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ESSENTIAL NORM OF WEIGHTED COMPOSITION OPERATORS
BETWEEN BLOCH-TYPE SPACES IN THE OPEN UNIT BALL

JUNTAO DU AND XIANGLING ZHU

(Communicated by S. Stevic)

Abstract. In this paper, we give an estimation for the essential norm of weighted composition
operators between Bloch-type spaces in the open unit ball of C".

1. Introduction

Let u be a positive continuous function on [0,1). We say that u is normal, if
there exist positive numbers @ and b, 0 <a < b, and § € [0,1) such that (see [25]),

K , Cu)
=) is decreasing on [0,1) and 151} = 0;
_H_ is increasing on [8,1) and lim R =
(1_r>b ’ r—1 (l—r)h

Let B be the open unit ball of C*, H(B) the space of all holomorphic functions
on B. When n =1, B is the open unit disk D of the complex plane and H(D) is
the holomorphic function space on . For z € B, let z = (z1,22,*,2,) and {z/ o
denote a sequence in B. For convenience, all the vectors in the paper will be written as
row vectors, AT and A will be the transpose and conjugate transpose of a matrix or
vector A respectively, both (z,w) and (z,w”) mean the inner product of z and w, that
is, <Z7W> = <Z7WT> = z;f:leW_j.

Let @ be normalon [0,1). An f € H(B) is said to belong to the Bloch-type space
in the open unit ball, denoted by %, (B), or A, for simplicity, if

o(|z))[(V/(z), w)|

I fllz, = 1f(0)]4+  sup < oo,
zeBween {0} v/ (1= [2]2) W] +[(z, w)[?

Here Vf(z) is the gradient of f, that s,

V() = (j—jZ(z),j—i(z),---,j—i(z)).
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46 J. DU AND X. ZHU
The Bloch-type spaces on B are the extensions of the Bloch-type spaces on I and

have different forms of expression which are equivalent, see [33, 37, 38] for example.
In this paper, we will also use the equivalent norm || - ||z, , of %, where

1/, = 1£(0)] +Sg£w(|1|)|Vf(Z)l~

The equivalence of || -
was proved in [34],

#, and |- ||z, , is induced by the following expression, which

|(Vf(2),w)]
ween (0} v/ (1= [z2) w2+ [(z, w)]

2%|Vf(z)\, f€H(B)and z €B. (D)

It is well known that %, is a Banach space with the norm || - ||z, . When 0 <
o < oo and (1) = (1 —1%)*, we get the o-Bloch space (often also called Bloch-type
space), denoted by %% = %% (B). In particular, when (¢) = 1 — 2, we get the Bloch
space, denoted by & = ZA(B). See [33, 40] for more information on the Bloch space
% and the Bloch-type space A, , for example.

Assume u € H(B) and ¢(z) = (¢1(2),92(2),- -+, @a(z)) is a holomorphic self-map
of B. The weighted composition operator uC,, is defined by

uCpf = u(2)f(9(2)), f < H(B).

When u =1, uC, is the composition operator.

It is of some interest to provide function theoretic description of when « and ¢ in-
duce a bounded or compact weighted composition operator on various function spaces.
Recently, there has been a great interest in studying weighted composition operators and
other related product-type operators on Bloch-type spaces and other function spaces on
D,suchas|[1,3,4,5,6,7,9,12, 13,15, 16, 18,20, 21, 22,23,28, 41, 42]. For weighted
composition operators between Bloch type spaces in the polydisc, see [11, 32] for ex-
ample. Composition operators, extended Cesaro operators and other operators between
Py and A, on B were studied in [2, 8, 10, 14, 17, 19, 24, 26, 27, 29, 30, 31, 33, 36,
37, 38, 39], for example.

In [38], Zhang and Xiao studied the boundedness and compactness of uCy, : %, —
Ay . In[37], Zhang and Li gave some other necessary and sufficient conditions of when
uCy : By — B is bounded or compact. In this paper, we investigate the essential norm
of the operator uCy : %y — % . Recall that the essential norm of 7' : X — Y, denoted
by ||T|lex—y . is defined by

| T||ex—y =inf{||T — K||x—y : K is a compact operator from X to Y } .

Constants are denoted by C, they are positive and may differ from one occurrence
to the next. We say that A < B if there exists a constant C such that A < CB. The
symbol A ~ B means that A S B SA.
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2. Auxiliary results

In this section, we give some auxiliary results which will be used in proving the
main result of this paper. They are incorporated in the lemmas which follow.

LEMMA 1. [38, Lemma 2.3] Suppose W is normal on [0,1). Then there exists
Ww. € H(D), such that

(i) forany t € [0,1), p.(tr) € RY, and w.(t) is increasing on [0,1);
(ii) forall z€ D, |p.(z)] < p([2]);

(iii) 0< inf pu(t)p.(r) < sup W(f)p(t) < oo;
t€[0,1) r€f0,1)

(iv) forall z= (21,22, ,20) € B and 0 <r < 1, u(lzl)|ui(rz1)] S -

In the rest of the paper, we will always use (. to denote the analytic function
related to pu in Lemma 1.
To study the compactness, we need the following lemma.

LEMMA 2. [35, Lemma 2.10] Suppose that @ and y are normal on [0,1). If
T : By — By is linear and bounded, then T is compact if and only if whenever { fi.}
is bounded in %), and fi — 0 uniformly on compact subsets of B, klim T fxll 2, = 0.

LEMMA 3. [5, Lemma 2] Suppose U is normal on [0,1). Then the following
statements hold.

(i) There exists a 6 € (0,1), such that U is decreasing on [0,1), linll,u(t) =0.
11—

(ii) Fix a>1, B €(0,1). Whent € (0,1),s € (B,1),

1 1 s 1
1)~ u® %—,/ —dt%/ ——dt.
HOSRE= 0@ oy w0 o w
(iti) Forany z€D, |5 p(n)dn| < Jy" wa()de. 1f [n] < |zl, sl (m)] S 1.
LEMMA 4. [38, Lemmas 2.2] Suppose  is normal and f € 2,,. Then

@IS (1 [ ) 115

The following lemma is something which should be known to experts, but we give
a proof of it for the benefit of the reader.
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LEMMA 5. Suppose  is normal, 0<r,s <1 and f € H(B). Then, forall |z| <s,

VO < o max Q)] and [£(2) ~ fr0)] < ")

TS k<t I=s ety

Proof. Set z=(z1,22,-*+,2x) € B such that |z| <s. Fori=1,2,---,n,let I';; =
{neb;n—z|=1}, and

2’(Zaifrl) = (Zla"'7Zi717nvzl‘+l7"'7zn)7n S rz,i~

Since f € H(B), 3—5 € H(B). Taking f as a one complex variable function about the
i-th component of z, by Cauchy’s integral formula, we have

Gl A (el

1
w(l—y)
2

max |f(z)]-

L=spcty

2w 1—s . .
/ Fziszi+ = e))e 0o
0

<

Here we use the change 1 = z; + %eie(o < 0 < 2r). Then,

IO < 1 mas )
When |z| <s,
14 1
@ -sal = | [ Ll = | [w ). a
< 1=nsup 9 < T ma 1)

The proof is complete. [

3. Main result and proof

For simplicity, let J@(z) denote the Jacobian matrix of @, that is

Therefore
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and
2 a(nol i a_(p2 Z a(pn r
3Zk e i—1 sz
Here u = (uy,up,---,uy,) is a row vector as we stipulated in the introduction.

THEOREM 1. Suppose [, @ are normal, u € H(B) and ¢ is a holomorphic self-
map of B such that uCy : By — B is bounded. Then the following statements hold.

(i) When [y isdt < oo,

|uCoplle., 2, ~ limsup sup M (z,w).
[@(z)|—1weCn\ {0}

(ii) When [y pdi =

|uCoplle., 2, ~limsup sup M (z,w)+ limsup M (z).

| (z)|—1weCm\{0} [o(z)|—1
Here
oD@ [ (- e@P)IeEw 4+ (0().JoEw ) *
M=) == Te@D { (1= PP+ e } ’
and

Ma(2) = a((el) V() (1+/ )

Proof. In [38], Zhang and Xiao proved that uCy : %, — %, is bounded if and
only if

sup  Mi(z,w) <e and supM;(z) < oe. 2)
z€B,weC"\{0} z€B

Since 1 € %, we have u € %. By (1), Lemmas 1 and 4, we get

o()lut@) S () + [ oo, 0at) Iy < lullay @)
By — By *
Forall ke N, ,let pp =1— k% and f € %, . By Lemma 4, we have
(oo )O) = (0) 1 pr0(0)) @

~ || f1,- (5)

< 1u(0) (1 +/0"P(O)l ﬁdr)

From Lemma 4 and (3), we get

O(|2) IV (4Cpyp /) Q)| < |2, £ (00 ()] + @D @) IV (F (00| (©)
Pk dt 1
§f||,%uu%<1+ / M*@)' o
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By (5) and (7), uCp, ¢ : By — P is bounded for each k € N. By (3), (4), (6), Lemmas
2and 5, uCp, is compact for each k € N.
Forany f € % such that [|f|[z, <1, let

8k.r(2) = f(2) — f(pr2).

Then ||g,fl[#,, < 1. Since f is uniformly continuous on the compact subsets of D,
{gk.r} converges to 0 uniformly on compact subsets of B. After a calculation, we have

- [o(z)]
50 (0(0)] = ' | :<<Vf><np<z>>,<p<z>>dt' <[ . ®)

Then,
lim sup [u(0)||gk,r(¢(0))] = 0. )

k= fll g, <1
Fix s € (0,1). After a calculation and by (8),
o (|2)[(V(uCopr.r) (2), )|
V(=[P +[(zw)
(O(IZ\)KW(Z)»WH\gk.,f(qo(Z))l+w(\ZI)\M(Z)|\<(ngf)( ¢(2))J¢(z),w)|
V(=[P W +[(zw) V(=[P WP+ [(zw)?
§u%/p"’( a1 Mi(z,w) (|92 D((Vers) (9(2), Jo(@)nT) |

(10)

~

—d 11
o) (1) t+\/(1—\<P()\ oW P+ (o), Jo(2)wh)[? oy
1

[o(z)]
<l [ it + Ma(ew) g3, (12)
pilo() (1)

When |¢(z)] < s, by Lemma 5 and (8), we have

2n 2n L
V(g0 (9(2))] < max [g ()| < max / MO
f L—s < iy ! L= nj< g Jpen| 1 (2)

So, when |@(z)| <'s,

1@ 1(Vers(9(2), Joz)w)]
VI =lo@P)ew >+ (o), Jo(wT)?
u(le@DIVigk)(@@)IVe@w | _ u(e@DIV(sis) ()]

VI=loE)IPVe)w| I=lo()P

1
< C(u,s) max/ ——dt. (13)
i< Jpen) 1 (1)

Since fo ma dn is uniformly continuous on [0, (14 s)/2], by (2), (11) and (13),
we get

lim sup  sup o (l2D[(V(Cosis) ). W) _ o (14)

Nl Jofglze V(L= R)WE [z w)
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When fol ﬁdl < oo, fé ﬁdn is uniformly continuous on [0,1). By (9), (12)
and (14),

Huc(p He,,%’u—»%’w < lim sup ||uC(P - uCPkKP ||%’u~>%w

k—

= limsup sup |[(uCy)gx r
k—eo || f]lz, <1

Bo

o(|z))(V(uCpgi r)(2),w)|
ween {0y v/ (1= [2[2)[w]? + [(z, w)?

< limsup sup sup sup My (z,w)||gk s
k—eo | fllz, <1s<|p(z)|<1weC™\{0}

< sup sup My (z,w). (15)
s<|p(z)|<1weC\{0}

< limsup  sup ( sup + sup )

k—eo | flz, <1 \lp()<s  s<|o(z)|<1

Bu

By letting s — 1, we have

[uColle. 2,2, < limsup  sup M (z,w).
lp(2)| =1 weC\{0}

Next we discuss the case of fol ﬁdr =oo. If |@(z)| > s, by (1), (10), part of (12)
and Lemma 4, we have
o(|z)[(V(Cogkr)(z), W)|
weer\(0} /(1= [2[?) W] +[{z,w)[?
SMa(2)l|guyllz, + sup Mi(z,w)lges
weCm\ {0}

|- (16)

Similar to (15), by (8), (9), (14) and (16), we have

[uColle,.y—20 < sup  Ma(z)+ sup  sup Mi(z,w).
s<|p(z)|<1 s<|o(z)|<1weC"\{0}

By letting s — 1, we get

|uColle.,—, S limsupMa(z) +limsup  sup  Mi(z,w).
lp(2)|—1 lp(2)|—1weCm\{0}

The lower estimate of ||uCy||, %, .2,. For arbitrary € > 0, there are {1, CcB
and {w*}7_, C C"\ {0} such that

re= o) — lask — oo,
and

lim M; (5, wk) > limsup sup M (z,w) — €. (17)
ke |p(z)|—1weC\{0}

Without loss of generality, suppose 1 — ﬁ <re < 1and Jo()(WA)T £0.
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Let ¢; = (1,0,---,0). There is a unitary transformation Uy satisfying ¢(z*) =
ree1Uy. Assume {fi} C By and gi(z) = fi(zU). Then

|2l = [2Uf| = |20k, Var(z) = (VA U U = (V1) U Tk (18)
Since z € C is a row vector, we have
U" | = 10T = 20| = I2].
Therefore,
o) (W) = [T o) (W), (19)
and

V(g0 9)(2) = (Vi) (9(Z)To(Z) = (V) (oYU T o)
(V) (reertU U TI 9(2) = (Vfio) (ree)) Ul 9(2). (20)

Let
= (05,0 = Tl o(2) ("))
By (19), (20) and ¢@(z*) = rye Uy, we have

O (|)|u()]1(V (g 0 9) (), w5)]
V(= [P WA + [ (2, wh) 2

ok BV (g0 @) (), WD)
o PP e o2 EICORlE
) D) e R0l ). (7))

V(1=

?
ZMl(Zk,Wk) »u(rk):é

V(1 =]r

There exists {fi} C %, satisfying the following conditions (we will give an example
later).

Vi) (reer), Vb))
VK2 + [ (reer, vE) [

21

(
NUT @) (WO 2 + | (reer Ui, J o () (W) T) 2
(
)

@ [lfillz, S1

(b) {fx(z)} converges to 0 uniformly on compact subsets of B;

(©)

w(r) (V) (reen) V)| I

bl

liminf 2
ke /(1= [P VR + [ (e, vF) 2

(d) kliig‘fk(rkel)‘ =0.
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By (18), {gx} also satisfies (a) and (b).
Suppose K : By — Py is compact. By Lemma 2, ]}im |Kgk||, = 0. Letting

k — oo, by

(|2 |u(@) [ {(V(gk 0 9)) (), wh)|
V(L= 2) W2+ (5, wh) [2

and (21), (¢) and (d) , we have

1(uCo—K)gil| 2, > ~lge(@ () ull 2, | Kexll 2,

limsup ||(uCyp — K) > limsup M, (&, w"). (22)

—>00 k—c0

Because K is arbitrary and |[g[|, S 1,

HMC§0||€7=Z;1_’J3w ~ hmsule (Z Wk)

—»00

Since € is arbitrary and (17), we have

[uColle. 2,2, Z limsup  sup M (z,w). (23)
lp(2)| =1 weC\{0}

When [ ﬁdt =oco. Let {z*} be an arbitrary sequence in % such that r; =
|@(zx)] — 1 as k — oo and

2

1 (z,0(z)
(@) = ———— [ w(man ) .
of ba(r)dr \7°

Then from the assumption, and by Lemmas 1 and 3, h; converges to 0 uniformly on
compact subsets of B. After a calculation, we have

k (@)
thw( [ u*(n)dn> (0 @.0@. o).
i \P

Since |(z, ()| < |z]|@(z*)| = rx|z|, by (1), Lemmas 1 and 3, we have

el s, = ell s, = sup (|2 Vi (2)] < sup 2 UDH=(2D) dn‘
zeB z€B f ,LL
and
oo (Vi () p(2). )]
Vo) o o VAP WP+ [T
) 21 P) | (9 ). T W)
weomioy /L FPIWE T 1w P
oy {(1—w(zk>|2>|1<p<§k2>wT|§+|<<i<z’<>,zf<p<zk>wT>2}%_
b NPT QR
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Then, by fol ﬁ = oo, we obtain
[uCphil| 1 = (|2 Vi) |l (@(2))] — 0 (|12 ()| (B0 9) (1))

. i, [lOEP .
20DV [ wdi= sup m
weCn

> My ()~ sup Mi(Z,w).
weCn\ {0}

If K : %y — B is compact, by Lemma 2, limy_., | K/

B, = 0. Then

[uCp — K

Futo 2 | (UCp — )i, 2 Ma(2) = sup My (2, w) — || Khil| 5,

weCn\{0}
Letting k — oo, we get

|uCp — K| 2, — %, > limsupM, (zX) —limsup sup My (5, w).
k—oo k—oo  weCm\{0}
By (23), since {zk} is an arbitrary sequence and K is an arbitrary compact operator,
we have
HL‘C§0||E,=@;1—>35’¢0 z limsupMz(z).
lo(z)|—1
Finally, we give an example of {f;} satisfying (a)-(d).

Suppose [, ﬁdr < oo. When \/(1 — ) (VA2 4 [VE2) < A, Tet

1 [ 1 [ra
fi(2) = —/ p(mdn — — p(m)dn.
Tt JO e Jo

When \/(1 — ) (W52 - E2) = V], let Of = argvh(j=2,3,---,n) and

@) = (e %+ e i%z,),/1— rep (rez1)-

If \/(1 —r2) (VA2 + -+ |vE[2) < V%], by Lemma 1 we have

u(lzDIVAi)I <1, (24)
and forall |z| <r<1,
1 [ 1 1) /@ 1
i@l =]— [~ w(mdn—{z—— e (m)dn | <2(1=r” )pa(r).  (25)
Tk Jriz e Tk 0

Froml—k%<1—ﬁ<rk<l,weget

ko k J
2r,§>2(1—ﬁ11) :(k+1)<1—(1—ﬁ11)“1)e+w, as k — oo,
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Since p is normal, we have a > 0 such that i (i))a is decreasing on [8,1). Then, by

Lemma 1, we have

w(ry)

() = o (=

(A )u*(r',;“)gil 0, ask— oo

a (,1:11; (1= (Ziorp)
Therefore, by Lemmas 1 and 3, we obtain
() (e () = (1) 2 1.
Since \/(1 — ) (A2 4+ [VK|2) < VK|, we have
RNV rre) A o) — (D) - o
V(U= [P)VEP + [ (reer VE) 2 V2] -
By folﬁdt<oo and l—ﬁ <rp <1 ,we obtain
rk+1
L (reer) / 1. (n)dn — 1. (£)di — 0, as k — oo. @7

Then we discuss the case of \/(l — ) (VA2 + -+ VE[2) = K| Since |z )* +
2|2+ -+ |za|* < 1, we have |zj| < \/1 —|z1|? when j=2,---,n. By Lemma I,

12DV ()| < /1= rgn(lz) (rkui(rkm) i |2l + (n— l)u*(rkm))

j_
(n—1)r, \/1—|21|2\/1—rk >
< F-1)/1-R2 <1 (28)
l—|r]<Zl‘
For all |z] < r <1, we have
[fi(2)] < (n=1)\/1 = rgu(r). (29)

Since \/(l—r,%)(\v’§|2+---+\v’,j\2) VK|, by Lemma 3, we obtain

LNV e B L= R R (A 4+ )

_ k|2 k\ 2
V= [ P)VER 4 [ {reer, vF)| \/(1_r,z>(|v§\2+---+\vfg|2>+\v';\2

> .ll(rkz%*(r/%) >,

(30)

Obviously,
Ji(reer) =0. (3D
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From (24) and (28), (a) holds. Since 1 — ﬁ <r, <1, we get ]}im(l — r,%) =0

k—1
1
: k—1 : _
Jim (1=, ><,}£2<1—(1—ﬁ) )-0-

Then, by (25) and (29), (b) holds. From (26) and (30), we get (c). Using (27) and (31),
we see that (d) is true.

Suppose [, ﬁdr = co. When \/(1 — ) (DA 4+ VE2) < K], Tet

and

Iy T 2
SO (m)dn | %"(Z‘) w.(n)dn

2

2
JoF o)

filz) =

When \/(1 — ) (W52 4 E2) = V], let OF = argvh(j=2,3,---,n) and

—i6,

ok k
filz) = (e71%z +...e70z,) 1 — r2p(rezy).

If \/(1 —r2) (VA2 + -+ |vk[2) < %[, by Lemmas 1 and 3, we have

r 2
H(DIVAG) S 1. sup Lf(a)] < 2o e 32)
l<l<r Jo! m(r)dt
and
BV e B () b . (3)

— 2\ k|2 k\ |2
V=[P + [ (reer, v | \/(1_r,3>(|v§\2+---+\vfg|2)+\v';\2

2 3
. Tkt (r) s (1)

>
SRz (33)

If \/(1 — ) (VA2 + -+ [vE[2) > |WA], (28), (29) and (30) also hold. By (28) and (32),
(a) holds. Using (29) and (32), (b) satisfied. From (30) and (33), we see that (c) is true.
Ji(rre1) = 0 is obvious, thus (d) holds. The proof is complete. [
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