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ON THE PTOLEMY CONSTANT OF SOME CONCRETE BANACH SPACES

ZHAN-FEI ZUO

(Communicated by S. Varosanec)

Abstract. In this paper, we firstly consider the relations involving the Ptolemy constant of the
norms |||y and [[.]|¢ , where the convex functions and y and ¢ are comparable. Secondly, we
determine this constant when norm is a mean of two norms. Finally, the constant was calculated
for some concrete Banach spaces.

1. Introduction

Let X be a Banach space, and Sy = {x € X : ||x|| =1}, Bx ={x € X : [|x|| <
1} be the unit sphere and unit ball of X, respectively. Many geometric constants for
a Banach space X have been investigated, such as the James constant J(X)[3], von
Neumann-Jordan constants Cy;(X)[9] and Ptolemy constant C,,(X) (cf. [10, 18, 23—
24]). These constants are important due to its strong connection with some useful
geometric properties, such as uniformly nonsquareness and uniform normal structure
(cf. [3, 5, 9-10, 19, 22, 25]). Moreover, the Ptolemy constant CP(X ) turns out to
be useful in the study of the equivalence of Green’s functions of second-order linear
elliptic operators [17]. It is also a useful tool in the study of the existence of positive
solutions of certain nonlinear equations [6]. As mentioned above, it is thus meaningful
to calculate the exact value of some constants in some concrete spaces (cf. [3-5, 7-9,
12-14,20-21, 23-24)).

So far, the exact value of the von Neumann-Jordan constants Cy;(X) and James
constant J(X) have been calculated for many classical spaces, such as the Lebesgue
space, the Lebesgue-Bochner spaces [7], the Lortenze sequence space [8] and the
Bynum space [5]. Naturally, one hope to know the exact value of the Ptolemy con-
stant C,(X) for these spaces. E. Llorens-Fuster [10] study the relationships between
the Ptolemy constant C,(X) and several other geometric properties of normed spaces
X . They also use renorming to calculate the precise values of the Ptolemy constant
Cp(X) for several normed spaces. In [23], we give a simple method to determine the
Ptolemy constant C,(X) of absolute normalized norms on R?, which are complemen-
tary to the Llorens’s results in [10]. Moreover, the exact values of the Ptolemy constant
C,(X) were calculated in some classical Banach spaces, such as the space /,,, Cesaro
space cesg,z), Lorentz sequence spaces d(2)(a),2) etc (cf. [23-24]). However, the ex-
actly values for the Ptolemy constant C,(X) remain undiscovered in some concrete
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Banach spaces. In the present paper, we are interested in determining the Ptolemy
constant C,(X) for some more concrete Banach spaces.

The remaining part of this paper is organized as follows. In Section 2, we recall
some definitions and well known results, which shall be used in an essential way in the
proofs of the main results. In Section 3, the relations involving the Ptolemy constant
of the norms ||.||y, and ||.||¢ were considered, where the convex functions and y and
¢ are comparable. As an application, in Section 4, we can compute the value of the
Ptolemy constant C,(X) for more concrete Banach spaces. The new results which
not only contain some previous results in [23], but also give the exactly values for the
Ptolemy constant C,,(X) in some more concrete Banach spaces.

2. Preliminaries

Let us first recall some definitions of some canstants:
J(X) = sup{min{||x+y||, [[x —y[|} : x,y € Sx}

[lx =izl
[l = 2[[[¥ 1l + [z = yII{]x]

Cp(X)::sup{ :x7y7zEX\{O},x7éy7éz7éx}

It is well known that 1 < C,(X) < 2 for all normed spaces X. The Ptolemy inequal-
ity shows that C,(H) = 1, whenever (H,||.||) is an inner product space. In fact, the
Ptolemy inequality and the Ptolemy constant C,,(X) are meaningful in metric spaces
too (see [10]). Recall that a norm on R? is called absolute if ||(z,w)|| = ||(|z],|w|)|| for
all z,w € R and normalized if ||(1,0)|| = ||(0,1)]| = 1. Let N, denote the family of
all absolute normalized norms on R2, and let ¥ denote the family of all continuous
convex functions on [0, 1] such that y(1) = y(0) =1 and max{1 —z,7} < y(r) <1
(0 <7< 1). It has been shown that N, and ¥ are one-to-one correspondence in view
of the following theorem (see [2]).

THEOREM 1. If ||.|| € Ng, then y(t) = ||(1 —1,1)|| € V. On the other hand, if
y(1) €Y, defined a norm ||.||y as

Iz )y = <|Z|+wl>vf(.zi”|w.), (z.0) #(0,0);

0, (z,m) = (0,0).
then the norm ||.||y € Ne.

A simple example of absolute normalized norm is usual [, (1 < p < o) norm.
From Theorem 1, one can easily get the corresponding function of the /, norm:

_ {0 =P} 1< p <o,
Wp(t)_{ max{l —t,t}, p=-co.

Also, the above correspondence enable us to get many non-/, norms on R?, such
as the below Examples 1-4. One of the properties of these norms is stated in the fol-
lowing result.
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THEOREM 2. Let y,¢ € ¥ and ¢ < y. Put M = maxogi<1 % then

o < -y < M- llg-

In the paper [12], Mitani and Saito showed a practical calculation method for
James constant J(X) of an absolute norm on R? and gave the following theorem.

THEOREM 3. Let y €'Y, then

J(Hy) = max 22y (! M
)= B vy Y\2=2 )

Throughout this paper, we will use notation fy(z) for the function on the right-

hand side of (1) i.e.
2—2¢ 1
o= v (23)

As a consequence of the above Theorem, they obtained the exact value of J({|.||) for
function y which is comparable with y,. In [23], we consider the Ptolemy constant
Cp(X) of absolute normalized norms on R? and get the following Lemma.

LEMMA 1. Let ||.|| and |.| be two equivalent norms on X, namely for b > a > 0,

a2 . 2
O < 01 < EollD
Moreover; if || = a S = G-

3. Main results

In this section, we obtain some Theorems which give the relations involving the
Ptolemy constant in the case when v < ¢ or y > ¢ . Now, let us put

Ml—maxw and M, = V/(t)

o<r<! y(t) 0o o)

For anorm ||| on R?, we write C,(]|.||) for C,(R?,||.||).

THEOREM 4. Let y,¢ € ¥ and y < ¢, if the function % attains its maximum

att =% and Cy(||.|l¢) = then

2¢2(%)
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Proof. By Theorem 2, we have ML1||H¢ < |[Jly < ||-ll¢- Using Lemma 1 with
a= A%l and b = 1, we get the following inequality.

Colll-llw) < MECH(I-l9)-

1
Note that the function % attains its maximumat = §, i.e., M; = —((%)) and Cp(||.|l¢) =
2
1
w20 then
Collll) < M3y o) = i @
2y2(3)

On the other hand, let us put x = (3, 1),y = (3, 5}),z = (1,0), then

[[x = yllwllzlly _ [0, D)l I (1,0) Iy
e = zllyllylly + llz = yllwllxly - 1S DIl G S e + 1 Gs Dl (3 Dy
1
= ———=MCp(||ll¢)-
2y2(%)

From (2) and the above equality, we have

1
2y2(5)

Co(ll-Ily) = MiCp(]lllg) = 0

REMARK 1. If ¢ = y», then we can get the value of C,(||.|[y) in [23]. In fact,
we can also get the general result in the following.

COROLLARY 1. Let y € ¥ and y <y, (2< p <o), if the function u;f(y)) attains

its maximum at t = %, then

1
Co(ll-lly) = :
292(3)
2
Proof. Tn the case of 2 < p < oo, it is well known that C,(||.||,) =27 ' = 21’/;(1) ,
(3
where p and g are conjugate exponents. Therefore, we have C,(||.|ly) = 2w21(1) by
2

Theorem 4. [

THEOREM 5. Let y,¢ € ¥ and y > ¢, if the function % attains its maximum

att =% and Cy(||.||¢) =202(%), then

Crlll) =242 (3 ).
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Proof. By Theorem 2, we have .|| < .||y < Ma.||¢. Using Lemma 1 with
a=1 and b = M,, we get the following inequality.

Colll-llw) < MZCH(I-l)-

on YO i - 1 _v(3) _
Note that the function () Attains its maximumat 7 = 5, i.e., My = ¢(%2) and Cp(||.|l¢) =
2¢%(%), then
1
2
On the other hand, let us put x = (1,0), y=(0,1), z=(1,1), then

[ = yllyllzlly (L =Dy I (1, Dy

=2l llylly =+ Tz =yl lxlly 10, =Dy 10, Dy + [1(1,0)[y[I(1,0)]y

_ zl,ﬂ(%) = M3C,(.]lg)

Col[l-ly) <MEC,(|1.1lg) =27 (5)- 3)

From (3) and the above equality, we have
1
Coll-Iv) = MG, (1) =297 (3 ) ©

Using the same idea, we obtain the corresponding results, stated in the following
Remark 2 and Corollary 2, we omit the proofs.

REMARK 2. If ¢ = y», then we can get the value of C,(]|.||y) in [23].

COROLLARY 2. Let y € ¥ and y >y, (1< p<2), ifthe function % attains

its maximum at t = % then

Crlllv) =242 (3 )

In fact, from Theorem 4 and Theorem 5, we can get some results related to the
general mean. Firstly, we give the definition of general mean. If ¢ and b are real
numbers, then any number m(a,b) is called a mean of numbers a and b if it satisfies

a<m(a,b) <b.
One of the most known mean is the weighted mean of order s defined as

(0a° + (1 — )b*)/5, 5#0,400,—oc0
a®b'=® s=0
max{a,b}, s=eo
min{a,b}, s=—oo

M a,b;0,1 — 0) =
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where a,b are positive real numbers, @ € (0,1). Of course, if s is positive, then a,b
can be non-negative numbers.

Now, let us state a Theorem related to the general mean and then applied it to the
weighted mean of order s, see Example 3.

THEOREM 6. Let w,0 € ¥ and y < ¢, m(y,¢) be a mean of functions y,¢
and function m(.) be a convex function, then

(i) 2 attains its maximum at t = % and Cy(||.||y) = 2y?(3), then

%

2 (1

Colll ) =20 (5.
(ii) % attains its maximum at t = 5 and Co(|l-lo) = 2¢2(1) then
)
1

CP(H~||m) = 5 /0N

2 ()

Proof. Any mean m(y, ¢) has the property
y<m(y,0) < 9.

Since v, @ € ¥ and after the assumption m(.) is convex, it is easy to check that m(.) €
Y. Now, statements of this Theorem follow by results of Theorems 4 and Theorems
5. 0

Moreover, when the function y is symmetric with respect to %, we have the
following general results.

THEOREM 7. Let w,¢ € W and w < ¢, if y(t) = w(l —1t) forall t €[0,1] and
VAM, G TTTo) € Fi(0.3). then Co(I-1y) = MIC(-s)-

Proof. Let 1o € [0,1] be a number such that v2M;/C,([[.]l4) = fu(t0). let us
_ _1 1 1 .
put x = m(l l07to), y= V/(tO)( to, 1 — t()), m(l 219, l), note that Yy 18

symmetric with respect to % , then

1 0 1
I
iy = (42 ) = s wlio) = 1

W(IO) vlto)
1-19
1 W(M)) 1
y — — l—[ =1,
bl = ¥ () = v -

22 1
lely = oo (=5 ) = sl
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2 -2ty (1—210) 2 -2ty ( 1 )
_ = = = 7).
HX yHW V/(IO) v 2—2[() W(IO) y 2—2l0 flI/( 0)

Consequently, we have

2
— 1
I —yllylzlly _ Jylto) = MiCy((|-llg)-
¥ =zllylylly +llz=yllyllxlly 2

From the definition of C,(X), implies that
Co(ll-ly) = MiCy(l-lg)- )
Combining this result (4) with the inequality from Theorem 4 that

Co(ll-ly) <MIC(|I-llo),

we have the equality
Co(ll-lly) = MECp(|I-llg). D

Similar proofs hold for the following Theorem 8, we omit it.

THEOREM 8. Let w,¢0 €W and w > ¢, if y(t) = w(l —1t) forall t €[0,1] and
V2M\/Cp([1 1) € fiy ([0, 3]). then Cp(||.lly) = MCp(I-llo)-

4. Some Examples

As the application of the above Theorems, we will calculate the exactly values
of C,(X) for some concrete Banach space. These results which not only contain the
previous results in [23], but also give some new supplement results.

EXAMPLE 1. Let X = R? with the norm |[.||,,, 2 = max{||.||,,A[.|l4}. where
1 1
I1<g<p<eoand A €27 7,1], then

2
A2207! ifl<g<p<2
2 11
Collllpgr) =4 A2 if 1<g<2<p<e and A €(2274,1)
-2
e if 2<g<p<e

Proof. Tt is very easy to check that [|.[[,,, = max{][.|[,,4[].[l4} € Ng and its
corresponding function is

w(t) = [[(1=1,2)|| = max{y, (1), Ly (1) }-
Let 19 € [0, %} be a point such that y,(t9) = Ay,(1), then we have

_fwl) o
vor= {1y o)

In fact, y(¢) is symmetric with respect to ¢ = %, which is expanded to the whole
interval [0, 1].
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(i) Suppose that 1 < g < p < 2, from the definition it is obvious that y/(z) > y,(7)
and the function

(1) {1 1 €[0,1] U[1 —19,1]

=2
v,(1) W‘ﬁg) 1 € [t0,1—10]

attains its maximum at ¢ = % . Hence, from Corollary 2, we have
2,21
Cp(|l.I) =A724"".

(ii) Suppose that 1 < g <2 < p < oo, note that y(r) > y,(¢) if and only if A €
[22 g ,1), and it turns out that W(( )) takes the maximum at ¢ = —. By Corollary
2, we get that
24721
Cp(ll-) =272

(iii) Suppose that 2 < g < p < oo, since Y, (1) < yu(r) and Ay (1) < yy(r), then
v(r) < (1), it is easy check that the function

vo(t) _ [ B8 1€ [0,10] UL —10,1]
T t € [to, 1 — 1]

attains its maximum at ¢ = % . By Corollary 1, we get that

2
1 q

Gl = O

REMARK 3. In fact, let us take p =2, g = 1, we can get the results of Example
2.6 in [23]. Suppose that p = oo, g =2, we obtain the Example 2.7 in [23] by a simple
transform. However, there are some problems which remain unsolved; the exact values

1_1 1 1
of Cp(||.[4.2) forthecase 1 <g<2<p<eoand A € (27 4,22 4).
In [23], the exact values of C,(d®(w,2)) were calculated. In the following,

we can compute the Ptolemy constant of two-dimensional Lorentz sequence spaces
d®(®,q)(2 < q < ) by Corollary 1.

EXAMPLE 2. Let 0 < w <1 and 2 < g < eo. The two-dimensional Lorentz se-
quence space d?(w,q) is R? with the norm

1y llog = () + @),
where (x*,y*) is the rearrangement of (|x|, |y|) satisfying x* > y*. Then

1

)24
1+

Coll-1) =2(——
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Proof. Itis well known that ||(x,y)|w,q is a symmetric absolute normalized norm
on R?, and the corresponding convex function is

(=) + o)V, if 0<1 < 1/2
Ww7q(t)_{(t‘1+a)(l—t) Ola it 12<1<1.

It is check that v, 4(f) < y,(¢). Repeating the similar arguments in the proof of Ex-

ample 2.8 in [23], we can get that wtqy()t) attains its maximum at ¢ = % By Corollary

cin=2(1) "

REMARK 4. Infact, since Wy 4(f) is symmetric to %, take ¢ = y» in Theorem 7,

we can find a number 7y = % such that v2M;/C,([[]l¢) = fy(to), from Theorem 7,
we can also get the above result. Similarly, we can also obtain the results in Example
2.9 in [23] by Theorem 7, and Example 2.6 in [23] by Theorem 8.

1, we have

EXAMPLE 3. Let 1 < p<g<oo, 1 <s<e and A > 0, the convex function
V) p.q.s(t) is defined on [0,1]

@l

Wapaslt) = (1+ )75 (W () + Ay3(1))5

ie Vi p.a, s( ) is a weighted mean of order s of functions v, and y, with weights

_/1 and The corresponding norm is

1+7L

1 . oy L
12 = L+ A7 (LI + A1)

Then

@l

() If 1< p<q<2,then Cp(|l.|l1pgs) = S(1+HA)T (27 +227)5.

2
s

(i) 1f 2 < p < g < oo, then Cp(||.[|3pqus) = 2(1+A)F (20 +220) %
Proof. Since vy ,, ,(t) is a weighted mean of order s of functions v, and v,
then

WII(Z) < Wl,p,q,.\'(t) < Wp(t)'

(i) Letfirst 1 < p < g <2, since Y ,4(t) > yy(t) and Wil‘;;‘(’f)(t) attains its max-
P4, s

imum at the same point as :’;ng attains its maximum at # = % from a simple
q

calculation. Take y =y, and ¢ = y,, in Theorem 6 (i), we have

2
s

1
Coll- ) =297 s (3 ) =200+ 207 2 422002
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(ii) Suppose that 2 < p < g < oo, since Wy, , o () < W, () and Y0 attains its
O Wlﬁp,q#s([)
maximum at t = % Similarly, take ¥ =y, and ¢ = y,, in Theorem 6 (ii), we
have
1 2, s s, =2
Coll-ll2.pgs) = =2(1+4)s(29+227)~. O

2 1
2W7L7p,q,s(§)

REMARK 5. In particular, take p =2, g = oo, s =2, we get results of Example
2.8 from [23]. If p,q are numbers from [1,-+e<) and s = 2, the Ptolemy constants are
calculated in the paper [24]. However, the exact values of Cp( ) for the case
1 < p <2 < g <o remain undiscovered.

H'”p,q,l

In the following, we will calculate the exact values of C,(X) for the space X7.
We firstly recall the definition of X”. Let X = R? with absolute normalized norm |.||x
and with a function Wy € ¥, corresponding to this norm. For any p € (1,+o0), space
X7 with the norm y
Ixll = 111l

COROLLARY 3. Let X? be a two-dimensional Banach spaces with the norm
1
ol = 1"

If the corresponding function yx attains its minimum at the point t = % For2<p<
oo, then

1
Co(lD) = 55—+
29, (3)
Proof. From the definition of the norm, it is clear that ||x|| = || \xV’H)l(/p € Ny and

its corresponding convex function is
1 L= 1) )byl o
1) =1(1—1, =[(1-¢ tP|p — .
e () = 0= 60) o = (=0 +471095 (=i

Since yx < 1, we firstly have yxr <y, itis evident that

w) 5 P
yaol) W ((1—r>v+ﬂ’)'

For arbitrary ¢ € [0,1], the variable s = 1 o0

T also belongs to [0,1]. Since the

. .. .. . 1 P P
function wy attains its minimum at the point # = 5, then yy (m) attains its

=1
.. 1 . 7 P P . 1
minimum at ¢ = 5, so the function yy/ <7( =7 +ﬂ,> attains its maximum at 5. By

Corollary 1, we get that
1

(Il = 2,0
r(2
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REMARK 6. Itis proved that if X is a Banach lattice, then X? space is a Banach
lattice for p € (1,+e0). Some results about X? spaces can be found in [15], [16]. As a
application, we give a concrete Example which satisfy the conditions in Corollary 3.

EXAMPLE 4. Let X = R?, the convex function y(¢) is defined on [0,1] as

vy (t) = (1—1+12)2.

The corresponding norm is

Gyl = (el + [xlly) + 1y,

It is obvious that ||(x,y)| is a absolute normalized norm on R?. By a standard
discussion, it is easy to check that the corresponding function iy (¢) = V1 —¢+12
attains its minimum at the point % For p > 2, then the corresponding space X” has
the norm

2 2p\ =
[ Ge )| = (|7 + [x|P[y]” + |y[77) 2.

And the corresponding convex function is

ir ()= 1 =)l = [0 -0+ (=)

By Corollary 3, we have that
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