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BOUNDEDNESS AND CONTINUITY OF MAXIMAL
OPERATORS ASSOCIATED TO POLYNOMIAL
COMPOUND CURVES ON TRIEBEL-LIZORKIN SPACES

FENG L1U

(Communicated by J. Pecaric)

Abstract. In this paper we study the Triebel-Lizorkin space boundedness and continuity of max-
imal operators related to rough singular integrals associated to polynomial compound curves.
We prove that the above operators are bounded and continuous on the inhomogeneous Triebel-
Lizorkin space F,(R") forall o € (0,1), p € [2,%0) and g € (2p/(p+2),0) under the con-

ditions that the integral kernels are given by Q € L(log™ L)"/2(S"~1)U (U1<,<°°B?’71/2(S”’1)).

We also establish the boundedness and continuity of the above operators on the inhomogeneous
Besov space B, ,(R") for o € (0,1), p € [2,%0) and g € (1,e0). In addition, the corresponding
results for maximal operators related to parametric Marcinkiewicz integrals are also considered.

1. Introduction

Let Ry := (0,00) and % be the set of all measurable functions i : Ry — R
with [|All 2, 4y < 1, where L>(R. ,dr/r) is the set of all measurable functions
h:R; — R that satisfy

oo 1/2
- 2 —1
Il ey = (] 1P tar) < oo

Let R" (n > 2) be the n-dimensional Euclidean space and S"~! denote the unit sphere
in R" equipped with the induced Lebesgue measure do. Assume that Q is homoge-
neous of degree zero and integrable over $"~! and satisfies the cancellation condition

1 Qu)do(u) =0. (D)
N

Suppose that P is a real polynomial on R of degree N and satisfies P(0) = 0. For a
suitable function ¢ : Ry — R, the corresponding maximal operator .7 p, along the
“polynomial compound curve” P(¢(|y|))y’ on R" is defined by

Faref(x) = sup [Thapef(x)l, 2
he
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where x € R" and Tj, g p is the singular integral operator given by

h(DRO) ,

Thaupof () :=pv. [ flx—P(p(b)y) =2

)

where y' = y/|y| for any nonzero point y € R".

It is a long time interesting topic to study the rough singular integral operators.
A celebrated work in this direction is due to Fefferman [12] who first introduced and
studied the singular integral operator with rough radial kernels /, which has been in-
vestigated extensively by many authors. Due to the presence of /, a class of maximal
operators related to the above rough singular integrals was first introduced by Chen and
Lin [11], which is denoted by .#¢ and corresponds to the special case of g py With
P(t) = ¢(t) =t. Chen and Lin proved that if Q € ¢ (S""!), then .#q is bounded on
LP(R™) for any p > 2n/(2n—1) and the range of p is best possible. Subsequently,
the LP mapping properties of .7 have been discussed extensively by many authors.
For example, see [26] for the case Q € H'(S"~!) (the Hardy space on S"~!), [6, 7] for
the case Q € L(log" L)V/2($"1), [3, 5] for the case Q € B" /2 (s"~1) with some
r > 1 (the block space generated by r-blocks). See Appendix for these definitions and
relationships of the above rough kernels.

It is well known that the Triebel-Lizorkin spaces and Besov spaces contain many
important function spaces, such as Lebesgue spaces, Hardy spaces, Sobolev spaces and
Lipschitz spaces. During the last several years, a considerable amount of attention has
been given to investigate the boundedness for various kinds of integral operators on
Triebel-Lizorkin spaces and Besov spaces. For examples, see [1, 9, 10, 24] for singular
integrals, [17, 18, 19, 27, 28] for Marcinkiewicz integrals, [15, 20, 22] for maximal
operators. In this paper we shall establish the boundedness and continuity of maximal
operators associated to polynomial compound curves with rough integral kernels Q €
L(log* L)/2(S" 1)U (Uj <..B>~%($"~1)) on the above function spaces.

We now recall the definitions of Triebel-Lizorkin spaces and Besov spaces. Let
Z'(R") denote the tempered distribution class on R”. For oo € R and 0 < p, g <
oo (p # o), we define the homogeneous Triebel-Lizorkin spaces Fpofq(R”) and homo-

geneous Besov spaces Bg"q(Rn) by

F8 @) = { £ € 7 @)+ | Flg o = || (S 270 £17) "

i€Z

LP(Rn) < oo}’ )

. ; 1/q
87,8 = {r € 7 ®): Wlgao) = (S ) <=} @
IS

where q’\,(’g') = ¢(2/&) for i € Z and ¢ € €:°(R") satisfies the conditions: 0 < ¢ (x) <
1; supp(9) C {x: 1/2 < |x| <2}; ¢(x) > ¢ >0 if 3/5< |x] <5/3. The inhomo-
geneous versions of Triebel-Lizorkin spaces and Besov spaces, which are denoted by
F,(R") and By ,(R"), respectively, are obtained by adding the term [|© f||p(rn) to
the right hand side of (3) or (4) with Y7 replaced by ¥, where © € .7 (R") (the
Schwartz class), supp(©) C {&: |E] <2}, O(x) > ¢ > 0 if |x| < 5/3.
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The following properties are well known (see [13, 25] for example):
FDH(R") =LP(R") for 1< p < oo (5)

o _ po .
Fy,(R"Y) =B, ,(R") for ¢ € R and 1 < p <eo; (6)
and forany 1 < p,g <e and a >0,

FpyR") ~ FJ (R)NLP(R") and || fllrg, @) ~ IF ]l g, ey + 1 logeny: (D)

Bj 4 (R") ~ By ((R") NLP(R") and ||fllgg, rn) ~ [l 5g, @)+ 1 flown)-  (8)

Recently, Liu [20] first studied the boundedness of maximal operators related to
singular integrals associated to polynomial compound mappings on Triebel-Lizorkin
spaces and Besov spaces. More precisely, let d > 1 and & = (P,,...,P;) with each P;
being a real-valued polynomial on R” and ¢ € §; or §,, where §; (resp., §2) is the
set of all functions ¢ : Ry — R satisfying the following condition (a) (resp., (b)),
where

(a) ¢ isanincreasing ¢! function such that 7¢’(r) > C»¢(r) and ¢(2¢) < cy9(2)
forall >0, where Cy and ¢y are independent of 7.

(b) ¢ isadecreasing ¢! function such that ¢’ (1) < —Cy¢(¢) and ¢(z) < co 9 (21)
for all # >0, where Cy and ¢y are independent of 7.

Define the maximal operators related to singular integrals associated to polynomial
compound mappings -7, » o by

M)R0)

yﬂ,:@,(ﬂf( = sup ‘y‘n

hety

pv. [ = 2(p(b1)y)

We now introduce the main result of [20] as follows.

THEOREM A. ([20]) Let Q € H'(S" ') U L(log" L)/>(S"™") and satisfy (1).
Then

(i) Sa,2.,p is bounded on Fy' (R") for a € (0,1) and (1/p,1/q) € #. Here %
denotes the set of all interiors of the convex hull of two squares (0,1/2)? and (1/2,1)?;

(ii) Sa,2.,9 is bounded on BS ,(R") for oc € (0,1), p € [2,00) and q € (1,0).

The bounds of ¢ .o given above re independent of the coefficients of P; for
1<j<d

REMARK 1. We remark that the class §; was first introduced by Al-Salman [4]
who investigated the L” bounds for the parabolic Marcinkiewicz integrals along sur-
faces on product domains. There are some model examples for the class §1, such as
P (141) (>0, B >0), rInln(e+1), real-valued polynomials P on R with pos-
itive coefficients and P(0) =0 and so on. The model examples for function ¢ € F, are
9(8 <0), 7 'In(1 4 1/1). It should be pointed out that if @ € T (or @ € F2), there
exist a constant By > 1 such that ¢(21) > By@(t) (or (1) = By@(2t)) (see [4]).

In light of the aforementioned facts concerning the above maximal operators, a
question that arises naturally is the following
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QUESTION. Is .%o py bounded and continuous on the Triebel-Lizorkin spaces
and Besov spaces under the condition that Q € L(log™ L)'/?(S""1) and ¢ € F, or
§2?

In this paper we will give an affirmative answer to the above question by proving
the following results.

THEOREM 1. Let P be a real polynomial on R of degree N and satisfy P(0) =0
and ¢ €y or Fp. Let Q € L(S" ) for some s € (1,2] and satisfy (1) and % be
given as in Theorem A. Then

(i) For a € (0,1) and (1/p,1/q) € Z, there exists C > 0 such that

1S.pof kg, ey < Cls = 1)71/2\\9\&&(5»171) 1F 1l g ey
where C is independent of s, Q and the coefficients of P, but may dependon n, o, p, q, ¢
and N;
(il) Fa.pg is continuous from Fy',(R") to F (R") forall o € (0,1), p € [2,e0)
and q € 2p/(p+2),%).

THEOREM 2. Let P be a real polynomial on R of degree N and satisfy P(0) =0
and ¢ €Ty or §y. Let Q € L(log™ L)'/?(S"" 1)U (U1<r<mB£O’_1/2)(S"_1)) and satisfy
(1). Then

(i) Fapg is bounded on FJ,(R") for o€ (0,1) and (1/p,1/q) € #. Here %
is given as in Theorem A;

(ii) Fapg is continuous from Fy' (R") to F (R") forall oo € (0,1), p € [2,e0)
and q € 2p/(p+2),0).

REMARK 2. We point out that the introduce of the polynomial compound curves
P(o(]y]))y" is greatly motivated by the Al-Salman’s work [8], Liu and Zhang’s work
[23] and Liu et al.’s work [21]. In [8], Al-Salman established the L” boundedness for
the parabolic Marcinkiewicz integrals along surfaces P(|y|)y’ and ¢(|y|)y’ provided
that Q belongs to the Grafakos-Stefanov class. In [23], Liu and Zhang proved cer-
tain L? bounds for the parabolic Marcinkiewicz integrals associated to polynomials
compound curves P(¢([y|))y’ under the condition that Q € L(log™ L)*(S"~!) with
oo=1or a=1/2. In[21], Liu et al. established certain L? estimates for the para-
metric Marcinkiewicz integrals along compound curves @(¢(|y|))y with @ satisfy-
ing certain growth conditions and ¢ € F; or ¢ € §, provided that Q € H!(S""1) or
Qe Llog* L)/2(s"1).

REMARK 3. When ¢(t) =, Al-Salman [7] proved that .%q p,, is of type (p, p)
for 2 < p < oo if Q€ L(log™ L)"/2(S* ). By (20), (24)—(25) in Section 3 and applying
the arguments similar to those used in deriving Theorem 2.3 in [7], we can obtain

1S appfNlrny < Cls = 1)~ 21Q s(sn 1)1 Fll o ren) ©)
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for 2 < p < oo if Q€ L5(S""!) for some s € (1,2] and satisfies (1). Here C >0
is independent of s, Q and the coefficients of P. Applying (9) and an extrapolation
argument (see [2]), we can get the following

|Sa.pofllLr @y < Cllfller @ (10)

for 2 < p <o if Q€ L{log™L)V2(S" 1)U (Uj< B2 (5771)

In what follows, we set A¢ f(x) = f(x+ ) — f(x) forall x, { € R". On can easily
check that
Ag(Fapef)(x) < Lare(Bef)x) Vx, & € RY (11

|Yapef —Zapregl <|Fare(f—28)l (12)

for arbitrary function f, g defined on R”.
Applying (11)—(12), Remark 3 and Lemma 5, we can obtain the following theo-
rem.

THEOREM 3. Let P, @, Q be given as in Theorem 2. Then

(i) Fa,pg is bounded on B} ,(R") for o€ (0,1), p € [2,00) and q € (1,%0);

(i) Fapg is continuous from By (R") to BY (R") for o € (0,1), p € [2,00)
and q € (1,00).

It follows from (10) and (12) that ./ p, is bounded and continuous on L”(R")

forall 2 < p < o if Q € Llog" L)V/2(S" 1) U (Uj<,<.B" /2 (871)) . This together

with (7)—(8) and Theorems 2-3 yields the following result.

COROLLARY 1. Let P, ¢, Q be given as in Theorem 2. Then

(i) Faprg is bounded and continuous on F',(R") for all o € (0,1), p € [2,0)
and q € (2p/(p+2),%).

(i) “ape is bounded and continuous on By ,(R") for all o € (0,1), p € [2,e0)
and q € (1,00).

REMARK 4. We remark that all of our continuity results are new, even in the spe-
cial case P(t) = ¢(t) =t. Also, all of our boundedness results are new, even in the
special case () =1.

The paper is organized as follows. Section 2 contains some auxiliary lemmas. The
proofs of Theorems 1 and 2 will be given in Section 3. Finally, we present the corre-
sponding results for the maximal operators related to the parametric Marcinkiewicz in-
tegrals in Section 4. We would like to remark that the main methods and ideas employed
in this paper is a combination of ideas and arguments from [1, 2, 16, 17,22, 27], among
others. Due to the application of some useful characterizations of Triebel-Lizorkin
spaces (see Lemma 2), it makes that the proof of Triebel-Lizorkin space boundedness
for maximal operators can be reduced to prove certain vector-valued inequalities, which
can be deduced by certain Fourier transform estimates, maximal inequalities and inter-
polation arguments. The continuity part in Theorem 1 are motivated by the idea in [22].
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It should be also pointed out that the proof of Theorem 2 is based on Theorem 1 and an
extrapolation method (see [2]).

Throughout the paper, we denote p’ by the conjugate index of p, which satisfies
1/p+1/p'=1. The letter C or ¢, sometimes with certain parameters, will stand for
positive constants not necessarily the same one at each occurrence, but are independent
of the essential variables. In what follows, we set R, = {{ € R"; 1/2 < |{| < 1}.

2. Preliminary Lemmas

Let us recall the following estimate of oscillatory integrals, which will play a key
role in the estimates about Fourier transforms of some measures on R”.

LEMMA 1. ([16]) Ler Py(t) = Zf-vzlaiti with a; 20 forall 1 <i<N. Suppose

Qe L*(S" 1) for some s > 1. Then, for any r >0 and 0 < ¢ <min{1/s',1/N}, there
exists a constant C > 0 such that

n
/,

Here C > 0 is independent of s, Q and the coefficients of Py, but depends on .

dt e .
= < ClQ 1|0 () ang| ¢ if g € Fus

. , 2
/5,14 Q(u/)eﬂPNW(I))é'u do(u)

Q' )e N OWE g6 (1))

2dt e .
- - <CIQI 1) 0(r/2)Yang| € if 9 € Fo.

The following result is some useful characterizations of Triebel-Lizorkin spaces
and Besov spaces, which are followed from [27].

LEMMA 2. ([27]) () Let ¢ € (0,1), p€(1,00), g€ (1,o0] and r € [1,min{p,q}).

Then h
gy~ | (22 s rag)")"

IeZ

P (RY)

(ii) Let p € [1,00), g € [1,00] and r € [1,p]. Then

(/m ‘Az—lgﬂrdC)l/V ;(Rn))l/q.

The results for the following vector-valued inequalities of the Hardy-Littlewood
maximal functions will also be needed in our proofs.

1N ey ~ (T 2

€T

LEMMA 3. ([17]) Let My, be the Hardy-Littlewood maximal operator on R"
and Mg denote the Hardy-Littlewood maximal operator supported by polynomial
mappings & defined by Mg f(x) = sup,>0%f|y|<r|f(x— P(y))|dy, where P =
(P1,...,Py) with each Pj being a real-valued polynomial in R". Then the following
results are valid:
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() For any pair (p,q,r) € (1,)3, it holds that

[ Moier)

)
jez'" Mkez L (Rn) LP(R")

< (2lgmeh) )

keZ.
(ii) For any pair (p,q,r) € (1,%0)3, it holds that

[ERETE L OTA

where C > 0 is independent of the coefficients of P; forall 1 < j < n.

13)

LI’(R");

LP (R

Let Q be given as in (2) and ' : R” — R”" be a suitable mapping. Define the family
of measures {0;r};~0 and {|o;r|},~0 on R" by

Grlx) = [ e 0y doly), (14)
Nos

fourl() = [ e 00 do (). (s)
Nos

LEMMA 4. Let v> 1, Qe LY(S" 1) and T(y) = P(o(|y|))y’, where ¢ € F or
o and P(-) is a real-valued polynomial on Ry. If (1/p,1/q,1/r) belongs to the
interior of the convex hull of two cubes (0,1/2)* and (1/2,1)3, then

H(j /n kez/ﬂ‘ ||Grl“‘*ngk|2dt>1/2dc>q>l/q
(ZN(Z ear)

JEL keZ

PED 46

<OV2|Ql| i oy

1 n >l/qH
r(% ) U(R")’
Whe’e C > 0 is lndependentof v, Q and ﬂ’le Coeﬁicients QfP

Proof. We only consider the case ¢ € §; and another case is analogous. By
Holder’s inequality, (16) reduces to the following
q >l/q
L' (R,)

Z/ ‘0_11"| gj{klzdt>l/2
( <2|g1“‘>1/2 Umn>l/q

kEZ
for (1/p, 1/q, 1/r) belonging to the interior of the convex hull of two cubes (0,1/2)3
and (1/2,1)*. We first prove that for any pair (p,q,r) € (1,%)3,

sCv /2||Q||L1(S”*1)

a7)

LP(R7)

(k1) /
H( 222 ||Gt,r|* t Zr(mn)>l qHU’(R") (18)
<C(<p>v||sz||Ll(Sn,l) (,ezz | q(m,l))l/q e
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Let [v] = max{k € Z : k < v}. By a change of variable and Fubini’s theorem,

k+1
an [ et 5601

k+1 dt
s [0 [ e T )le0) o)™
keZ 2kv gn—1
k+l)v
</5n1 S“P/kl [fig b= F(ty))l—da( )
2k1r+1+l dl
/ /
/Sn ) |lzak2p i [fi.c e =T@)|—do(y)
</ ‘Q( ,)|§ (P(2kv+i+l)|f ( F( 71() ,))‘ dt d (/)
su (X — t o
N Y ,-:Okgg @(2kv+) i€ ¢ Y (p—l(t)q)/(q)—l(t)) y

1
<clow [ 100)Iswp [ 1el=Tlo™ @) ldido(y),

which combining (ii) of Lemma 3 with Minkowski’s inequality yields (18).
By duality, we have that, for any 1 < p, g, r < e, there exist functions {f; ¢}, ¢
with H{ffvg}HLP/(R”,MI (UJ (Rn))) =1 such that

H 2/ ||Gtr| gj ;k| )Uq
e\ ien 2 ’ )/l @e)
k+l [

= |ovr|* 8.0 k()| — i (x)|ddx

,e%/ /m"keZ/ﬂ | i | ; Vit
k+1 . d[

< Z/ / Z 1g).¢ (%) / |G r|* | fj | (—x)—d{dx,

JEL R kez, t

where j‘jvg(x) = fj¢(—x). This together with Holder’s inequality and (18) implies that

ok 1)y dr a 1/q
1/q
H<J€Z keEz‘gjm U ) L0 19
o (k+1)v 1/q (19)
Nl ot Hm,,) e
1/q
<C Q|11 gn- ,
((P)VH HL'(S 1)) (Jé ke%‘ngH L mﬂ)) LP(RY)
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On the other hand, we get by Holder’s inequality that
|lowrl*gj ¢ ()] < /S 8¢ x(x=T(y)IIQY)|do(y)
1/2
- ||Q||L{ gy (ol =g P (0))'2.

Combining this inequality with (19) yields that

/ "l |””>”” )"
,ez G TSI ren/ g
12 dt |14/2 2/q)1/2
<clal, ,ez kzz /2 ||otr\*|g,,gk\l vrony) e,
1/2 12 1/2 2(19/? 2/q1/2
@ g 190 [(Z ] 2 s )™ D
J
1/2 1/q
éC Vl/2 Q n—
(@) /2119l 11y <,§i‘(kez ) Lr(mn)) LP(R)

for (p,q,r) € (2,%0)>. This gives (17) for (p,q,r) € (2,%)3. By duality we have
(17) for (p,q,r) € (1,2)*. Interpolating these two cases, we see that (17) holds for
(1/p,1/q,1/r) belonging to the interior of the convex hull of two cubes (0,1/2)* and
(1/2,1)3. This finishes the proof of Lemma 4. [J

We end this section by the following criterion on the boundedness and continuity
of a class of sublinear operators on Besov spaces.

LEMMA 5. ([22]) Let T be a sublinear operator. Assume that T : LP(R") —
LP(R") for some p € (1,00). If

AT S <IT (A () ()]

forany x, { € R". Then T is bounded on B, ,(R") for any s € (0,1) and q € (1,).
Specially, if T also satisfies the following

ITf-Tg|<|T(f—g)l

ff)r arbitrary function f,g defined on R". Then T is continuous from B‘;'W(]R") to
B, ,(R") forany s € (0,1) and g € (1,0).

3. Proofs of Theorems 1-2

Proof of Theorem 1. Let Q € L*(S"!) forsome 1 <s <2 and P(t) =YY bit'.
Without loss of generality we may assume that b; # 0 forall 1 <i<N. Let o;r and
|o;r| be defined as in (14) and (15), respectively. We only prove Theorem 1 for the
case @ € 51 by the following two steps and the other case is analogous.



34 F.Lu

Step 1. Proof of (i) of Theorem 1. Define 'y, I'y,...,I'nv by I'o(y) = (0,...,0)
and T (y) = P (@(ly]))y for 1 <A <N, where Py (1) = Y+ bi'. For t >0 and
0< A <N,wedenote 6, ; =0,r, and |0, ;| = |0; 1, |. By a change of variables and
Holder’s inequality, it is no difficult to see that

di\1/2
Faraf@ < ([ lowsr@PE) " 20)
By (20), (11) and (i) of Lemma 2, we obtain

1-%0.pof g, @

<c[ (g2 ([, mearaniac)) |, .,

1€

<cl(z ([ 1o )"

lez L”(R">

cH(lezzhf"‘(/ /|G;N*A214‘f‘2dt> C)q)l/qHU,(Rn)

for o € (0,1) and (p,q) € (1,%0)>. Hence, to prove (i) of Theorem 1, it suffices to
show that

21

H<,§izlw /n / ‘GtN*AQ I§f| ) C>q>l/q Lo (R") 22)

<Cls=1)721Q st 1l e,

for a € (0,1) and (1/p,1/q) belonging to the set of all interiors of the convex hull
of two squares (0,1/2)? and (1/2,1)%>. Here C > 0 is independent of s, Q and the
coefficients of P.

Below we shall prove (22). By a change of variable and Holder’s inequality,

2(k+l)sl - - din 12
([, lBa@-smerT)
2(/1+l)s/ / 27iP. (‘P([))g / 2iP ((P(I))é , , 2dt 1/2
T Ve 2l Bl at

<(fo (10000 : o))

2t dt 12
SC(/W (mln{1,|¢(t)’lbkc§\})2 1971501 )
<C(s_l)_l/z“QHU(sn*l)‘(P( o (k+1)s )Ab §|1/ (22s")

(23)
Since 1 <5< 2, then s’ <2(s—1)"!. Choose v € Z such that v < s’ <v+1. By a
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change of variables again and Lemma 1,
o (k+1)s" din1/2
ST (E) 2
(L, 1ea@rs)
\4 2k5’+j+l ' , 2dt 1/2
< (Z/ . Q(y)e 2mR00)SY g5 () _)
j=0 2ks'+j gn—1 (24)

=0

. . S, . = S/ 1/2
(25 \SlHLvsnl)nnn{1,|¢(zk ity 71/ )}>
J=
< C((P ( )71/2\\9\\Lx(5n71)min{1, |(p(2k‘ )Ablé|*l/(2ls)}.

Let v € €;°(R) be supported in {|¢| < 1} and y(r) =1 for |r| <1/2. For 1 <
A < N, define the family of measures {@; 3 };~0 by

N

N
02()=062(8) T wle)/s;g)—02E) [Twle@) b8 (25

j=A+1 j=A
Note that 0; 9 = 0 by (1). One can easily get from (23)—(25) that

ON= D, B, (26)
A=1

o (k+1)s'

(fo 1@rg)"

<C()(s— 1) 2)Q| g1y min{ 1, | o24TV) 2, £ |@(25) b &1 V)

(27)
By (26) and Minkowski’s inequality,

(R [, ([ oot Pag))

n

-0

H( zlqoz / / ‘wal*Az ]gf‘zdt>1/2 ))1/4

IeZ

LP(R")

<22h]a / / \ *Ay_ip f] _> dC>q>l/qH (28)
Iez Ry 20 R Lr(R?)

i

Therefore, to prove (22), it suffices to show that

A < Cls =172« sr1) 111 g, (29)

forany 1 <A < N. Here C > 0 is independent of s, Q and the coefficients of P.

Let g € €~(R) be an even function satisfying 0 < 1p(z) < 1, 19(0) =1 and

Mo(r) =0 for || > 1. Set n(&) =1 for [E] <1, n(&) = no(E5L), where a =
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B?D('Ylfl) > 1 and By, is given as in Remark 1. Then, n satisfies xj¢/<;(§) < n(§) <
Xej<a(§) and [2%N(E)] < cala— 1)~1el for & € R” and o € N, where ¢, is inde-
pendent of a. Let @ = ¢(27%')~*|b;|~'. Note that infycz % % > a. We define the
sequence of functions { Yy }rez on R” by

wi(&) =nla, &) —nla'E), EeR"

Observing that supp(yi) C {ax < |&| < aagy1}, supp(yi) Nsupp(y;) =0 for |j—k| >
2 and Yyez yi(§) =1 for &£ € R"\ {0}.

Define the multiplier operator Sy 5 on R" by

S F(E) = wIENF(E).

We get by Minkowski’s inequality that

A,
:H(zqua / k%/zké ’a“*ZS, e ’gf’ >1/2 >q>1/q

I€Z LP(R™)
; L diNU2  \a\ /4

N (h (L osstarr?) ")),

(30)

Define the mixed norm || - || Eg, for measurable functions on R" xR, x Z x Z xRy by

Lr (Rn) :

dr\1/2 o 1/q
lglleg, = H(ZgZZZ’W / kezz/ \g(t,x,C,1,k) |27) d;) )
Forany j € Z, let

Vj,?t (f)(tvx7 Cal7k> = *Sj—k,lAZ*le( )X[zkv (k+1)s }(t)

Then we have

< Vi (Hlleg, - 31)

JEZ

By (27), (6), (ii) of Lemma 2, Holder’s inequality, Minkowski’s inequality, Fubini’s
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theorem and Plancherel’s theorem, we have that

1Via () s,
:(/Rnléz”“(/n kZZ/2 oS5 sy 12 0 2 P agYax) '

k+l)v

dr  \1/2
e[ s [ ] |w,l*s,-,k,mw;f<x>|2dx7dc:)
leZ n ke

. k+1 1/2
<c(X2 a/ / /k/ WP —|A2 1] () dxag)
€7, R kez ) Ej—ks 22 12
—-1/2 =1l l 2
<C(e)(s— 1) V29 g1 By (22‘1“ ([, 1argrPac) )
<C(@)(s= 1) 2|Qlgs(sr-1Bo I g, -
(32)
Here E; 4 ; = {x e R": (2%~ )")"2 |, €| < Bé‘/(p(z(k J=DY=21 and € >0 is

independent of s, Q and the coefficients of P.
Below we shall prove that

Vi 2 (H)lleg, < Cls = 1)~ 21Q0 s 1 £ll g, ey (33)

I’q

for (1/p,1/q) belonging to the set of all interiors of the convex hull of two squares
(0,1/2)% and (1/2,1)%. Here C > 0 is independentof s, Q and the coefficients of P. In
fact, interpolating between (32) and (33) implies that for any o € (0,1) and (1/p,1/q)
belonging to the set of all interiors of the convex hull of two squares (0,1/2)? and
(1/2,1)?, there exists 8 € (0,1) such that

_ —0|;
1V;a(F)lleg, < Cls= 1)~ 211Q s so1yBo ™ fll g, ) (34)

where C is independent of s, Q and the coefficients of P. Then (29) follows from (31)
and (34).
We now prove (33). For I <A <N, let ®* be aradial functionin .¥ (R") defined

by <1)7L( ) = w(|x]), where x € R" and v is given as in (25). Define X by

Xof(x)=sup  sup  [Xp f(x)],
kEZIe[zk.r’g(kJrl)s’]

where X ;.3 f(x) = (@(1)*by)"®* ((@(r)*b; )~ 'x). One can easily check that

X5 f ()] < CM f(x),

which together with (i) of Lemma 3 yields

H<lez‘< ‘XAgl.Ck|2>l/2

keZ
<c|(Z
leZ

1/
zr(mn)> '

/
2 mn)>l '

e (35)

(Zlacir)”

keZ

LP(R?)
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for 1 <A <N and (p,q,r) € (1,%)3. For convenience, define X* f = X; 0X; 10---0
Xy f for 1 <A < N. Then (35) yields that

H<ZEZ ‘(%'X 81,6 )1/2 I mn)>l/q P (RY) 56
<CH< ‘(Z\gl K| >1/2 )Uq
12" “keZ > L7 (9Rn) LP(R)

for 1 <A <N and (p,q,r) € (1,%0)>. On the other hand, by the definition of X .5 .

@y 5 * f= O ) % (Xk,t;JLJrl OXk,t;)L+2 O OXk,t;Nf)
=0 p—1 % (Xipn 0 Xipar10 0 Xpan f)-

It follows that

2 (k+1)s k1)’ d
2l
/2,“, Iwrl*fl2 /ﬂ, J= 37)
(k1) d (k+1)s’ 5 dt o (kt1)s 2dt
/2 '“’fvl*ﬂz?@/zk.« 1002+ X S| +/A, m XA =
(38)

for 2 <A < N. We get by Lemma 4 that for any 1 <A <N and (1/p, 1/q,1/r)
belonging to the interior of the convex hull of two cubes (0,1/2)% and (1/2,1)3, there
exists C > 0 independent of s, 2 and the coefficients of P such that

H<ZGZ /SRn 2/2,:“ }|G,A|*g14k|2dt>l/2 ))1/‘1 L (RM)
(Z1(Z ) )

IeZ keZ
By (36)—(39), there exists C > 0 independent of s, Q and the coefficients of P such
that

(39)
<C(s—1 )71/2”Q”L§(S”*1)

LP(R)

H(EZ /. kZZ/2 \m*glm 24 Pag)) " e
(SIS tancs?)” mﬂ)”"

I€Z " "kel
for 1 <A <N and (1/p, 1/q, 1/r) belonging to the interior of the convex hull of two
cubes (0,1/2)% and (1/2,1)>. Let « € (0,1) and (1/p,1/q) belong to the set of all
interiors of the convex hull of two squares (0,1/2)? and (1/2,1)>. We can choose
a positive integer r such that 1 < r < min{p,q} and (1/p, 1/q,1/r) belongs to the
interior of the convex hull of two cubes (0,1/2) and (1/2,1)3. Then (40) together

(40)
<Cls— 1) sy

LP(R7)
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with (i) of Lemma 2 and Lemma 2.5 in [27] implies that

IVia(H)lleg

1204

2(k+1).r/ dt 1/2 q 1/(]
— olgo / / AP
H<le% ( n(,{é oks! |2 % Sj-kaBo-1cf] t) jf) )
< =120 || ( 229 ( 315y 1 72)
le% keZ
B%S n+2 1/q
_)l2 ¢ lqo q
<C(s—1) ||9||L.r<sm)(3$.,_l) H(Zezzzq 181 12 o3, )
n+2 -~
Béi ) = D | g, e

LP(R")
1
von) e

LP(R")

<C(

This proves (33) and completes the proof of (i) of Theorem 1.

Step 2. Proof of (ii) of Theorem 1. Let o € (0,1), p €[2,00) and g € (2p/(p +
2),e0). Let fj — f in F{,(R") as j — eo. By (7), we see that f; — f in F (R")
and in LP(R") as j — co. We notice that g pof; — Fapef in LP(R") as j— oo.
Below we want to show that 7o pgfj — Sapef in Fi (R") as j — eo. We shall
prove this claim by contradiction. Without loss of generality we may assume that there
exists ¢ > 0 such that

1arefi—Sareflleg,@n > ¢

for every ;.
By Minkowski’s inequality and the fact that [|Ay-krgllrr@n) < 2/8llLrrn). we
have

(/n (/mn ‘Aszé’(yﬁ,}’,(pfj - yQ'rP:q)f)(x)‘dC) pdx) 1/p
(L 18 Fanots - Farenilrar) " ag

< 2/; |Larefi—areflr@)dd
=2[%ullZapefi — Larefllr )

Since Yapefi — Fapef in LP(R") as j — oo, we see that by extracting a subse-
quence we may assume that

N

|, 182 ¢ (Faroty ~ Fare ML =0 as j— e @

for every [ € Z and almost every x € R”. On the other hand, by (11) and (12), it holds
that

[Bo-10(FQpefi = Faref) (D] < 270pe (A1) () + Fapp(Bo-1c (fj = F)) (%)

for (x,1,{) € R" x Z x R,. For convenience we set

felpa = (S 29 [, tetet.000€)") "

I€Z
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for o € R and (p,q) € (1,00)?. Tt follows from (i) of Lemma 2 that ||fHF£,q(Rn) ~
[Ag-1¢fll pg.e Tor e € (0,1) and (p,q) € (1,%0)%. By (21) and (22), we obtain

| %0.p0Bg1c)llpga cH(Ez"f"‘(/mdygw(Azlcf)ldC>q>1/q

=4
<C(s—1)~ 1/2||Q||Ls(snfl)Hf”F,g{q(Rny

LP(R")

It follows that [|. %0 pe(Ay-1¢ (fj = /))llpg.e < CIfj = fllgg, ) — O as j— . One
Za P(p(Az lg(fj ))”p,q,a < oo, Define a

can extract a subsequence such that 37, |
function G: R" X Z xR, — R by

G(x,1,0) = 3, Fare(By1¢(fi = NX) +25are(Ay1.f) ().
j=1
One can easily check that ||G||, .o < o and

A1 (Farefi—Faref)(¥)| < G(x,1,§) foralmostevery (x,1,8) € R" X Z x R,

(42)
It follows that
A1 (Fapefi—Faref)XIdE < | Gx1,6)dl (43)
w, 2 ¢ ”,
for almost every x € R” and [ € Z. Since ||G||p,g,a < oo, then
3 ([, ceroag)")" < (44)

leZ

for almost every x € R". It follows from (41), (43)—(44) and the dominated convergence
theorem that

a\ 1/q .
(2 ([ 10e(Farefi~ Faref)Iag)") ' =0 asjmee @3)
1€z >/ %n

for almost every x € R". By (42) again,

( > </9“a A1t (Fapefi— Taref)(x) Mc) q> 1/q

€T

<(2 ([, 1eerolac)")"

I€Z

(46)

for almost every x € R". By (45)-(46), the fact ||G||, 4,6 < e and the dominated
convergence theorem,

1810 (Fapefi—Saref)lpga—0 asj— e

This yields || “q,pofj — ygﬁ(pfn%(w) — 0 as j — oo and get a contradiction. [
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Proof of Theorem 2. Let Q € L(log"™ L)'/2(S™ 1) U (Up<reeB" /2 (57-1)).
(20) together with (21)—(22) and the extrapolation argument as in the proof of Theorem
2.3 1in [2] yields

IS.pof g, @)

<o (g2 [, i stomnorie)’)”

LP(RY)
CH (leZZan(/mn ‘yQ’R(P(ATIQ’f)‘dC) ) /‘IH (&) (47)
cel(5en( [ ([ )

< Clf g e

for 0 <a <1 and (1/p,1/q) € Z. This yields (i) of Theorem 2. (ii) of Theorem 2
follows from (47) and the similar arguments as in the proof of (ii) of Theorem 1. [J

4. Additional results

Lethe %, ¢ €Fp or §2 and Q, P be given asin (2). For p=oc+it (0, T€R
with & > 0), we define the maximal operator .Z5 Po DY

‘%_571)#)](()6) = Sup |mZ7Q’P7(pf(x)|7
he s

where ‘J)?Z’Q’ Po is the parametric Marcinkiewicz integral operator

=1 h(lyDR() 2di\1/2
gt = ([[|4 [ 1000 4"
haref 0= ([ |5 | = he o Plo( )y
For P(t) = ¢(t) =1, we shall simply denote //ZS_P_(P by .}, . Al-Qassemetal. [1]
showed that .# , is bounded on LP(R") for 2 < p < = if Q € L(log™L)"/?(S"~ 1)U
(U1<r<NB§O’71/ 2)(S”’l)). Recently, the boundedness for Marcinkiewicz integral on
Tribel-Lizorkin spaces and Besov spaces has been investigated by many authors (see
[17, 18, 19, 27, 28] for example). In this paper we shall establish the boundedness and
continuity for maximal operator ///5 P ON the above function spaces.

THEOREM 4. Let P, @, Q be given as in Theorem 2. Then

(1) Q///S’;P(p is bounded and continuous on F;',(R") for all o € (0,1), p € [2,0)
and g € 2p/(p+2),00);

(ii) //lgﬁpﬁqj is bounded and continuous on By, (R") for all o € (0,1), p € [2,0)
and q € (1,00).

Proof. By arguments similar to those used in deriving (33) and (35) in [1], one
can obtain

ME, pof(X) SC(p)Fapef(x) VxeR" (48)
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Observe that

A (AE p o) (X)| < [AE p oy (A )] Vx, & € R (49)

By (48), (49), (47) and (i) of Lemma 2,

108 o iy < € (S 29 ( [ 182cttppli)") ™

& (@)
1
<cH(lezzle( /. 1M g -12)10E) ) X v o0
<cH(le§ZW( /L ,, Fare(dy gnldg)") .

< fllgg, mey

forO<a<1and (1/p,1/q) € Z. Here % is given as in Theorem A. On the other
hand, by (48) and (10), we see that

124 p o f | LRy < CIIFll o (51)

for 2 < p < . From (7), (50) and (51) we see that /ZS_P_(P is bounded on Fpofq(R”) for

o€ (0,1), pe[2,00) and g € (2p/(p+2),°0). One can easily check that
| A p o f = MG p o8l < |HE p o (f—2)] (52)

for arbitrary functions f, g defined on R". Using (50)—(52) and the arguments similar
to those used in deriving (ii) of Theorem 1, we can obtain that ///5 Po is continuous

from FY (R") to F (R") for all o € (0,1), p € [2,00) and g € (2p/(p +2),%).
Observe from (51)—(52) that ///5 Po is bounded and continuous on L”(R") for all
p € [2,00). This together with (7) yields (i) of Theorem 4. (ii) of Theorem 4 follows

from (8), (48)—(49), (51)—(52) and Lemma 5. [

5. Appendix

In this section we give the definitions of several rough kernels we used. Re-
call that the Hardy space H'(S"~!) is the set of all L!(S"~!) functions which satisfy
[ 11 (sn-1) < oo, where

1—72
/SH Q(0)—— a6 (6)|do(w).

|rw — 61"

|y = [, sup

=logr<l

The class L(log™ L)*(S"~!) (for o > 0) denotes the class of all measurable func-
tions Q on S"~! which satisfy

|90z yecsr 1y = [, 1940)]10g7(12(0)] +2)do(6) < .
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The block spaces in R" originated from the work of Taibleson and Weiss on the
convergence of the Fourier series in connection with developments of the real Hardy
spaces. The block spaces on S”~! was introduced by Jiang and Lu [14] in studying the
homogeneous singular integral operators. A g-block on "~ ! isan LI(S"" 1) (1 < ¢ <
o) function b which satisfies supp(b) = I and |||, < |I|'~'/4, where |I| = &(I), and

I={xeS" ' |x—x0| < a} forsome & € (0,1] and xo € S"~'. The block BEIO’V)(S"_I)
is defined by

BYY(S™ ) = {Qel (8" ) Q=Y Aubu, MY ({2u}) < oo},
u=1

where v> —1, 4, € C, by is a g-block supported on a cap I, on S"1 and

oo

My (2uh) = 3 (Al (1410 V(11 ~1).
=

The norm of B,(IO’V) (S"~1) is given by

1920 00 -1y = Ny () = inf (M5 ({2))),

where the infimum is taken over all g-block decompositions of €2.
We notice that the following inclusion relations are valid:

L'(S"") C L(log" L)P (s"™1) € L(log" L)P*(S"™") ¥r>1and 0 < B < Bi;
L(log" L)P (8" ") CH'(S"") VB > 1;
Llog" L)P(S" 1) ¢ H'(S"') ¢ L(log" L)P($"!) YO < B < 1.

U eBP (s vg> Tandv> —1;

r>1

BéO’VZ)(S"*l) - Béo’vl)(S"fl) Vg > 1land v, >vi > —1;

UBM s ¢ (L") w>—1;

g>1 r>1

By (8" C H'(S"!) + L(log" L)' (") Vg > Land v> 1.
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