athematical
nequalities
& Papplications

Volume 21, Number 4 (2018), 1111-1123 doi:10.7153/mia-2018-21-76

TWO MAPPINGS IN CONNECTION TO
FEJER INEQUALITY WITH APPLICATIONS

M. ROSTAMIAN DELAVAR AND S. S. DRAGOMIR

(Communicated by S. Varosanec)

Abstract. By the use of two h-convex mappings H, and Fy, some results and refinements re-
lated to the h-convex version of Fejér inequality are established. Also some applications for
obtained inequalities in connection with Beta function of Euler are given.

1. Introduction

The following integral inequalities

D) [[staas< [ st KOO ya )

where f : [a,b] — R is convex and g : [a,b] — [0,+e0) is integrable and symmetric to
x= # (g(x) =gla+b—x),Vx € [a, b]) , known in the literature as Fejér inequality,
has been proved in 1906 by L. Fejér [8].

In 2006, the concept of h-convex functions related to the nonnegative real func-
tions has been introduced in [16] by S. VaroSanec, although it was not a complete gen-
eralization of the concept of convexity. The class of /-convex functions is including a
large class of nonnegative functions such as nonnegative convex functions, Godunova-
Levin functions [9], s-convex functions in the second sense [2] and P-functions [7].

DEFINITION 1. [16] Let & : [0,1] — R™ be a function such that 7 # 0. We say
that f: 1 — R* is a h-convex function, if for all x,y € I, A € [0,1] we have

F(Ax+(1=2)y) <h(A)f(x)+h(1=21)f (). )
Also the function # is said to be supermultiplicative if
h(xy) = h(x)h(y),
forall x,y € [0,1].
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The Fejér inequality related to h-convex functions has been introduced in [1] by
M. Bombardelli et al. as the following without the assumption that / is nonnegative.

THEOREM 1. Let f:[a,b] — R be h-convex, w: [a,b] — R, w >0, symmetric

with respect to M with nonzero integral. Then
1 a+ b / /
3
o (%)f( : 0 3)
< (b— a)+ f(b / h(t)w(ta+ (1—1)b)dt.

For other inequalities in connection to Fejér inequality see [1, 6, 10, 11, 13, 14, 15]
and references therein.

In this paper, by the use of two h-convex mappings H, (4) and F, (13), we es-
tablish some inequalities and refinements related to the left part of (3). Also some
applications for obtained results in connection with Beta function of Euler are given.

2. Main results

2.1. The mapping H,
The mapping H, : [0,1] — R defined by

Hy(t) = /ahf<tu+(1 —t)a;_b>g(u)du, @)

has been introduced in [6] and some basic properties and applications related to the
Fejér inequality in convex version have been obtained where symmetric function g
enjoyed the density property on [a,b], i.e

/u bg(u)du =

This mapping reduces to H(¢) in the classical case if we consider g(u) = 71 (see [5]).
The following theorem is i-convex version of Theorem 84 in [6] without density
condition for g.

THEOREM 2. If f: [a,b] — R is a h-convex function with h(3) >0 and g :
[a,b] — [0,00) is a symmetric function, then:

(i) Hg is h-convex on [0,1].

(i) Fort=0andt =1,

)/abg(u)du and Hg(l):/abf(u)g(u)du

a+b

Hg(o) = f(
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(iii) For any t € (0,1],

1 a-t+b b
2h(%)f< 2 )/a g(u)du < Hy (1), (5)
and forany t € (0,1),
Hg(t) [h()+2h 1_[ /f ©)

(iv) There exist bounds,

1
f H,(t) > mi
tel[r(l) 1] slt) = mm{Zh

and

t:gﬂ]yg(t) < max{tesll(lﬁ) [h(t) +2h(%>h(l —t)] ,I}Hg(l).

(V) If h is nonnegative and supermultiplicative, then for any 0 <t} <t, <1 with
h(tp) # 0 we have

Hy(t1) < aHy(t2),

D\ ity —
where o — 2h(2)h(;2([21)1)+h(11)
Proof. (i) It follows from h-convexity of f that

Hg(atl-i-ﬁlz) bf [at1+ﬁ12]u+[l—at1—ﬁt2] atb g(u)du
2

—/ ( t1u+ 1—t1)a;b}+ﬁ[t2u+(1—t2)a;b}>g(u)du

a+b

<o) [ f<t1u+(1—t1) )g<u>du

+h(B)/ubf<tzu+(1 BPALAE,

= h(a)Hg(t1) +h(B)Hy(12),

provided that o+ = 1.

(ii) It is obvious.

(iii) For inequality (5), consider the change of variable x =tu+ (1 —1) “2ib (r>0)
in (4). Then

)g(u)du

1 po+(1-ngh x4 (r—1)4tt
Hl) =7 [ T e ™
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where
(tb—i— (1—-1) ”%”) (ta—|— (1—1) %)

=

a+b

On the other hand since g is symmetric to and

a+b_<ta+(1—t)%) (tb+(1—t)%)
2 2 '

then g remains symmetric on interval [ta+ (1 —#)%42,th+ (1 —1)“2] and so from

Theorem 5 in [1] we have
1 th+(1-1) %% f—1)ett
: f<a—|—b>/ T g(x-l—( ) o )dx
2h(§) 2 lll+(1 ) +b t

2
1 (ta—|—(1—t)%b—|— b+(1—t)%>
2

= f ®)

2h(3)

th+(1—1) 252 r—1)etd
e
ta+(1 —b t

th+(1-1) 2 x+(t—1)“2ib
< —— |dx.
/m+(1 —1)4gb ﬂx)g( t ) *

The relations (7) and (8) imply that

Ho1) > 1 f(a—kb)l/tb-&-(l t)ﬁg(x—l—(t—l)%)dx. ©)
7o)\ 2 )t S 1

X+(r— 1) 2

Now using the change of variable u = in (9) we get desired inequality:

1 a+b
H,(t) > —— /
0> gt (457 [ st
The case that r = 1, follows from 1nequa11ty
1 a+b / /
i (7) It

obtained from Theorem 5 in [1].
For inequality (6), using the h-convexity of f we have

/ F(w)g(u)du+h(1 —t)f(%b) /ubg(u)du. (10)

Now from Theorem 5 in [1] and inequality (10) we get

/f w)du-+h(1—1)2h (5 /f
[h()+h1—t2h /f
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(@iv) It is a consequence of (iii).
(v) According to Proposition 16 in [16], assertions (i) and (iii), if we Consider
0<t <ty <1 and h(rp) # 0 then

h(t2)Hg(11) < h(12 = 11)Hg (0) + h(t1) Hg (12)

< 2h<%>h(zz ) H,(12) + h(1)H, (12)

[zh(%)h(zz—zl)mol) Hy(t2).

Then X
2h(3)h(t2 —11) +h(t1)
h(12)
If in Theorem 2, we consider /(r) = and g(u) = ;1 for a < b we recapture the
following result.

Hg (1) < Hy(). O

COROLLARY 1. (Theorem 71 in [6]) (see also [3, 5]) For a given convex mapping
f:la,b) = R, let H :[0,1] — R be defined by

H(t) = big[f(zwu—t)“;b)du.

Then
(i) H is convex on [0,1].
(i) One has the bounds:

a+b
inf H(t)=H =
a1 =10 =7(557),
and .
sup H(t):H(l):bl /f(u)du.
1€[0,1] —dJa

(iii) H increases monotonically on [0,1].

COROLLARY 2. In Theorem 2, for 0 < a < b consider

fu)=u"re (—eo,—1)U(—1,0]U[1,00);
h(t)=1*, s<1;

g=1.
From Example 7 in [16], f is h-convex and then from inequalities (5) and (6) we have
b r
zs-l(%) (ba) ()
_ 1 (I=ta+(1+0)b\"""  ((A+0a+(1-1)b\""
St(r+1) 2 2
] errl _arJrl
< e 2175‘ 1—17)°
20l (),
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forall t € (0,1]. In more special case if we consider

fu)=u", re[l,e);
h(r) =1,
g=1,

then we get the following inequalities obtained in [5].

<“+b> (b—a) (12)
2

1 a+b  b—a\\""" [fa+b  b—ay "
<t(r+1) ( 2 _’( 2 )) _< 2 _’( 2 )) 1
errl_arJrl
ol

~ b

forall t € (0,1].

REMARK 1. Assertion (iii) in Theorem 2 can be stated as

@Hg(m < Hy(1) < [h(r)+2h(%)h(1 )| (1)

forall 7 € (0,1) which gives a refinement for the left part of (3). Also assertions (i) and
(iii) of Theorem 2 together give generalized form of Theorem 12 in [16] for 7 € (0,1)
in general case.

2.2. The mapping F,

Now we consider the second mapping F; : [0,1] — R given by

Fy(r) == /ab /ahf(ter (1—1)y)g(x)g(y)dxdy, (13)

which has been introduced in [6], where the function g assumed to be symmetric to
# with density property on [a,b]. Clearly, it reduces to F in the classical case when
g(u) = ﬁ (see [5]). The following theorem involved some results related to the map-

ping F, when f is h-convex without density property for g.

THEOREM 3. If f : [a,b] — R is h-convex with h(3) >0 and g : [a,b] — [0,)
a symmetric function, then

(i) F, is h-convex on [0,1].

(ii) For any t € [0,1] we have

Fo(t) = Fy(1—1).
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Specially

/ / F(0)e(y)g(x)dxdy
- / / F()g(x)g(y)dxdy.

(iii) For any t € (0,1),

(iv) For any t € [0,1],
1 b
1 a—|— //g y)dxdy < Fy(t).
f

(V) If g has density property, then for any t € [0,1]

Fylt) > —max{Hy (1), Hy(1-1)}.

1
2h(3)

(vi) There exist bounds,

and

1€[0,1] 1€(0,1)

:max{ sup [h(t)—l—h(l—t)],l}Fg(O).

1€(0,1)

Proof. (i) It follows from h-convexity of f.
(i1) It is obvious.
(iii) For any x,y € [a,b] and € (0,1) we have

f(fgl) f(m+{1—0x;g&%l—tW)

N

sup Fy(t) <max{ sup [h(t)—l—h(l—t)]J}Fg(l)

h(%) [f(tx—i— (1 —o)y) + f(ty+ (1 —t)x)]

1117

(14)

15)

(16)

a7)
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Multiplication by g(x)g(y) and integration over [a,b] x [a,b] we get

// (Hy) ey d’“dy<h // (x+ (1= 1)y)g(x)g(y)dxdy

2 /a /a [ty + (1 =1)x)g(x)g(v)dxdy
:2h<%>Fg(I)7

which proves the left side of (14).
For the right side of (14), using the Z-convexity of f we have

< [ [ OsWss0) +a0 -0 rgtlelaay s

= [h(t) +h(1l —1)] //f x)dxdy

= [1(t) + h(1 = 1)]F(0) = [A(z) + h(1 —t)}Fg(1)~

(iv) For any ¢ € (0, 1] and constant y € [a,b] define the function

b
F (1) = / Flex+ (1= 1)y)g(x)dx.

Using the change of variable u =tx+ (1 — )y we obtain
1 to+(1-t)y r—1
RO=1 7 e (19)
t ta+(1—t)y t

Since g is symmetric to “;h , then it remains symmetric on interval [ta+ (1—1)y,tb+

(I —1)y] and so from Theorem 5 in [1] we have

) > 2h1%)f<tb+(l —t)y—zl—ta-i-(l —t)y) 20)

1 tb+(1-t)y _
t Jta+(1-1)y t

ut(t—1)y
t

Using the change of variable x = in (20), for any y € [a,b] we have

1 a+b
Rz ! ( )/ glx @1
()
Multiplying (21) by g(y) and then integrating over [a,b] with respect to y, we obtain
b 1 a —|— b
- [ m0soiar> 5omr(50) [ [ swstiasay
¢ 2
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forany 7 € (0,1].
For t = 0, using Theorem 5 in [1] we can obtain that

0=/ / rseiaay = [ [ ro0as]scou

1 b
> 5T (3 //g V)dxdy,
§

(v) From density of g, for any 7 € (0, 1] we have

tb+(1—1)y -1 b
U Jta+(1-t)y 1 a

So from inequality (20) we get

0= [ [ e 0 -0m)eseisay = [ @y

a+b 1
2T(%)/ f(’ 2 +(1—t)y>g(y)dy:2h(%)Hg(t).

In the case that r = 0 we have

0= [ [ r0seetiaay = [ 10)g)ay

2@/& f(a;b>/a g(y)dyZZhe)Hg(O).

Also it is not hard to see that F,(z) is symmetric to t = % So from assertion (ii) we
obtain

Fy(t) > f@ max {Hg(t)ﬂg(l - z)}.

(vi) It immediately follows from relation (14). [

If in Theorem 3, we consider h(r) =t and g(u) = ﬁ for a < b we recapture the
following result.

COROLLARY 3. (Theorem 74 in [6]) (see also [3, 4]) Ler f : [a,b] — R be a
convex function and F : [0,1] — R,

Fl) = ﬁ[[f(zﬁ(l—z»)ﬁ@.
Then

(i) F is convex on [0,1].
(ii) For any t € [0,1] we have

F(t)=F(1—1).
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(ii1) The following inequality holds:
a+b 1
< = .
f ( 2 ) h F(z)

F(t) > H(1).

(iv) For any t € [0,1],

(v) We have the bounds:,

i F0=r () = gge | [ 15

and

1 b
up F) = F(0) =F(1) = b_a/a F(x)dx.

REMARK 2. Assertions (i)—(iii) and (v) in Theorem 3 together, give generalized
form of Theorem 14 and Remark 15 in [16] for ¢ € [0, 1] in general case.

COROLLARY 4. In Theorem 3, for 0 < a < b consider

fu)=u", re(—o,—=2)U(-2,—1)U(—1,0]U[1,e0);
h(t)=1*, s€(0,1);

g=1.
Then
s—1(atb\r
2 ( . )(b a) (22)

1
SO0+ 0 12)

X [b’” — (tb+(1—1)a) " = (ta+ (1 =1)b) " +a 2

errl _ arJrl
r+1
forallt € (0,1). In(22), if we consider h(t) =t, then we get

<[+ 0-1(b—a)

)

(57 -

1
S =00+ 00 12)

X [b’” — (tb+(1—1)a) " = (ta+ (1 =1)b) " +a 2

errl _ arJrl

<(-q r+1
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forall t € (0,1]. Furthermore in point t = % we have

e

errl _arJrl
r+1

<(b-a)

b

which was obtained in [7].

3. Applications for the Beta function

In this section as an application we find some relations between the results ob-
tained in Theorem 2 and Theorem 3 and the Beta function of Euler. Consider the Beta
function of Euler, that is,

B(p,q) := /Oltl’*l(l -4 'dt, p, qg>—1,
and
Hyg(t,p) 2/01 <tu+%)rup71(l —u)P~du,
where 7 € [0,1], p> —1, r > 1. Also for all # € [0,1] define the following functions
f(t):(tu—k%)r, r>1lu>0;
h(t) = t*, k<1;
gt) =t 11 —1)P~1 p>—1.

According to Example 7 in [16], the function f is h-convex. Also the function g is
symmetric to ¢t = % . Then from Theorem 2, the function Hy(.,p) is h-convex on [0, 1]
and

1
1

1 1
<Hy0.p) < [F+2 =] [ wur (= ta

which implies that
2 B(p, p) <Hp(t,p) < [tk +217K (1 - t)k} B(r+p,p), (23)

forall 1 €[0,1], r> 1, k<1 and p> —1.
Now define the function

1,1
Flg(t»l?):/o /0 (tx—l—(l—t)y)rxp_lyp_l(l—x)p_l(l—y)p_ldxdy, (24)
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where 7 € [0,1], r > 1 and p > —1 (also see [7]).
With assumptions

for all ¢ € [0, 1], from Example 7 in [16], the function f is h-convex. Therefore from
Theorem 3, the function Fj(.,p) is h-convex on [0,1] and symmetric to r = % Also
we have the following inequalities:

1 1 rl X+Y\T" plp1 bt -
s b (57) e amyyavay
1,1
<Fl§(t7p)< {h(t)+h(1—t)}[) /0 xrxp_lyp_l(l_x)p—l(l_y)p_ldxdy
1,1
= |0+ h(1 )] /0 /0 YLy L (1= )P = y)P - Ldxay,
which implies that

2B (p.p) < Fj(ep) < [+ (10| B+ p.p)B(p.p). 2

forallt €[0,1], r>1,k<1and p> —1.
Furthermore since we have

1 1
P(1—1)Pldr =1,
/0 B(p,p) (-1

1
B(p,p)

F§(t,p) > 2~ max {Hj (1. p). Hy (1 ~1,p) B (p.p).

tP(1 —1)'=7, from inequality (16) we get

then if we consider g(7) =

REMARK 3. Inequality (23) reduces to the convex version obtained in [6], if we
consider k=1,
27"B(p,p) < Hg(t,p) < B(r+p,p),

forall 7 €[0,1], p>—1,r>1.
Also the convex version of inequality (25) can be stated as the following.

27"B*(p,p) < F(t,p) < B(r+p,p)B(p.p),

forallt €[0,1], p>—1,r>1.
Furthermore we have

F(t,p) > max {Hj (s, p), H(1 ~ 1,p) }B*(p.p),

forallt €[0,1], p>—1,r>1.
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