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Abstract. In this work, we obtain several improved versions of two weight Hardy and Rellich
type inequalities on the sub-Riemannian manifold R

2n+1 defined by the vector fields

Xj =
∂

∂x j
+2kyj |z|2k−2 ∂

∂ l
, Yj =

∂
∂y j

−2kx j |z|2k−2 ∂
∂ l

, j = 1,2, ...,n

where (z, l) = (x,y, l) ∈ R
2n+1 , |z| = (|x|2 + |y|2)1/2 and k � 1 .

1. Introduction

In this work, we continue on our previous study of Hardy and Rellich type inequal-
ities with two weight functions given in [6]. We prove the new improved versions of
these inequalities on the sub-Riemannian manifold R

2n+1 defined by the vector fields

Xj =
∂

∂x j
+2ky j|z|2k−2 ∂

∂ l
, Yj =

∂
∂y j

−2kx j|z|2k−2 ∂
∂ l

, j = 1,2, ...,n (1)

where (z, l) = (x,y, l) ∈ R
2n+1 , |z| = (|x|2 + |y|2)1/2 and k � 1.

It is well known that the constants (n− 2)2/4 and n2(n− 4)2/16 are the best
constants for the classical Hardy and Rellich type inequalities for φ ∈C∞

0 (Rn) :

∫
Rn

|∇φ |2dx � (n−2)2

4

∫
Rn

|φ |2
|x|2 dx , n � 3 , (2)

∫
Rn

|Δφ |2dx � n2(n−4)2

16

∫
Rn

|φ |2
|x|4 dx , n � 5 , (3)

respectively, [17], [26]. Here, |x| is the distance from the point x to the origin, and the
coefficients (n−2)2/4 and n2(n−4)2/16 are never achieved. The following inequality
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on a bounded domain 0∈ Ω ⊂R
n , n � 2, is known as Hardy-Sobolev inequality or Lp

Hardy inequality

∫
Ω
|∇φ |pdx �

(n− p
p

)p ∫
Ω

|φ |p
|x|p dx , n � 2 (4)

for any 1 < p < n and φ ∈W 1,p
0 (Ω) , where W 1,p

0 (Ω) is the completion of C∞
0 (Ω) . The

constant (n− p)p/pp is the best constant for the equation above, and it is also never
achieved. This fact has offered a new direction to researchers who had expected to
improve these inequalities by adding nonnegative correction terms to the right hand side
of the inequalities. In this way, Hardy inequality in (2) and Hardy-Sobolev inequality
in (4) have been generalized and modified in many different ways, and the literature
concerning such inequalities has begun to increase, see, e.g. [1], [2], [3], [4], [8],
[11], [12], [13], [21], [22], [23], [25], [28] and references therein. In [11], Brezis and
Vazquez improved the inequality (2) for any bounded domain Ω in R

n , n � 2 and for
every φ ∈ H1

0 (Ω) ;

∫
Ω
|∇φ |2dx � (n−2)2

4

∫
Ω

φ2

|x|2 dx+H2

∫
Ω

φ2dx , (5)

where H2 is the first eigenvalue of the Laplacian in the unit disk in R
2 and H2 is

the optimal constants independent of the dimension n . Inspired by the inequality (5),
several improved versions of the inequalities (2) and (4) with different weight functions
have been established in [1], [2], [3], [4], [13], [14], [15], [18], [21], [22], [28]. In [2],
the Hardy-Sobolev inequality is improved by adding a singular weight term of the type
log(R/|x|))−γ for any φ ∈W 1,p

0 (Ω) on the bounded domain Ω ;

∫
Ω
|∇φ |pdx �

(n− p
p

)p ∫
Ω

|φ |p
|x|p dx+C

∫
B

|φ |p
|x|p

(
log

R
|x|

)−γ
dx , (6)

where R � supΩ(|x|e2/p) , 1 < p < n , γ � 2 and C > 0 depends on n, p,R . One of the
other extensions of (4) can also be seen [13].

An improved weighted L2 Hardy inequality involving two weight functions mod-
ulated on distance functions from a point, ρ , and distance to the boundary of a do-
main Ω , δ , with smooth boundary, is also proved on a complete noncompact sub-
Riemannian manifold of dimension n > 1 for φ ∈C∞

0 (Ω\ρ−1{0}) in [22]:

∫
Ω

ρα |∇φ |2dV � (C+ α −1)2

4

∫
Ω

ρα |φ |2
ρ2 dV +

1
4

∫
Ω

ρα |∇δ |2
δ 2 |φ |2dV.

Here it is assumed that α ∈ R , C + α − 1 > 0, |∇ρ | = 1, Δρ � C
ρ , C > 1 and −∇ ·

(ρ1−C∇δ ) � 0 in the sense of distribution. Moreover, it is reasonable to consider that
remainder terms on the right hand side of Rellich inequality (3) can also be added,
and by this way, the various improved versions of Rellich type inequality have been
established in [7], [13], [15], [21], [22], [27] and references therein.
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On the other hand, there has been a growing interest in Hardy and Rellich type
inequalities on the sub-Riemannian manifold R

2n+1 defined by the vector fields (1)
[5], [6], [24], [29] . Lp version of the inequality (2) has been established on the sub-
Riemannian manifold in [29]. Then, a new weighted version of Lp Hardy inequality
with a radial weight function ρα is obtained in [24];

∫
R2n+1

ρα p|∇kφ |pdw � (Q− p+ α p)p

pp

∫
R2n+1

ρα p
( |z|

ρ

)p(2k−1) |φ |p
ρ p dw

where φ ∈C∞
0 (R2n+1\{(0,0)}) , 1 < p < Q , Q �= p and Q− p+α p > 0. Furthermore,

the constant (Q− p+α p)p/pp is sharp. Another work in this direction is given in [6].
In this article, several new sharp weighted Hardy, Hardy-Poincaré and Rellich type
inequalities for the sub-Riemannian manifold R

2n+1 defined by the vector fields (1) are
obtained by introducing a weight function given by the product of the radial functions
ρα and |z|t , where α,t ∈ R . Furthermore, we observed the influence of the new radial
weight function |z|t on the sharp constant.

All these studies have motivated us to contribute in this direction. Since this paper
relies on some results originally derived in [6] and [22], we extend the results in [6],
[20], [21] and [22] to the sub-Riemannian manifold R

2n+1 defined by the vector fields
(1), and we also give some new improved versions of the weighted Hardy and Rellich
type inequalities with two weight functions given by the product of the radial functions
ρα and |z|t , α, t ∈ R .

The outline of this paper is as follows: as we have provided a very brief survey
of the inequalities that we studied in our paper, the next section is devoted to introduce
fundamental notations, generalized Greiner vector fields, Greiner operator and basic
facts about the operators ∇k , Δk . Then, we establish an improved version of sharp
weighted Hardy inequality derived in [6] in Section 3 and improved versions of two
weighted Rellich type inequalities in Section 4.

2. Preliminary and notations

A generic point in R
2n+1 , n � 1 is defined by w = (z, l) = (x,y, l) ∈ R

2n+1 where
x,y ∈ R

n , z = x+
√−1y . The sub-elliptic gradient is the 2n dimensional vector field

given by
∇k := (X1, ...,Xn,Y1, ...,Yn)

where Xj and Yj are the smooth vector fields which are defined by

Xj =
∂

∂x j
+2ky j|z|2k−2 ∂

∂ l
, Yj =

∂
∂y j

−2kx j|z|2k−2 ∂
∂ l

, j = 1,2, ...,n. (7)

The generalized Greiner operator on R
2n+1 is defined by

Δk =
n

∑
j=1

(X2
j +Y 2

j ) = Δz +4k2|z|4k−2 ∂ 2

∂ l2
+4k|z|2k−2 ∂

∂ l
T
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where Δz = ∑n
j=1(

∂ 2

∂x2
j
+ ∂ 2

∂y2
j
) is the Laplacian in the variable z = (x,y) ∈ R

2n and T

denotes the vector field T = ∑n
j=1(y j

∂
∂x j

− x j
∂

∂y j
) . Δk possesses a natural family of

dilations, namely,
δτ(z, l) = (τz,τ2kl), τ > 0 (8)

associated with the vector fields in (7). It is easy to see that Δk is the homogeneous
of degree two with respect to the dilation, i.e, Δk(δτu) = τ2δτ(Δku) where δτu(z, l) =
u(τz,τ2kl) . It is easy to verify that dδτ(z) = τQdw = τQdzdl where

Q = 2(k+n)

is the homogeneous dimension with respect to dilation δτ and dw = dzdl denotes the
Lebesgue measure on R

2n+1 . The natural norm function is defined as

ρ(z, l) := (|z|4k + l2)1/4k = (x2 + y2)2k + l2)1/4k. (9)

It is known that ρ is related to the fundamental solution of sub-Laplacian Δk with
singularity at the origin (see, [9], [10], [16], [29]). It is easy to show that ρ is homoge-
neous of degree one with respect to the dilations (8); ρ(δτ(w)) = τρ(w) for every τ .
The gradient of the function ρ satisfies

∇kρ = (X1ρ , ..,Xjρ , ..,Xnρ ,Y1ρ , ...,Yjρ , ...,Ynρ)

where

Xjρ =
|z|2(k−1)

ρ4k−1 [x j|z|2k + y jl] , Yjρ =
|z|2(k−1)

ρ4k−1 [y j|z|2k − x jl]

and its module is |∇kρ |= |z|2k−1

ρ2k−1 , and

Δkρ = (Q−1)
|∇kρ |2

ρ
. (10)

Let us mention some expressions and identities, which we shall frequently encounter
throughout the following calculations. Using the above formula we obtained

∇k(|∇kρ |2) ·∇kρ = 0

which shows that the norm function (9) is infinite harmonic in R
2n+1 \ {0} . An imme-

diate consequence of the equation (10) is the following formula:

∇k

( ρ
|∇kρ |2

)
·∇kρ = 1.

A straightforward computation shows

∇k ·
( ρ
|∇kρ |2 ∇kρ

)
= ∇k

( ρ
|∇kρ |2

)
·∇kρ +

ρ
|∇kρ |2 Δkρ = Q.
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Besides, ∇kρ and ∇k(|z|) satisfy the following relation

∇k(|z|t) ·∇kρα = αt|z|tρα−2|∇kρ |2. (11)

On the other hand, if φ = φ(ρ) is a smooth radial function (i.e., φ only depends on the
function ρ ), then by a direct computation, it can be easily shown that

|∇kφ(ρ)| = |z|2k−1

ρ2k−1 |φ ′(ρ)|.

The open ball with respect to ρ centered at the origin (0,0) ∈ R
2n ×R with radius R

will be denoted by
BR(0) := {(z, l) ∈ R

2n×R : ρ < R}.
Introducing the spherical coordinate transformation as in [19], the volume element sat-
isfies the relation

dw = dzdl = ρQ−1dρ(sinϕ)
n−k
k dϕ

n−1

∏
j=1

[
cosψ j(sinψ j)2(n− j)dψ j

] n

∏
j=1

dθ j (12)

where 0 � ϕ � π , 0 � ψ j � π/2, j = 1, ...,n−1 and 0 � θ j � 2π , j = 1, ...,n , and

|z|2 = ρ2 sin
1
k ϕ .

3. Improved Hardy-type inequalities with two weight functions

The main result of this section is the following theorem which is an improved
version of the sharp two weight Hardy inequality in [6]:

THEOREM 1. Let Ω be a bounded domain with smooth boundary ∂Ω in R
2n+1 .

Let ρ and |z| be nonnegative functions on Ω . Let Q � 3 , α ∈ R , t ∈ R , Q + α +
t − 2 > 0 and t + 4k + 2n− 2 > 0 . Furthermore, let δ be a positive function such
that −∇k · (ρ2−t−Q|z|t∇kδ ) � 0 in the sense of distribution in Ω . Then the following
inequality

∫
Ω

ρα |z|t |∇kφ |2dzdl �
(Q+ α + t−2

2

)2 ∫
Ω

ρα |z|tφ2

ρ2 |∇kρ |2dzdl

+
1
4

∫
Ω

ρα+t |z|t |∇kδ |2
δ 2 φ2dzdl

(13)

holds for all φ ∈C∞
0 (Ω\ {0}) .

Proof. Let φ ∈C∞
0 (Ω\{0}) and define ψ = ρ−γφ , where γ < 0. A direct calcu-

lation shows that

|∇kφ |2 = γ2ρ2β−2|∇kρ |2ψ2 +2γρ2γ−1ψ∇kρ ·∇kψ + ρ2γ|∇kψ |2. (14)
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Multiplying both sides of (14) by the function ρα |z|t and integrating over the region
Ω , we have
∫

Ω
ρα |z|t |∇kφ |2dzdl = γ2

∫
Ω

ρ2γ+α−2|z|t |∇kρ |2ψ2dzdl

+2γ
∫

Ω
ρ2γ+α−1|z|tψ∇kρ ·∇kψdzdl +

∫
Ω

ρ2γ+α |z|t |∇kψ |2dzdl.

(15)
Applying integration by parts to the second integral on the right hand side, we get

∫
Ω

ρ2γ+α−1|z|tψ∇kρ ·∇kψdzdl = −1
2

∫
Ω

ψ2∇k · [ρ2γ+α−1|z|t∇kρ ]dzdl.

Next, using (10) and (12) yields

∇k · [ρ2γ+α−1|z|t∇kρ ] = (2γ + α +Q+ t−2)ρ2γ+α−2|z|t |∇kρ |2. (16)

Substituting (16) into (15) and choosing γ = (2−α− t−Q)/2, then substituting ψ2 =
ρα+t+Q−2φ2 yields

∫
Ω

ρα |z|t |∇kφ |2dzdl =
(Q+ α + t−2)2

4

∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl

+
∫

Ω
ρ2−t−Q|z|t |∇kψ |2dzdl.

(17)

Now, let us define a new function ϕ(z, l) := ψ(z,l)√
δ (z,l)

where δ (z, l) ∈ C2
0(Ω) and is a

positive function and

|∇kψ |2 =
1
4

ϕ2

δ
|∇kδ |2 + ϕ∇kδ ·∇kϕ + δ |∇kϕ |2.

Therefore, the last integral on the right hand side of (17) becomes

∫
Ω

ρ2−t−Q|z|t |∇kψ |2dzdl � 1
4

∫
Ω

ρ2−Q|z|t |∇kδ |2
δ 2 ϕ2dzdl

+
∫

Ω
ρ2−t−Q|z|tϕ∇kδ ·∇kϕdzdl.

By integration by parts, we get,

∫
Ω

ρ2−t−Q|z|t |∇kψ |2dzdl � 1
4

∫
Ω

ρ2−Q|z|t |∇kδ |2
δ 2 ψ2dzdl

− 1
2

∫
Ω

ϕ2∇k · (ρ2−t−Q|z|t∇kδ )dzdl.

Since
−∇k · (ρ2−t−Q|z|t∇kδ ) � 0
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and ψ = ρ
Q+α+t−2

2 φ , then we get the desired inequality
∫

Ω
ρα |z|t |∇kφ |2dzdl �

(Q+ α + t−2
2

)2 ∫
Ω

ρα−2|z|tφ2|∇kρ |2dzdl

+
1
4

∫
Ω

ρα+t |z|t |∇kδ |2
δ 2 φ2dzdl. �

It is known that the improved versions of weighted Hardy type inequalities are
used as main tools in order to obtain the improved version of weighted Rellich inequal-
ities, thus the weigthed improved Hardy inequalities in (13) are used in the next section.
Now, we choose model functions, which satisfy the assumptions of the above theorem
as in [22]:

a) δ1 = ln
(R

ρ

)
, R > sup

Ω
ρ ,

b) δ2 = R−ρ
(18)

where δ2 is the distance function of a point w = (z, l) ∈ BR = {w ∈ R
2n+1|ρ < R} to

the boundary of BR . It can be easily shown that both δ1 and δ2 satisfy the differential
inequality in (3);

−∇k · (ρ2−t−Q|z|t∇kδ1) = 0,

and
−∇k · (ρ2−t−Q|z|t∇kδ2) = ρ1−t−Q|z|t |∇kρ |2 � 0.

As consequences of Theorem 1 we have the following weighted L2− Hardy-type
inequalities with the different remainder terms:

COROLLARY 1. Let Ω be a bounded domain with smooth boundary ∂Ω in R
2n+1

and δ := ln R
ρ , R > supΩ ρ . Let α ∈ R , t ∈ R , Q � 3 , Q+ α + t − 2 > 0 and Q+

4k+2n−2 > 0 . Then the following inequality is valid for all φ ∈C∞
0 (Ω\ {0});

∫
Ω

ρα |z|t |∇kφ |2dzdl � (Q+ α + t−2)2

4

∫
Ω

ρα−2|z|tφ2|∇kρ |2dzdl

+
1
4

∫
Ω

ρα+t−2|z|t
(

ln
R
ρ

)−2|∇kρ |2φ2dzdl.
(19)

REMARK 1. For γ = 2 and p = 2, the inequality (19) is an extension of the in-
equality (6) with weight function ρα |z|t to the Greiner vector fields.

COROLLARY 2. Let BR be a ball with center 0 and radius R and δ := R− ρ .
Let α ∈ R , t ∈ R , Q � 3 , Q+ α + t−2 > 0 and Q+4k+2n−2> 0 . Then we have

∫
BR

ρα |z|t |∇kφ |2dzdl � (Q+ α + t−2)2

4

∫
BR

ρα−2|z|tφ2|∇kρ |2dzdl

+
1
4

∫
BR

ρα+t |z|t(R−ρ)−2|∇kρ |2φ2dzdl

(20)

for all φ ∈C∞
0 (BR \ {0}) .
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4. Improved versions of Rellich-type inequalities with two weight functions

In this section, the main results are the following theorems which are the improved
versions of Theorem 3 and Theorem 4 in [6], respectively.

THEOREM 2. Let Ω be a bounded domain with smooth boundary ∂Ω in R
2n+1 .

Let |z| and ρ be nonnegative functions on Ω . Furthermore, let δ be a positive function
such that −∇k ·(ρ2−t−Q|z|t∇kδ ) � 0 in Ω . Let Q � 3 , α ∈R , t ∈R , t +Q+α−2 > 0
and Q+ t +2k−2 > 0 . Then the inequality

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � ζ 2

∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl

− ζ t(t +2n−2)
∫

Ω
ρα |z|t−2φ2dzdl

+
ζ
2

∫
Ω

ρα+t |z|t |∇kδ |2
δ 2 φ2dzdl

(21)

holds for all φ ∈C2
0(Ω\ {0}) where ζ = (Q+t−2)2−α(α+2t)

4 .

Proof. To prove the theorem, we use the identity (27) in [6]:

∫
Ω
|z|tρα |∇kφ |2dzdl =

(ξ
2

+ αt
)∫

Ω
|z|tρα−2φ2|∇kρ |2dzdl

+ t
( t

2
−1+n

)∫
Ω

ρα |z|t−2φ2dzdl−
∫

Ω
ρα |z|tφΔφdzdl

(22)
where ξ = α(Q+α −2) . Applying the improved Hardy-type inequality in (13) on the
right hand side of (22), we have,

(ξ
2

+ αt
)∫

Ω
ρα−2|z|tφ2|∇kρ |2dzdl + t

( t
2

+n−1
)∫

Ω
ρα |z|t−2φ2dzdl

−
∫

Ω
ρα |z|tφΔφdzdl

�
(Q+ α + t−2

2

)2 ∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl +
1
4

∫
Ω

ρα+t |z|tφ2

δ 2 |∇kδ |2dzdl.

After rearranging the above inequality we have,

−
∫

Ω
ρα |z|tφΔkφdzdl �

[ (Q+ α + t−2)2

4
−

(ξ
2

+ αt
)]∫

Ω
ρα−2|z|t |∇kρ |2φ2dzdl

− t
( t

2
+n−1

)∫
Ω

ρα |z|t−2φ2dzdl

+
1
4

∫
Ω

ρα+t |z|t
δ 2 |∇kδ |2φ2dzdl.

(23)
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Applying the Young’s inequality to the term on the left hand side, we have,

−
∫

Ω
ρα φΔkφdzdl � ε

∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl +
1
4ε

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl, (24)

where ε > 0. Substituting (24) into (23), we obtain,

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � f (α,Q,t,ε)

∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl

+g(t,n,ε)
∫

Ω
ρα |z|t−2φ2dzdl + ε

∫
Ω

ρα+t |z|t
δ 2 φ2|∇kδ |2dzdl.

Here

f (α,Q,t;ε) = 4ε(ζ − ε), g(ξ ,Q,ε) = −2εt(t +2n−2)

where ζ = [(Q+ t−2)2−α(α +2t)]/4. Note that the function f (α,Q, t,ε) attains its
maximum for ε = ζ/2 and this maximum is equal to f (α,Q,t,ε) = ζ 2 . Therefore,
we finally obtain the desired inequality:

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � ζ 2

∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl

− ζ t(t +2n−2)
∫

Ω
ρα |z|t−2φ2dzdl

+
ζ
2

∫
Ω

ρα+t |z|t |∇kδ |2
δ 2 φ2dzdl. �

If different models are chosen for the distance function δ mentioned in the theo-
rem above, of course under the condition −∇k ·(ρ2−t−Q|z|t∇kδ ) � 0, various weighted
improved Rellich type inequalities can be obtained in accordance with the theorem. For
example, the choices in (18) can be made for δ function.

COROLLARY 3. Let Ω be a bounded domain with smooth boundary ∂Ω in R
2n+1

and δ := ln R
ρ where R > supΩ ρ . Let α ∈ R , t ∈ R , Q � 3 , t +Q+ α − 2 > 0 and

Q+ t +2k−2 > 0 . Then the following inequality is valid for all φ ∈C∞
0 (Ω\ {0}):

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � ζ 2

∫
Ω

ρα−2|z|t |∇kρ |2φ2dzdl

− ζ t(t +2n−2)
∫

Ω
ρα |z|t−2φ2dzdl

+
ζ
2

∫
Ω

ρα+t−2|z|t
(

ln
R
ρ

)−2|∇kρ |2φ2dzdl

(25)

where ζ = (Q+t−2)2−α(α+2t)
4 .
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COROLLARY 4. Let BR be a ball domain with center 0 and radius R and δ :=
R−ρ . Let α ∈ R , t ∈ R , Q � 3 , t +Q+α −2 > 0 and Q+ t +2k−2 > 0 . Then, for
all φ ∈C∞

0 (BR \ {0}) we have,

∫
BR

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � ζ 2

∫
BR

ρα−2|z|t |∇kρ |2φ2dzdl

− ζ t(t +2n−2)
∫
BR

ρα |z|t−2φ2dzdl

+
ζ
2

∫
BR

ρα+t−2|z|t
(

ln
R
ρ

)−2|∇kρ |2φ2dzdl

(26)

where ζ = (Q+t−2)2−α(α+2t)
4 .

THEOREM 3. Let Ω be a bounded domain with smooth boundary ∂Ω in R
2n+1 .

Let ρ and |z| be nonnegative functions on Ω . Furthermore, let δ ∈C2
0(Ω) be positive

function such that −∇k · (ρ2−t−Q|z|t∇kδ ) � 0 in Ω . Let Q � 3 , Q+ t +α −2 > 0 and
Q+ t +2k−2 > 0 . Then the following inequality is valid φ ∈C∞

0 (Ω\ {0}):
∫

Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � 4ζ 2

(Q+ α + t−2)2

∫
Ω
|z|tρα |∇kφ |2dzdl

+ ζ
(α +2αt + ζ )

(Q+ α + t−2)2

∫
Ω

ρα+t |z|t |∇kδ |2
δ 2 φ2dzdl

− ζ t(t +2n−2)
∫

Ω
ρα |z|t−2φ2dzdl

(27)

where ζ = (Q+t−2)2−α(α+2t)
4 .

Proof. Substituting the improved Hardy type inequality in (13) into the inequality
(36) in [6], then rearranging the resulting inequality, we have,

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2d � f (Q,ξ ,ε)

∫
Ω

ρα |z|t |∇kφ |2dzdl

+g(Q,ξ ,ε)
∫

Ω

ρα+t |z|t
δ 2 φ2|∇kδ |2dzdl

+h(Q,ξ ,ε)
∫

Ω
ρα |z|t−2φ2dzdl

where f (Q,ξ ,ε) = 4ε[1 − 2(ξ+2αt+2ε)
(Q+α+t−2)2 ] , g(Q,ξ ,ε) = 2ε(ξ+2αt+2ε)

(Q+α+t−2)2 , h(Q,ξ ,ε) =

−2εt(t + 2n− 2). Here note that, the function f has the maximum of 4ζ 2

(Q+α+t−2)2 at
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ε = ζ
2 . Thus, we obtain the desired inequality

∫
Ω

ρα+2|z|t
|∇kρ |2 |Δkφ |2dzdl � 4ζ 2

(Q+ α + t−2)2

∫
Ω
|z|tρα |∇kφ |2dzdl

+ ζ
(α +2αt + ζ )

(Q+ α + t−2)2

∫
Ω

ρα+t |z|t |∇kδ |2
δ 2 φ2dzdl

− ζ t(t +2n−2)
∫

Ω
ρα |z|t−2φ2dzdl. �
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