMITE-HADAMARD TYPE INEQUALITIES

SHOSHANA ABRAMOVICH AND LARS-ERIK PERSSON

(Communicated by I. Peri¢)

Abstract. In this paper extensions and refinements of Hermite-Hadamard and Fejer type inequal-
ities are derived including monotonicity of some functions related to the Fejer inequality and
extensions for functions, which are 1-quasiconvex and for function with bounded second deriva-
tive. We deal also with Fejer inequalities in cases that p, the weight function in Fejer inequality,
is not symmetric but monotone on [a,b] .

1. Introduction

The Hermite-Hadamard inequality says that for any convex function f: 1 — R, [
an interval, and for a,b €

b 1 b b
f(“; ) <5 [ fdr< fa2I10) (1.1)

holds, and the Fejer inequality reads

f<‘“zrb) pr(x)dx</ubf(t)p(t)dt< M/ﬂbp(x)dx 12)

when f is convex and p : [a,b] — R is non-negative, integrable and symmetric around
x= b,

In this paper extensions and refinements of Hermite-Hadamard and Fejer type in-
equalities, are discussed including monotonicity of some functions related to Fejer in-
equality and extensions for functions which are 1-quasiconvex and for function with
bounded second derivative. We deal also with Fejer inequalities in cases that p, the
weight function in the Fejer inequality, is not symmetric but monotone on [a,b].

This paper may be regarded as a complement and continuation of [3], where we
dealt with Hermite-Hadamard and Fejer type inequalities for N -quasiconvex functions.

DEFINITION 1. Let N € N. A real-valued function yy defined on an interval
[a,b) with 0 < a < b < o is called N-quasiconvex if it can be represented as the
product of a convex function ¢ and the function g (x) = x". For N =0, y, = ¢ and
for N =1 the function y; (x) = x¢ (x) is called 1-quasiconvex function.
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We quote from [3] some refined Hermite-Hadamard and Fejer type inequalities for
N -quasiconvex functions that we use in the sequel, in particular for N = 1:

LEMMA 1. [3, Theorem 1 and Corollary 1] Let ¢ : [a,b] — R, a > 0 be differen-
tiable, convex and yy (x) =xN ¢ (x), N=1,2,.... Let p: [a,b] — R be non-negative,

inegrable and symmerric around x — 232
Then
[ wp@as
> wN<a;b)pr(x>dx+Lh (x—a;b)zéx’”w{vk ) b
e (G0 [Mrwacs [ (50 (2 (5T o) Mb>p<x>dx,
and 2
[ @ pods
< WD) 7)) 40
o 2 [ - ) (-8 )
- WO a0 5 (S 0)
+amaf -0 5 (ST 0w) | pea

In particular if @ : [a,b] — R, a > 0, is a differentiable and convex function and

V1 (x) = x¢ (x), then
1 (a;b> /ahp(x)dx+<p'<a42'b) /ab (x_a—iz—b)zp(x)dx 03
< ["wp@a

< M/ahl’(x)dx_/ab‘l’/ () (b—) (x— a) p (x)d,

a+b

where p : [a,b] — R, is non-negative, integrable and symmetric around x = “%



HERMITE-HADAMARD AND FEJER TYPE INEQUALITIES 761

EXAMPLE 1. [3, Example 1] If ¢ : [a,h] — R, a > 0, is differentiable, convex
and v (x) =x@ (x), then

n(“5) 450 (52) 0-af
L/b% (x) dx

v (a)+ vy (b /
<
< 5 s (p (x—a)dx.

This is a refinement of the Hermite-Hadamard inequality (1.1) when ¢ is increasing.

At the end of this paper we will prove that the following result from [3] generalizes
and gives some simpler proofs of results from [6].

THEOREM 1. [3, Theorem 2] Ler ¢ : [a,b] — R, a >0, be a differentiable, con-

vex function and let N = 1,2,3,...,. Then for yi (x) = x¢ (x ) we get that the inequal-
ities
1 b
m/ﬂ i (x) dx (1.4)
b—a b—|—2a
<Pl 2L o
(b—a)(y (a )+1I/N( )) (bNH— a"*h) +2ab(" ' —a¥ ") 1 /b
<
S 6(bN — ) * 36N —aN) p—al, P
vi(@)+yi(b)  (bta) 1 /b
<
< z + T b4 o (x)dx
@ty (b-a)(ed) —¢)
A 2 6

hold, which are Hermite-Hadamard refinements of (1.1) for y; when ¢ (b)— ¢ (a) > 0.

REMARK 1. Using [3, Lemma 1], Theorem 1 is proved (see [3, Theorem 2]) by
using Lemma 1 for each n =1,2,...N from which the inequality

1 b
b—a/a Y (x)dx

(b—a)(yw (@) + yw (b)) (B =¥ £ 2ab (V) 1
< 6(bN —aV) + 307 —a") 5 a/ o (x)dx

is derived.

As it is also proved in [3, Theorem 2] that the right hand-side of this inequality
is monotone decreasing with N and as it is also bounded below, the first and the third
inequalities in (1.4) follow.
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The paper is organized as follows: After this introductory section we discuss in
Section 2 the monotonicity of some functions related to the Fejer inequality.

The third section is devoted to results involving Fejer and Hermite-Hadamard in-
equalities for functions with bounded second derivatives and demonstrate examples
with relation to fractional integrals. In particular it is explained that our results imply
generalized versions of some recent results by F. Chen [5]

Fejer’s inequality for special convex functions obtained by replacing the non-
negative symmetric function p in (1.2) with monotone functions and some more results
related to quasiconvexity are discussed in Section 4. In particular it is pointed out that
our Theorem 1 directly implies some improved versions of results in [6].

2. Monotonicity of some functions related to the Fejer inequality

In this section we extend some of the results obtained in [3] and show that when
v is 1-quasiconvex, that is, ¥ (x) =x¢ (x) and if ¢ is convex, @ > 0, then

b
P(t):/ ul(tx—l—(l—t)a;b)p(x)dx (2.1
and
1—|—t l—t x+a 141 1—t¢ x+b
0=z (e ) (50) v (0 ) (1) o
(2.2)

are non-decreasing in 7, 0 <t < 1 when p = p(x) is non-negative, differentiable and
symmetric around x = “2ib.

To prove the theorems we use a similar technique as that used in [2], (there for su-
perquadratic functions) and the following result that appears in the proof of [3, Theorem
1] and is related to N-quasiconvex functions:

LEMMA 2. Let @ : [a,b] = R, a >0, be a differentiable, convex function and
wv(x)=xNo(x), N=1,2,3,...,. Let p: [a,b} — R be non-negative, integrable and
symmertic around x = “+b Then

(s () + v (@) () 23
>yy(x)px)+ynv(a+b—x)pla+b—x)
X—d —X N ’
+% 3 (695" + (- @)t ) 4 () p ()

k=1

—|-( z<x a)bF !+ (b—x)ak_1>l//}v_k(a—kb—x)p(a—kb—x).

We use in the following theorems 2 and 3, Inequality (2.3) for N=1 and p (x) =1.
Our first monotonicity result is a refinement of the known result which says that
P(s) < P(t) for a convex function y (see [2, Theorem F]). It reads:



HERMITE-HADAMARD AND FEJER TYPE INEQUALITIES 763

THEOREM 2. Let W be 1-quasiconvex function on |a,b], a > 0, that is y(x) =
x¢ (x). Let ¢ be a differentiable convex function satisfying ¢ > 0. Let p = p(x) be

non-negative integrable and symmetric around x = “%b. If P(t) is defined by (2.1),

then, for 0 <s<t <1, >0,

P <p- =) [ (- 50) 6 (-9 ) pwar @0
< P().

Proof. Forevery z, m, M on [a,b], a <m <z <M < b we get in the same way
as we get for N =1 and p( )=11in(2.3) that.

V() + v (M+m—2) (2.5)
<wm+y )~ (¢ @)+ M+m=2)) (M—2)(z—m).

Replacing in (2.5) z by sx+ (1 —s) <2, M by (a+b—x)t+ (1—1)%42, and m by
tx+ (1 —1) %2, we obtain that for 0 < s <t < 1, 1 >0, a <x< 42,
) (2.6)

)

l[/(sx+(l—s)a+b) +w<s(a+b—x) (1-5)2

< w(ter(l—t)azib) +u/<t(a+b—x)

() ( _a;b>2 ((p/ (sx—l—(l—s)a;b)

Lo (s(a—l—b—x)-k(l—s)a;b)).

Since p(x) is non-negative and symmetric around x = # we get from (2.6) that
b b
/ l[/(sx—!—(l—s)a; )p(x)dx (2.7)

a
atb
T b

= / ’ l[/(sx—!—(l —s)a; )p(x)dx
a

a+b

+/“§” ul(s(a+b—x)+(l—s)

ath
g/ ’ ul(tx—l—(l—t) ;b>p(x)dx

a+b

)p(a+b—x)dx

+/a“§bw<t(a+b_x)+(1—t) )p(a+b—x)dx

A () 6 (o oo

a
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_/# (2 -5 ( _“;b)z(p' (s(a+b—x)+(1—s)a;—b)p(a—i—b—x)dx.

a

From (2.7), by using again the symmetry of p(x) around “—”7, it follows, because

@ (x) >0and 0<s<r<1, >0, that (2.4) holds for P () as defined in (2.1). The
proof is complete. [

Next we prove the following further refinement of the Fejer inequality (1.2) for
1 -quasiconvex functions:

COROLLARY 1. Assume that the conditions of Theorem 2 on y and p hold. Then

v(50) [rwasrse (50) [ (x—“;b)2p<x>dx
</hw(sx+<1—s>“;b)p(x>dx
/w wax-(-2) [ —“;b)zqa’ (se+a-952) s

+"’ /p ) dx— /(p (x—a)p(x)dx
(l—sz)/a (x—a—;b) 0 (sx+(1—s)a;b>p(x)dx.

Proof. The left hand-side inequality follows from (2.4) by exchanging s with 7 so
that # < s and then taking r = 0. The second inequality is obtained by taking t =1 in
(2.4) The third inequality follows from the right hand-side of (1.3) in Lemma 1. [J

The corresponding result for the function Q(¢) defined by (2.2) reads:

THEOREM 3. Let y and p be defined as in Theorem 1, and let Q(t) be defined
by (2.2). If 0<s<t <1, then
Q(S)QQ(I)—A(S,I), (28)

where
atb

A(m):/ T (9 (- rtsa)r o (1-s)atb-x)+sh)  29)

a

x(t—s)(x—a)(a+b—2x+(t+s)(x—a))p(x)dx.

Proof. For 0 <s<t<1, >0, a<x<b, wechoosein (2.5)

= (1—s)x+sa, m=(1—1t)x+ta, M=(1-1t)(a+b—x)+1b.
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Evidently
a< (l—-t)x+ta<(1—s)x+sa
l—s)(a+b—x)+sb<(1—t)(a+b—x)+1tb<b,
m+M=(1—-t)x+ta+(1—t)(a+b—x)+tb=a+b,
z—m=(t—s)(x—a),
m+M—z=(1—-s)(a+b—x)+sb.
Hence, from (2.5) we get that
y((1—s)x+sa)+y((1—s5)(a+b—x)+sb) (2.10)
<y((1—t)x+ra)+y((1—1)(a+b—x)+1b)
— (@' (1 =5)x+50)+ ¢ ((1=5) (a+b—x)+sb))
x({t—s)(x—a)(a+b—2x+(s+1)(x—a)).
It follows from the symmetry of p = p (x) that Q(s) can be written as

<
<

atb

Q(s)z/a ’ (w((l—s)x+sa)+w((1—s)(a+b—x)+sb))p(x)dx (2.11)

and therefore according to (2.10) we obtain that
a+b
0(s) = / ’ (v(l=s)x+sa)+y((1—s)(a+b—x)+sb))p(x)dx (2.12)
a+b
< / T (W ((1=1)x+ta)+ w (1= 1) (atb—x)+1b)) p (x) dx
a+b
_/ T (¢ (1 =9)x+sa)+ 9 (1=9)(@+b—x)+5b))
x(t—s)(x—a)(a+b—2x+(s+1)(x—a)))p(x)dx.
In other words we find by using (2.11) and (2.12) that (2.8) and (2.9) hold. The proof
is complete. [l

EXAMPLE 2. In the special case that s =0, r = 1 we have that
/w ¥ dx < Q(1)~A(0,1)

. ();w( ) [ b

atb

_/2 ((p'()+(p/(a+b x))( a) (b—x)p(x)dx
_ +w /p dx/q, a)(b—x)p(x)dx,

which is the same as the rlght hand-side of (1.3). Hence, Theorem 3 implies in particular
a further refinement of the Fejer inequality (1.2).
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3. Fejer and Hermite-Hadamard inequalities for functions
with bounded second derivatives

We prove now immediate results about Fejer and Hermite-Hadamard type inequal-
ities for functions with bounded second derivatives.

THEOREM 4. Let f : [a,b] — R be a function such that m < f" (x) < M, and
p:la,b] — R is integrable, non-negative and symmetric on |a,b]. Then

HOIO [y war Y [0 vpwars [ reopwar, 61

f(a;b) [ rwa 2 [0 (x_“;b)zp(wdm/abf<x>p<x>dx, (3.2)

/abf(x)p(x)dxgw/ubp(x x——/ x—a)(b—x)p(x)dx, (3.3)

/abf(x)p(x)dng<a;b> /ahp(x)dx—i-%/[/ah (x—a;b>2p(x)dx. (3.4)

Proof. Since m < f” (x) < M we find that the functions

g1(x) = = (x—a) (x=b) = f(x),

g2<x>:f<x>—§(x—“§”)2,

and

g4<x>:%(x—“§”)2—f<x>,

are convex on [a,b] and by using (1.2) for g;, i = 1,...,4, we get the four inequalities
(3.1),(3.2), (3.3) and (3.4), respectively. [J

In the next statement we combine the results obtained for 1-quasiconvex functions
with the results obtained for functions with bounded second derivative. This is obtained
by using inequalities (1.3), (3.2) and (3.4).
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COROLLARY 2. Let @ be a twice differentiable convex function on [a,b], a > 0,
and let W (x) = x¢ (x). Let y(x) be such that m < ¢ (x) < M and let p(x) be non-
negative, integrable and symmetric around x = “2ib Then

K/( a+b> p(x)dx (3.5)

REMARK 2. The function y satisfies y” (x) = (x¢ (x))" = 2¢ (x) +x¢" (x) >
2¢ (x). Therefore ¢ (x) < Wz(x) < % and (3.5) gives a nice double inequality for

I} : v (x) p(x)dx when y is 1-quasiconvex function with bounded second derivative.

This means that by replacing [ (x) p (x) dx with y (“£2) [? p (x)dx, we get that the
maximum length or the error obtained is limited by

(%’—K) /ab (x—a;b)zp(x)d)g

where K = min <%7 0 (“—?)) and p(x) is non-negative, integrable and symmetric on

[a,b].

We show now examples of the use of the Fejer inequality (1.2) and Theorem 4
regarding fractional integrals. These examples appear in [5, Theorem 1.1 and Theorem
1.2]. We show a more general case where the proof is simpler and shorter than that in
[5].

The following example is related to the Fejer inequality (1.2) when the non-negative
integrable symmetric function p (x) around x = # is related to fractional integrals:

EXAMPLE 3. Let f : [a,b] — R be an integrable convex function with a < b.
Then the following inequalities for fractional integrals hold:

1(%57) < spir vns @+ s s@) <L g

with o0 > 0, where

IS0 = oo [ 0" p @t x> a,

b
J,;{f(x)zﬁ/x (=X f()di, x<b,

and T'(a) is the Gamma function defined by T' (o) = [5" e 't% ar.
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REMARK 3. Itis easy to see that Inequality (3.6) is a particular case of the Fejer
inequality (1.2), where
o

W ((x—a)a_l—i—(b—x)a_l) s a<x<b7 a>0, 3.7

px)=

p (x) is symmetric around x = %” non-negative, integrable, f p(x)dx=1and f is

a positive convex function on [a,b], and because

T'a+1)

2o —a)® Ve )+ F (@)
BENCER) ! " (b et L _ )% !
= -0 (F(a)/ (b—1) f(t>dt+r(a)/a (t—a) f(;)d;)
_ T(a+1) Lorbr e e
- 2(b—a)” ( (a)/ ((b 1" +(t—a) )f(l)dt)

= [[rwpwa

In particular, we pronounce that Inequality (3.6) holds without the restriction that
[ is non-negative as required in [5, Theorem 1.1].

Moreover, going back to Theorem 4, if p (x) is defined by (3.7), then we have the
following:

EXAMPLE 4. For a twice differentiable function f with m < 7 (x) <M on [a,b]
and p as above, we get that:

fla)+f(b) Ma b o .
2 _4(b—a)°‘/a(x_a)(b_x)<(x_a> 1—|—(b—x) 1>dx

o I'loe+1)
2(b—a)*

(“?% o L (5 (ot
C(o+1)

(J%f (b >+J°‘f( )

(Voo f (0) + T f (a))

((ba S U0+ (@)

fl@+f(b)  mo
2 4(b—a

1
( a)
)

<

i /ah (x—a)(b—x) ((x—a)a*1 + (b—x)aq) dx,

Tl e r () 1 5% 1 (a))

<f<“;b>+4(lf4_“a)a /b< —a;b)z((x—a)a1+(b—x)al>dx.
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REMARK 4. The inequalities in Example 4 appeared in [5, Theorem 1.2] and in
our case it is just a particular case of Theorem 4.

4. Remarks about other Fejer type inequalities

We extend Fejer’s inequality for special convex functions by replacing the non-
negative symmetric function p = p (x) in (1.2) with monotone functions.

THEOREM 5. Let @ : [a,b] — R, be a differentiable and convex function. Let
p:la,b] — R be a non-negative, integrable and monotone function.
a) Let p (x) <0, a<x<b and ¢(a) < ¢ (b) (see Figure 1). Then

/abQ(Z)P(I)dléw/abp(x)dx. 4.1)

b) Let p (x) =0, a<x<band ¢(a) <

o (
(““’)/ p(x </ o (1) p(t)dr. 42)

&) Ifp (x)=0, a<x<band ¢(a)=
d) If p (x) <0, a<x<b and ¢(a) >

’”b) (see Figure 2). Then

¢ (b), then (4.1) holds.
(p(%) then (4.2) holds.

REMARK 5. In particular cases a) and b) hold when ¢ is increasing and cases c)
and d) hold when ¢ is decreasing.

@) - 70 B it S ;
(@(a)+o(b))/2--
Pllasb)/2) fooieoo.....
¢(@ @) T : ;
a (a+'b)/2 b
Figure 1. Figure 2.
Proof. a) From ¢ (a) < ¢ (b) we get that ¢ (a) < M < ¢ (b) and together
with the convexity of @ as ¢ () — M < 0 when a <7 < ¢ where ¢(c) =

, we get from Hermite—Hadamard inequalities

[ (o0~ 29520 g

o(a)+o(b)
2
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and also,

[ (o0~ 29200 <o

for all x on [a,b] (see Figure 1). Denoting

we get that

[ rorwa=[([roa)pw] - ([ r0a)dwa
b)/abf(t)dt—/ab (/:f(t)dt>p (x)dx <0

which means that (4.1) holds.

b) From ¢ (a) < ¢ (%52) and the convexity of ¢ we get that ¢ (a) < ¢ (“52) <
¢ (b). Denoting g (1) = @ (1) — (p(“;rb) we find that g(r) > 0 when “+ <t < b,
and since [ b e (1)dr > 0 and because of the convexity of @, ¢ (¢ ( ) when
a<t< “”’ and therefore f g(t)dt >0 forall a < x < b, (see Flgure 2).

Hence

[ ewpra = |- (/xhg<t>dt)p<x>E+/f ([ swar) s s
a)/ubg(t)dt—i—/ub (/xbg(z)dz> P () dx>0

in other words (4.2) is proved.
The cases c) and d) can be proved in a similar way so we omit the details. The
proof is complete. [

We finish by going back to Theorem 1 ([3, Theorem 2]), and pointing out that from
this theorem we may get an upper bound for 1 [ b o (x)x2dx = = b 14/2 (x) dx where

¢ is a convex increasing functlon We show that our upper bound of ;— f Yo (x)dx
and also the upper bound of ;- fu @ (x)xdx = ;1 fu Y (x)dx are better than those
derived from the following theorem in [6, Theorem 1].

THEOREM A. Let ¢ and g be real-valued, non-negative and convex functions on
[a,b], then:

20 (a;rb>g (a;rb) _e@g(@+o(b)g®)  (@b) =) (s(b)—g(a)

2 3
b/‘o

<P( )g(a)+o(b ) (b )_((P(b)—<P(a))(g(b)—g(a))
S 2 6 :

(4.3)
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REMARK 6. We see that when g(x) = x inequalities (4.3) in Theorem A for
Vi (x) = g (x) are

» <a+b> i@+ v ()

2 Lo -e@b-a)

2 3

1 b
< b—a/a v (x)dx

i@t (eb)—¢)(b—a)
X 2 6 )
and when g (x) = x? inequalities (4.3) in Theorem A for v, (x) = x?¢ (x) are
atb) ya(@)+ya(b)  (9(b)—9(a) (b’ )
2y, ( 2 ) -2 > 2 3

(4.5)

< ﬁ/ﬂbwg (x)dx
@b (00)-9@) (B -da)

< —

2 6

EXAMPLE 5. By comparing (4.4) with the inequalities (1.4) we realize that our
result of the upper bound of Hermite-Hadamard inequality in (1.4):

bia/ahllfl(x)dx<bga¢(b)+bzzaﬁ/ah¢(x)dx (4.6)
vi@+wib) (eb)—¢(a)(b-a)
~ 2 6 ,

is a refinement of the upper bound obtained in the right hand-side of (4.4).

Moreover, if ¢ is convex function on [a,b], 0 < a < b, our inequalities (1.4) and
(4.6) are valid for convex functions that are also not non-negative, whereas Theorem A
and therefore also (4.4) are proved only for convex non-negative ¢.

We see that (4.5) holds for non-negative convex functions, as stated in Theorem A,
(which is proved in [3, Theorem 1]), whereas (4.7) below uses twice the first inequaily
of (4.6) and therefore y; has to be convex. For y; to be convex it is sufficient that ¢ is
convex and increasing on [a,b|, a > 0. Therefore (4.5) and (4.7) are compared below
when ¢ is convex, increasing and non-negative on [a,b], 0 < a < b (in such cases y»
is also convex).

Using twice (4.6) we get that

blTa / ’ 2 (x) dx -
< P () + (bga"’(bHbzzabia/ab"’@dx)
< b;“b<p<b>+b+32a (b;“w<b>+bﬁza“f’(“”“’“’”)'
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The following simple calculation shows that in fact (4.7) is a better upper bound than
(4.5) when ¢ is differentiable non-negative, increasing and convex function on [a,b],
a>0:

The right hand-side of (4.5) rewritten as

2, 1, 2, 1,
(p(b)<6b +6a>+(p(a)<6a +6b ,

is greater than the right hand-side of (4.7) rewritten as

5 2, 4 2 1 2 4 4 ,
(p(b)<18b 18ab—|—18a>—|—(p(a)<18b 18ab—|—18a)

because for ¢ (x

(i oeele)
(e e 3) (e o )]

_ b-a
= 2 (p(h)+20(a) >0,

The authors thank the anonimous referee for the very helpful remarks and sugges-
tions.
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