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SOME NEW INTEGRAL INEQUALITIES ON TIME SCALES

FEIFEI DU, WEI HU, LYNN ERBE AND ALLAN PETERSON

(Communicated by M. Bohner)

Abstract. In this paper, we establish some generalizations of inequalities on time scales, which
have appeared in different articles. The inequalities that we will derive from our results when
g(r) =1 are essentially new.

1. Introduction

Stefan Hilger introduced the theory of time scales in his PhD thesis [8] in 1988
(supervised by Bernd Aulbach) in order to unify continuous and discrete analysis. Since
then, many authors have studied various inequalities and dynamic equations on time
scales in detail [4, 5, 3, 2, 16, 20, 14, 7].

In [15], the following open problem was posed by Feng Qi: Under what conditions

does the inequality
b b t—1
[treoras=| [ rwax

hold for ¢ > 1? Various results have been studied by authors in [6, 7, 14, 20].

Kamel Brahim et al.[6] and Yu et al.[12] obtained some Feng-Qi type g-integral
inequalities. Mohamad Rafi Segi Rahmat [16] pointed out some (g,h) analogues of
integral inequalities on discrete time scales. L. Yin et al. [20] presented some Feng-Qi
type inequalities on time scales.

This work is motivated by Waadallah T. Sulaiman [17, 18, 19] and Fayyaz et al.
[7] who obtained integral inequalities on discrete time scales. We generalize the Feng-
Qi type integral inequalities which appeared in these articles. To the best of the authors’
knowledge, the inequalities that we will derive from our results when g(¢) = are es-
sentially new. In addition, we show that a recent result (Theorem 3.3 in [7]) is incorrect
as stated without an additional assumption.
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2. Preliminaries

For the convenience of the readers, we extracted some definitions and results that
can be found in the monograph [4] as follows.

DEFINITION 1. A time scale T is a non-empty, closed subset of the real numbers
R. We define the forward and backward jump operators ¢, p : T — T by

o(t):=inf{seT:s>1t}

and
p(t):==sup{seT:s<r},

respectively.

DEFINITION 2. The forward and backward graininess functions are defined as
follows:

and

respectively.

DEFINITION 3. If o(r) > ¢, we say that 7 is right-scattered, while if p(z) <7 we
say that ¢ is left-scattered. Points that are right-scattered and left-scattered at the same
time are called isolated. Also, if r < supT and o(z) =1, then ¢ is called right-dense,
while if 7 > infT and p(¢) =1, then ¢ is called left-dense. Points that are right-dense
and left-dense at the same time are called dense.

DEFINITION 4. T¥ and Ty are defined as follows:

T e {T\(p(supT),supT} if supT < oo,

T if supT = oo,
and
T T\[infT,c(infT)) if infT > —co,
T if infT = —oo,
respectively.

DEFINITION 5. Assume f: T — R is a function and let # € T*. Then we define
f2(t) to be the number (provided it exists) with the property that given any & > 0, there
is a neighborhood U of 7 (i.e., U = (t — 6,1+ 8)N'T for some & > 0) such that

|[f(a(@) = f()] = f2()]o(t) —s]| < elo(r) —s]

forall s € U. We call f2(¢) the delta derivative of f at 7.
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DEFINITION 6. Assume f:T — R is a function and let # € T.. Then we define
v (1) to be the number (provided it exists) with the property that given any € > 0, there
is a neighborhood U of 7 (i.e., U = (t — 6,1+ 8)N'T for some & > 0) such that

£ (p (@) = F&)] = f¥ ()P (1) = s]| < elp(r) —s|
forall s € U. We call £V (¢) the nabla derivative of f at 7.

LEMMA 1. Assume f:T — R is continuous at t.
(i) If o(t) > t, then f is delta differentiable at t € T* with

Ay _ S(O() = ()
AT
(ii) If o(t) =1, then f is delta differentiable at t € T* iff the limit &E}I}w
exits as a finite number. In this case
Ay o S @) = f(s)
o) =lim———.
(iii) If p(¢) <t, then f is nabla differentiable at t € T with
vy _ )= flp())
f (t) - V(t)
f(t) = f(s)

(iv) If p(t) =1, then f is nabla differentiable at t € T\ iff the limit lim

s—t t—s
exits as a finite number. In this case

fv(t) :11mf(t)_f(s)

s—t r—s

LEMMA 2. The delta-integral of f and the nabla-integral of g over the time scale
interval [a,bly:={t € T:a<t<banda,be T} are defined by

b
| 108 =Fo)~Fa
and .
/ ¢(t)V1 = G(b) — G(a),
where FA = f on T* and GY = g on T\, respectively.

DEFINITION 7. A function f: T — R is called rd-continuous provided it is con-
tinuous at right-dense points in T and its left-sided limits exist (finite) at left-dense
points in T. The set of rd-continuous functions f: T — R will be denoted in this paper
by C,4. The set of functions f: T — R that are differentiable and whose derivatives
are rd-continuous is denoted by Cl,.
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DEFINITION 8. A function f: T — R is called 1d-continuous provided it is con-
tinuous at left-dense points in T and its right-sided limits exist (finite) at right-dense
points in T. The set of 1d-continuous functions f : T — R will be denoted in this paper
by C;;. The set of functions f : T — R that are differentiable and whose derivatives
are 1d-continuous is denoted by C},.

DEFINITION 9. ([1]) Let f be a real-valued functionon T x T.

(1) The function f is called rd-continuous in ¢ if for every 8 € T, the function
f(t,B) is rd-continuous on T.

(2) The function f is called rd-continuous in s if for every o € T, the function
f(a,s) is rd-continuous on T.

Similarly, we have the following definitions:

DEFINITION 10. Let f be a real-valued functionon T x T'.

(1) The function f is called 1d-continuous in ¢ if for every f € T, the function
f(z,B) is 1d-continuous on T.

(2) The function f is called ld-continuous in s if for every o € T, the function
f(a,s) is 1d-continuous on T.

DEEFINITION 11. ([1]) C,u(T x T,R) denotes the set of functions f: Tx T — R
with the following properties:

(R1) f isrd-continuousin 7.
(R2) f isrd-continuousin s.

(R3) if (71,51) € T x T with #; right-dense or maximal and s; right dense or maximal,
then f is continuous at (¢1,s1).

(R4) if 7; and s; are both left-dense, then the limit of f(z,s) exists as (¢,s) approaches
(t1,s1) along any path in the region Ry (t1,s1) := {(t,s) : 1 € [a,;] NT, y €
[c,s1]NT}.

Similarly, we can give the definition of C;;(T x T,R) as follows:

DEFINITION 12. Cjy(T x T,R) denotes the set of functions f(¢,s) on T x T with
the following properties:

(L1) f isld-continuousin 7.
(L2) f is1d-continuousin s.

(L3) if (¢1,s1) € T x T with #; left-dense or minimal and s; left dense or minimal,
then f is continuous at (1,s1).
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(L4) if #; and s; are both right-dense, then the limit of f(z,s) exists as (t,s) ap-
proaches (71,s1) along any path in the region Ry (f1,s1) := {(¢,s) : t € [t;,b] N
T, y € [s1,d]NT}.

LEMMA 3. Let a,b € T,a<b and f € Cy.

(i) If T=R, then
b b
| rome= [ rwar

where the integral on the right is the usual Riemann integral from calculus.
(ii) If [a,b]1 consists of only isolated points, then

[ rom=3

t€la,b)

LEMMA 4. Let a,b € T,a <b and f € Cy,.

(i) If T=R, then
b b
| rovi= [ roa

where the integral on the right is the usual Riemann integral from calculus.
(ii) If [a,b]1 consists of only isolated points, then

[ s v(D)s().

t€ a b]'ﬂ*
LEMMA 5. Assume f:T — R is a function and let t € T*.
(i) If f is delta differentiable at t, then f is continuous at t.

(i) If f is continuous, then f is rd-continuous.

LEMMA 6. If f € C,y and t € T*, then

[ rmse=noso.

The following chain rule is due to Christian Potzsche, who derived it first in 1998
(see also Stefan Keller’s PhD thesis [13] and [11])

LEMMA 7. ([4], Theorem 1.90) Let f:R — R be continuously differentiable

and suppose g : T — R is delta differentiable. Then fog:T — R is delta differentiable
and the formula

o0 ={ [ e+ matelan e

holds.
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LEMMA 8. Assume [ :T — R is delta differentiable at t € T*. Then
f(o(0)) = f(t) + () f2(0)-

LEMMA 9. Assume f:T — R is delta differentiable on T*. Then f is nabla
differentiable at t and

@)= p))
fort € T suchthat o(p(t)) =t1.

LEMMA 10. (Remark 3.2, [10]) If g.h € Cra([a,b]1,C), then f € Ca(T x T, C),
where f is defined by f(t,s) = g(t)h(s) for (t,s) € TxT.

Similarly, we have the following Lemma:

LEMMA 11. If g,h € Cy([a,b]T,C), then f € Ciq(T x T,C), where f is defined
by f(t,s) = g(t)h(s) for (t,s) € Tx T.

3. Delta integral inequalities

In this section, we give some Feng-Qi type delta-integral inequalities on time
scales. We begin with the following useful lemma.

LEMMA 12. Let p > 1. Suppose f:R — R is continuously differentiable and
g: T — R is delta differentiable for t € T*, and assume f, f', and g are nonnegative
and nondecreasing functions. Then

P75 (50 < (7 08)°0) < ™ (8(0 W) (8(010)g* ).
Proof. Let u(x) = x”. Using Lemma 7 twice, we have

(17 08)%0) = (uo(fo9))* (1)

[ W0+ o) roe)lan brog) )

{p [itrog) )+hu(t)(fog)A(t)]”‘ldh}(fog)A(t)
{o [ e tand{ [ e -emeoian e

> pff ! (g(0)f (8(1))8 (1)

By virtue of Lemma 7 and Lemma 8, we obtain

(7P og)™(r) = {p [ire0w +hu(t)(fog)A(t)]”ldh}(fog)A(t)

<{o [ et anh{ [ 1is) + muan et

<pfP N (g(0))f ((a(1)g (). D
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Let g(¢) =1 in Lemma 12. Then we have the following result:

COROLLARY 1. Let p > 1. Suppose [ :T — R is delta differentiable for t € T*
and f and f' are nonnegative and nondecreasing functions. Then

pfP7 O f @) < (fM)20) < pfPH (0 0)f (o))

Let f(¢) =t in Lemma 12. Then we have the following result:

COROLLARY 2. Let p > 1. Suppose g: T — R is delta differentiable for t € T*,
and assume g is a nonnegative and nondecreasing function. Then

g’ (1)g"(1) < ()*(r) < pg” (0 (1))8™ ().

REMARK 1. Lemma3.1 ([7]) is similar to Corollary 2, but only holds for discrete
time scales. When p > 1 is an integer, the proof method of Lemma3.1 ([20]) is valid
for any time scale.

For p =1 in Lemma 12, we have the following result:

COROLLARY 3. Suppose f:R — R is continuously differentiable and g : T — R
is delta differentiable for t € T®, and assume g is nonnegative and f',g are nonde-
creasing functions. Then

F(8()g™(1) < (fog)(1) < f'(s(0(1))8™ (1)

THEOREM 1. Let a,b €T, v = y+1, B =2, and v> 0. Suppose f:R —
R is continuously differentiable and g,c : T — R are delta differentiable for t &
T*. Assume further that f and g are nonnegative and increasing functions such that

B—1
£ (g(a)) > B (fy(g(a))u(a)) and

(=) (g(0))f (8(1)g™ (1) = B(B = D"~V (g(0?(1))(0% (1) —a)P 26 (1),

where 6*(t) := o(o(t)). Then

/f"‘ At></f7 )

Proof. Foreach t € [a,b]T let

/f"‘ AT—(/fY )
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Using Corollary 2, we have
F( ([ e m) 1)
=7(s(0) (f“ won-p( [ e ) )

=f7(g(0)n(),

i) = ro-1t0) -8 ([ onac)

Now, using Lemma 12 and Corollary 2, we have

0 =g ((/ e ))A

(=) " (g(0) (8(1)g (1)

2

o2(1) B-2 o(t) A
-0 7 renae) ([T retenar)
(o D ) (80

where

Since y> 0 and f, g are increasing, we have that f? o g is increasing. Then

2

o-(t)
/a f1(g(0)AT < fY(g(0?(1)))(0> () —a).
Hence we obtain

(1) Z(e =7 g(0))f (8()g™ (1)
—BB - 1)1 (g(a?1)(0* (1) ~ )P 2V (5(0 (1)) 04 (1)
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(o= (g(0)f (8(0)g™ (1)
—B(B 1)1V (g(a*1)(0 (1) — )P 20t (1)

=>0.

So h is nondecreasing. But

ha) = £*(g (/ f1(e Ar)ﬁl

B-1
— % (g(a)) - ﬁ(f <g<a>>u<a>)

> 0.

Therefore h(t) > h(a) > 0 and it follows that FA(¢) > 0. So F(t) > F(a) = 0, which
completes the proof. [

If f(¢r) =t in Theorem 1, we have the following result:

COROLLARY 4. Leta,b€T, oo >vy+1, B>=2,and y>0. Suppose g,0:T —R
are delta differentiable for t € T*, and assume g is a nonnegative and increasing

B-1
Sunction such that f* 7(g(a)) > B (fﬂg(a))[.t(a)) and

(o= 7)g" 7 (0)g"(1) = BB~ 1)g"P V(0% (1))(07 (1) — @) ot (o),

where 62(t) := o(0(t)). Then

[ ([ o)

If g(¢) =t in Theorem 1, we have the following result:

COROLLARY 5. Leta,b€ T, a>y+1, B =2, and y> 0. Suppose [ is differ-
entiable for t € R and o : T — R is delta differentiable for t € T, and assume f is a

B-1
nonnegative and increasing function such that f*~7(a) > ( f(a) [,L(a)) and

(=770 f 0) = BB - D0 (0)(0% (1) —a)f ot (r),

where 62(t) := o(0(t)). Then

/abfoc(t)At > (/abfY(t)At)ﬁ.

If y=1, B =oa—1 in Corollary 5, we obtain the following result:
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COROLLARY 6. Let a,b €T, a > 3. Suppose f,0: T — R are delta differen-
tiable for t € T*, and assume f is a nonnegative and increasing function such that

£27Ha) = (e = 1)(f(a)u(a))*~ (D

and
FEROA0) = (@ =2)f* (0 (1)) (0 (1) —a)*Poi(1),
where 6*(t) := o(o(t)). Then

/ahfa(t)At > </abf(t)At>

REMARK 2. Nonnegativity of f does not guarantee (1) holds. So it seems that
Theorem 3.3 in [7] is incorrect since Fj(a) > 0 does not hold without (1). A similar
comment applies to Theorem 3.2 in [16].

a—1

Furthermore, if T = R in Theorem 1, we have the following result, providing
another sufficient condition for Feng-Qi inequality which is different from Theorem
1.1lin [14].

COROLLARY 7. Let a,b € T, o« > 3. Suppose f:R — R is differentiable at
t € R, and assume f is a nonnegative and increasing function. If

20 ) = (a=2)f* (1)t —a)*
is satisfied, then

/a” P > (/ubf(t)dt) -

THEOREM 2. Let p™(a), beT, me Ny, a>v+1, B>2, and y> 0. Suppose
f R — R is continuously differentiable and g,c : T — R are delta differentiable
for t € T*, and assume f and g are nonnegative and increasing functions such that

1% 1(e(@) > B (sl (@)(@) and

(0= 7)1 (8(1))g"(1) = B(B = 1)~ (g(p"*(1)))(0* (1) - @)’ 20 (0),
where 62(t) := 6(0(t)). Then

[ o= ([ e >>>At)ﬁ.

Proof. Foreach t € [a,b]T let

/f”‘ AT—(/ f1(g )ﬁ.
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Using Corollary 2, we have
P (e -p( [ fﬂg(pm(r)))m)ﬁ_lmg(pm(r)))
et -p( [ fY(g(pmm))m)ﬁ_lmg(z))
—f"(5(0)) (f"‘ 4 ( / f1(e )H)

=/7(g()h(r),

o) =70 -8 ( [ raeronae)

Now, using Lemma 12 and Corollary 2,

0 = (el ((/ (e )M)A

(0 =) %77 g(1))f (8(1))83(0)

2

s ([T raoremae) ([ rstpnienac)

(o= s ) (808 0)
a2(1) B-2
-0 [T e oNae) e )0,

where

where

(/uo(t)fy(g(P’"(r)))Ar)Az (/tfr (1)) Ar+/G(t)fy(g(pm(r)))m>A
(/ /s M) [mg(pm(t)))u(t)r

= f"(g(p" "t )))GA(I)~

Since y > 0 and f, g are increasing, we have that f7 o g is increasing. It follows that

2

o= (1)
/a SM(g(p™(1)AT < f7(g(p™ (1)) (0% (t) —a).
Hence we obtain

(1) 2 (e =) f* 7 (g(0))/ (8(1))g* (1)
—BB -1 g(p" (1)) (0% () —a)P T (g(p" (1)) 0 1)
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>(o =) Hg(p" 2 (1)))f (8(1))8™ (1)
—BB -1V (g(p" (1)) (0% (1) —a)P (1)

=f°‘71(g(p’”2(t)))((a—Y)f’(g(t))gA(t)
BB 1) (g (0" (1)) (2(1) —a>'3—2<r%>)

=>0.

Therefore, h is nondecreasing. But

h(a) = f* 7 (g( (/ f1(g(p™( Ar)ﬁl

B-1
— e (g(a)) ﬁ(f (50" (@))la >)
> 0.

Then h(t) > h(a) > 0 it follows that F2(¢) > 0. So F(t) > F(a) = 0, which completes
the proof. [

If f(¢r) =t in Theorem 2, we have the following result:

COROLLARY 8. Let p™(a), beT, meN,, a>vy+1, B>2, and yv> 0.
Suppose g, 0 : T — R are delta differentiable for t € T, and assume g is a nonnegative

B—1
and increasing function such that g%~ ¥(a) > B (gy(pm(a)),u(a)> and

(0= 1)g*() = B(B— D)g? =" (p" (1)) (0* (1) — @) 0™ (1),

where 62(t) := 06(0(t)). Then

b b B
[fewms ([ o)
If g(¢) =t in Theorem 2, we have the following result:

COROLLARY 9. Let p™(a), be T, me Ny, a > v+1, B >2, and yv> 0.
Suppose f is differentiable for t € R and o : T — R is delta differentiable for t € T*,
and assume f and g are nonnegative and increasing functions such that f*~V(a) >

B (fy(p’"(a))u(a))ﬁl and

(=S (1) = BB = VP~ (p" (1)) (07 (1) —a)P 20 (0),
where 62(t) := 06(0(t)). Then

[ rwa> ( / bﬂ(pmm)m)ﬁ.
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LEMMA 13. Let ¢ > 0 be non-increasing on [a,b]t, and assume @ : T — R is
delta differentiable for t € T*. If

o(r)
/ W(T)AT >0, Vi € [a,b]r, @)

then )
RGO 3)

If inequality (2) is reversed, then inequality (3) is also reversed.

Proof. By the product rule,

o0 [ w(r)AT]A ~viot)+ ([ " W()AT) 0.1 € [

Therefore,

b b o) A b
[ voena = ["( [ wioac)grom o) [ poac=o
being the sum of two nonnegative terms. []

THEOREM 3. Suppose f, g, and h are nonnegative functions, where h is defined
on la,blr, and f, g are defined on the range of h; Assume further that f is non-
increasing, h is nondecreasing, and foh, goh e Cyq. If

o(t) o(t)
/ 7B (h(e)AT = / &P (h(1)AT, Vi€ lablr and B >0,
then i ,
| P nanae= [ o, a>o.
Proof. The proof follows from Lemma 13 by putting
() = f%(h(t), and w(1):= P (h(1)) — 6P (h(1)). O

LEMMA 14. (Change of integration order [9], Lemma 1) Assume a,b € T and
f€Cu(T xT,R), then

/ab/anf(mé)AéAn :/ab/;)f(n,é)AnAg.

The proofs of the following two theorems are similar to the proofs in the nabla
cases, which will be mentioned in the next section, and therefore are omitted.
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THEOREM 4. Suppose f, g, and h are nonnegative functions, where h is defined
on |a,b|r, and f, g are defined on the range of h. Assume further that either f oh or
goh is nondecreasing, foh € CL,, goh € CL,, and (f*og)?(t) and (gP oh)*(t) exist
fort €la,blrx. If

/h fP(n(1)AT > / P(n(r))AT, Vi€ la,bly and B >0,
o(r)
then

/ fOH‘ﬁ AT / foc ( ))AT

holds for all positive numbers o and 3.

THEOREM 5. Suppose f, g, and h are nonnegative functions, where h is de-
fined on [a,b]r, and f, g are defined on the range of h. Assume further that goh is
nondecreasing, goh € CL,, foh € C,y and (g=*oh)A(t) exists for t € [a,b]yx. If

b b
/G ) 7B (h(e)AT = /G (I)gﬁ (h(t)AT, Vi€ [ablr and B >0,
then . .
| P wpac< [P mie)g ieac
holds for all B > o > 0.

4. Nabla integral inequalities

In this section, we give some Feng-Qi type nabla-integral inequalities on time
scales. We begin with the following useful lemma.

LEMMA 15. Let p > 1. Suppose f:R — R is continuously differentiable and
g: T — R is nabla differentiable for t € Ty, and assume f, f', and g are nonnegative
and nondecreasing functions. Then

P g(p @) f (8(p(1)))g" (1) < (7 0)¥ (1) < pf"~'(s()f (g(1))g" (1)

Proof. Using Lemma 9, we obtain (f7 0g)¥ (1) = (f? 0g)*(p(t)). The rest of the
proof is similar to the proof of Lemma 12 and therefore is omitted. [
If g(r) =t in Lemma 15, then we have the following result:

COROLLARY 10. Let p > 1. Suppose f: T — R is nabla differentiable for t €
Ty, and assume f, ' are nonnegative and nondecreasing functions. Then

PP ) (p(6) < (7)Y () < pfP~ () ()
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If f(r) =t in Lemma 15, then we have the following result ([7], Lemma4.1):

COROLLARY 11. Let p > 1. Suppose g : T — R is nabla differentiable for t €
Ty, and assume g is nonnegative and nondecreasing function. Then

g (p(0)g" (1) < ()7 (1) < ps”~ ' (1)g" (o).

For p =1 in Lemma 15, we have the following result:

COROLLARY 12. Suppose f:R — R is continuously differentiable and g : T —
R is nabla differentiable for t € Ty, and assume g is nonnegative and f',g are non-
decreasing functions. Then

F(8p))s" (1) < (fog)¥(r) < f(8(1)s" ().

THEOREM 6. Let a,b €T, o« > v+1, B >2, and y> 0. Suppose f :R — R
is continuously differentiable and g : T — R is nabla differentiable for t € T\, and
assume f, f', and g are nonnegative and increasing functions. If

(=1 f* 7 glp))f (g(p(e)s" (1) = BB = 1P~V (g(0)(t —a)f 2

is satisfied, then
B
/ f%(g(0))Vt > ( / (g ) .

Proof. Foreach t € [a,b]T let

/f Vr—(/f” )

Using Corollary 11, we have

P02 - ([ s Vr) 1)

~ (gl ())(f"‘ ) ~B( [ rstenve) _1>

=/"(g(1)h(r),

where t g1
w0y = 1 10 - ([ Feenve)
Now, using Lemma 15 and Corollary 11,
1 p-1\"
Y (1) =(f*"(e()¥ - B (( fy(g(f))VT> )
>(a =) N elp))) (s(p(1)))g" (1)

s ( [ reve) e
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Since y > 0 and f, g are increasing, we have that f7 o g is increasing. It follows that

[ re@ve< i) -a)
Hence we obtain

WY () 2 (=) ep () (s(p(1)))g" (1)
BB -1V (g0t —a)

=>0.

Therefore, A(t) is nondecreasing. But h(a) = f* 7(g(a)) > 0. Then h(t) > h(a) >0,
and it follows that F¥(¢) > 0. So F(r) > F(a) = 0, which completes the proof. [J

If we let g(r) =¢ in Theorem 6, we get the following result:

COROLLARY 13. Let a,b€ T, a>y+1, B =2, and y> 0. Suppose f, f are
nonnegative and increasing functions. If

(=) 7 p)f (p(0) = BB~ 1PV (0) (1 —a)f 2

is satisfied, then
b b B
/ fE)Ve = (/ fY(t)Vt) .

If we let f(¢) =t in Theorem 6, then we get the following result:

COROLLARY 14. Let > y+1, B >2, and y>0. Suppose g:T — R is nabla
differentiable for t € T, and assume g is a nonnegative and increasing function. If

(0= 1)g* " (p(1))g" (1) = BB~ 1)g"P V(1) (1 — )P

is satisfied, then
b b B
/ g% )Vt > (/ g”(t)Vt) .

If y=1, B =o—1 in Corollary 14, we obtain the following result:

COROLLARY 15. Let a,b €T, a > 3. Suppose f is a nonnegative and increas-
ing function, and assume f :'T — R is nabla differentiable for t € T. If

FR)Y (1) 2 (a=2)f* 2 0) (1 —a)*

/abfa (1)Vr > (/ubf(z)w> -

is satisfied, then
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REMARK 3. The result in Theorem 4.3 of [7] is a special case of the above corol-
lary but does not follow from its conditions.

THEOREM 7. Let p™(a), beT, me Ny, a>v+1, B >2, and y> 0. Suppose

f R — R is continuously differentiable and g : T — R is nabla differentiable for
t € Ty, and assume f, f', and g are nonnegative and increasing functions. If

P e (gl - o)

/f“ Vt></ (e )))Vr)ﬁ.

Proof. Foreach t € [a,b]r let

0= [ (el Vr—(/ (e )ﬁ.

Using Corollary 11, we have

Fep0)))g" () >

is satisfied, then

where

i) = 1708 ( [ onenve)

Now, using Lemma 15 and Corollary 11,

0 =7 7(s00))” ﬂ((/ﬂ )[“)V

(o= glp ) (alp ()8 (1)
B2
860 [ el @)VE) Selpm0)

Since y > 0 and f, g are increasing, we have that f7 o g is increasing. It follows that

/at fM(&p™(1))Ve < f1(g(p™ (1))t —a).
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Hence we obtain

Therefore, / is nondecreasing. But h(a) = f* 7(g(a)) >0, so0 h(t) > h(a) > 0 and it
follows that FV (1) > 0. So F(t) > F(a) = 0, which completes the proof. [J

If f(t) =t in Theorem 7, we have the following result:
COROLLARY 16. Let p™(a), be T, me Ny, o« > y+1, B >2, and y > 0.

Suppose g : T — R is nabla differentiable for t € Ty, and assume g is a nonnegative
and increasing function. If

BB — l)gyﬁfowrl

v (p" ()t~ )2

gV (1) >

[ i ( / ng(pmo»Vr)ﬁ-

If g(r) =t in Theorem 7, we have the following result:

is satisfied, then

COROLLARY 17. Let p™(a), be T, me Ny, a =2 y+1, B>2, and y > 0.
Suppose f, f' are nonnegative and increasing functions. If

B p-ei(om e - a2

[ rewves ( / ”ﬂ(pmo»w)ﬁ-

LEMMA 16. Suppose @ is nonnegative and nondecreasing on [a,b]r, and as-
sume @ : T — R is nabla differentiable for t € T. If

fp@) >

is satisfied, then

b
/( W@OVE0, i€ fadl, )
p(t
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/a o))V > 0. 5)

If inequality (4) is reversed, then inequality (5) is also reversed.

then

Proof. By the product rule,
\Y%
o0 [ weve| =—view ([ weve)otnm e fail

Therefore,

[ vwewvi= [ ( | };) vV ) o (Vi o) | " W(0)Ve 0

being the sum of two nonnegative terms. [

THEOREM 8. Suppose f, g, and h are nonnegative functions, where h is defined
on [a,blr, and f, g are defined on the range of h. Assume further that f, h are
nondecreasing. If

/ 78 (n( ()gﬁ(h(r))VT, Vi€ [a,blr and B >0,

then

/ FOB (h(1))Vi >/ £ (h(1))gP (h(1)V1, o> 0.
Proof. The proof follows from Lemma 16 by putting

() = f%(h(t)), and w(1):= P (h(1)) =P (h(1)). O

LEMMA 17. Assume that a,b € T and f € Ciy(T x T,R), then
b b b
L[ rmevesn=[0] rn.g)vave ©)

Proof. The proof of this lemma is similar to the proof of Lemma 14, and therefore
is omitted. [

THEOREM 9. Suppose f, g, and h are nonnegative functions, where h is defined
on [a,b]r, and f, g are defined on the range of h. Assume further that either foh or
goh is nondecreasing, foh e C},, goh€C}l,, and (f*oh)¥(t) and (gP o) (1) exist
fort€la,blr, . If

/ WAOE / " Bh(D)VT, Vi lably and B0, (7
p(t) p(t)
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[ et u@nves [ rem) tm)ve

holds for all positive numbers o and 3.

then

Proof. Suppose that f oh is nondecreasing. Using the Fundamental Theorem for
nabla case and Lemma 11, we have

= [ Pao)( [ e onT@Tireniay )ve
/(f“oh / 78 (n( Vr)VH—f”‘ /fﬁ
/(f”‘oh / & Vr)VH—fa /g
o hgﬁ<h<r>>( / (% on)V )Vt+f°‘(h(a)))VT

_/foc

Now suppose g o/ is nondecreasing. Notice that o, 8 > 0, so from (7) we have
/ BT [ g @)V e fabl and a0 ®)

Using the Fundamental Theorem for nabla case, we have

/ bf“(h(r))gmh(f))vf N
/ ( / o VT>VI+8 (h(a ))/ubfa(h(r))Vr
/ ( / & VT)VHgﬁ( (a ))/abg“(h(r))vf
:/a 8" (h(x)) (/ (8 o) (f)vt-i-gﬁ(h(a)))VT
= ["#rn@ve
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Using the weighted AM-GM inequality, we have

B

PR g P (n(7)) = f*(h(1))g" (n(x)).

gl ) +

Integrating the above inequality gives

[ e uo)ve
<2 [t +ﬁ/g‘“ﬁ n(e)Ve
9)
<a+ﬁ/f+ﬁ YT+ ﬁ/f (h(x))V1.

It is easy to see that the result follows from the last inequality. [J

Let h(t)=t, g(t)=t, a=0, and [a,b]1 = [a,b], = {bg* : 0 <k <n,0< g < 1}.
We get the following result.

COROLLARY 18. If f is a nonnegative function on [0,b], and satisfies

b b
/ P(r)d,T > / Pd,r
qr qt

forall t € [0,b], and B > 0, then the inequality

b b
| re@aes [ i@t
0 0
holds for all positive numbers o and 3.

REMARK 4. A similar result can be found in Theorem 3 in [12], where the suffi-
cient condition seems to be incorrect due to the improper use of Lemma 17.

THEOREM 10. Suppose f,g, and h are nonnegative functions, where h is de-
fined on [a,b]r, and f, g are defined on the range of h. Assume further that goh is
decreasing, goh € C};, foh € Cyy and (g% oh)V(t) exists for t € [a,b]r, . If

/b fﬁ(h(r))vf>/b P h(1)VT, Vielablr and B>0,  (10)
p(t) p(t)
then , ,

| Pem@ve< [P i h@)ve

holds for all B > o > 0.
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Proof. Using the Fundamental Theorem for the nabla case and Lemma 11, we
have

[ P g mo)ve an
= [Py [ e on Vi e e )ve
L (G eono [ Fave)vers ) [ o)
2 [ (weono [ Puove)vie o [ S

O g ( ([ <g“oh>v(r>w+g°‘<h(a>>)vf

L

Using the weighted AM-GM inequality, we get

PN () < D) + g B h(D), 0, >0
Let o+ B =B, Bi=ca. Then B> ot >0,
7Po(e) < B2 (e () + 5P~
Integrating the above inequality yields
/ hﬁ*“(h(r»vf
B2 " pueng e 5 [ e(hm)vs

(2 ‘3,%"‘ / fﬁ(h(f))g’“(h(f))VH% / 1B (h(x))g (h(1))VT
b
= [ P u)g mmyve. O
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