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ON MULTILINEAR COMMUTATORS OF MARCINKIEWICZ INTEGRALS

IN VARIABLE EXPONENT LEBESGUE AND HERZ TYPE SPACES

LIWEI WANG AND LISHENG SHU

(Communicated by I. Perić)

Abstract. Based on some pointwise estimates, we establish the boundedness of multilinear com-
mutators of Marcinkiewicz integrals in variable exponent Lebesgue spaces, which in turn are
used to obtain some boundedness results for such operators in variable exponent Herz and Herz-
Morrey spaces. Further, we consider the boundedness in variable exponent Herz-type Hardy
spaces applying the atomic decomposition and generalization of the BMO norms.

1. Introduction

Suppose that Sn−1 is the unit sphere in Rn (n � 2) equipped with the normalized
Lebesgue measure dσ(x′) . Let Ω ∈ L1(Sn−1) be homogeneous of degree zero and
satisfy ∫

Sn−1
Ω(x′)dσ(x′) = 0, (1)

where x′ = x/|x| for any x �= 0.
Stein in [41] introduced the n -dimensional Marcinkiewicz integral operator

μΩ( f )(x) =
(∫ ∞

0
|FΩ,t( f )(x)|2 dt

t3

) 1
2

,

where

FΩ,t( f )(x) =
∫
|x−y|�t

Ω(x− y)
|x− y|n−1 f (y)dy.

Moreover, he proved that if Ω satisfies a Lipγ (0 < γ � 1) condition on Sn−1 , i.e. ,

|Ω(x′)−Ω(y′)| � C|x′ − y′|γ , x′,y′ ∈ S
n−1, (2)
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then μΩ is of type (p, p) for 1 < p � 2 and of weak type (1,1) . Benedek, Calderón
and Panzone in [2] showed that μΩ is of type (p, p) for 1 < p < ∞ provided that
Ω is continuously differentiable in x �= 0. Subsequently, Torchinsky, Ding etc. made
important progress on this operator, see [9, 10, 23, 24, 25, 26, 27, 28, 29, 43] for its
recent development.

A locally integrable function b is said to be a BMO function, if it satisfies

‖b‖∗ := sup
x∈Rn,r>0

1
|B|
∫

B
|b(y)−bB|dy < ∞,

where and in the sequel B is ball centered at x and radius of r , bB = 1
|B|
∫
B b(t)dt and

‖b‖∗ is the norm in BMO(Rn). For b ∈ BMO(Rn) , [b,μΩ] , the commutator of the
Marcinkiewicz integral operator, is then defined by

μΩ,b( f ) = [b,μΩ] f := bμΩ( f )− μΩ(b f ).

Torchinsky and Wang [43] showed that for 1 < p < ∞ , [b,μΩ] : Lp(ω) → Lp(ω) if
Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and ω is a weight in the Muckenhoupt Ap class (see [13]
for the definition).

Given a vector �b = (b1,b2, . . . ,bm) , where b′js are suitable functions. Motivated
by the work of Pérez and Trujillo-González [37] on multilinear operators, we define the
multilinear commutators of the Marcinkiewicz integrals by

μΩ,�b( f )(x) =

(∫ ∞

0

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f (y)dy

∣∣∣∣
2 dt
t3

) 1
2

, (3)

where m ∈ N . Clearly, if m = 1 and bi = b , then the operators μΩ,�b coincide with the

commutator [b,μΩ] . In the case of Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and bi ∈ BMO(Rn) ,
Zhang in [51] proved that μΩ,�b are bounded on Lp(ω) for 1 < p < ∞ when ω ∈ Ap

and established a weighted weak L(logL)-type estimate when p = 1 and ω ∈ A1 . We
refer to [14, 34] for an extensive study of multilinear operators.

In recent years, following the fundamental work of Kováčik and Rákosnı́k [21],
function spaces with variable exponent have attracted a great attention in connection
with problems of the boundedness of classical operators (such as maximal, potential
and Calderón-Zygmund operators etc.) on those spaces, which in turn were motivated
by the treatment of recent problems in fluid dynamics, image restoration and PDE with
non-standard growth conditions, see for instance [3, 7, 15, 39, 48, 49, 50, 52].

Unfortunately the variable exponent Lebesgue spaces Lp(·)(Rn) and the classical
cases have some undesired properties. For example, the variable Lp(·)(Rn) spaces are
not translation invariant. As a consequence, the variable exponent Lebesgue spaces
are not rearrangement invariant Banach spaces, and so neither good-λ techniques nor
rearrangement inequalities may be applied for a generalization of some standard results
in classical Lebesgue spaces to the case of Lp(·)(Rn) , see [5, 8] for futher details.

Karlovich and Lerner in [20] proved that [b,T ] , the commutator of a standard
Calderón-Zygmund singular integral operator T and a BMO function b , is bounded
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on Lp(·)(Rn) , which improves a celebrated result by Coifman, Rochberg and Weiss in
[4]. Recently, Xu [47] made a futher step and showed that the multilinear commutators
with vector symbol �b = (b1,b2, . . . ,bm) as defined by Pérez and Trujillo-González in
[37] enjoy the same Lp(·)(Rn) estimates when bi ∈ BMO(Rn) , i = 1,2, . . . ,m . These
results inspire us to ask whether the multilinear operators μΩ,�b have the similar map-

ping properties in variable exponent Lp(·)(Rn) spaces? Our first result (see Theorem 1
below) will give an affirmative answer to this question.

Herz spaces K̇α ,q
p (Rn) and Kα ,q

p (Rn) (see [32] for the definition) have been play-
ing a central role in harmonic analysis and PDE. For instance, they are good substitutes
of the ordinary Hardy spaces when considering the boundedness of non-translation in-
variant singular integral operators, they also appear in the characterization of multiplier
on Hardy spaces and in the regularity theory for elliptic and parabolic equations in di-
vergence form, see [32, 38]. The generalized Herz spaces K̇α ,q

p(·)(R
n) and Kα ,q

p(·)(R
n)

with variable exponent p(·) were recently studied by Izuki [16, 17]. Simultaneously,
he has given some basic lemmas on generalization of the BMO norms to get the bound-
edness of classical operators and their commutators on such spaces. For the time being,
the theory of variable Herz spaces and their generalization spaces (e.g. variable Herz-
Morrey spaces MK̇α ,λ

q,p(·)(R
n) as studied in [19]) are widely developed, one can consult

[1, 12, 33, 40] for its development and applications.
On the other hand, the variable exponent Herz-type Hardy spaces, as well as their

atomic decomposition characterizations, have been intensively studied by a significant
number of authors [12, 45]. Using these decompositions, they also established the
boundedness results for some singular integrals on such spaces.

Motivated by the results mentioned above, another purpose of this article is to
prove the boundedness of the operators μΩ,�b in variable exponent Herz-type spaces,
which includes variable exponentHerz, Herz-Morrey and the atomic Herz-Hardy spaces.

We usually denote cubes in Rn by Q , |Q| is the Lebesgue measure of Q . χE is
a characteristic function of a measurable set E ⊂ Rn . Let Bl = {x ∈ Rn : |x| � 2l}(l ∈
Z) and B := B(x,r) = {y ∈ R

n : |x− y| < r} . fB means the integral average of f
on B , namely, fB = 1

|B|
∫
B f (x)dx . p′(·) denotes the conjugate exponent defined by

1/p(·)+1/p′(·) = 1. By S ′(Rn) we denote the space of tempered distributions. For
x ∈ R , we denote by [x] the largest integer less than or equal to x . The letter C stands
for a positive constant, which may vary from line to line. The expression f � g means
that f � Cg , and f ≈ g means f � g � f .

2. Preliminaries and lemmas

We begin with a brief and necessarily incomplete review of the variable exponent
Lebesgue spaces Lp(·)(Rn) , see [5, 8] for more information.

Let p(·) : Rn → [1,∞) be a measurable function. We assume that

1 � p− � p(x) � p+ < ∞,



80 L. WANG AND L. SHU

where and in the sequel

p− := ess infx∈Rn p(x), p+ := ess supx∈Rn p(x).

By Lp(·)(Rn) we denote the set of all measurable functions f on Rn such that

ρp(·)( f ) :=
∫

Rn
| f (x)|p(x)dx < ∞.

This is a Banach space with respect to the Luxemburg-Nakano norm

‖ f‖Lp(·)(Rn) = inf{μ > 0 : ρp(·)( f/μ) � 1}.
Obviously, this norm has the following property

‖| f |ν‖Lp(·)(Rn) = ‖ f‖ν
Lν p(·)(Rn), ν � 1/p−.

Given an open set Ω ⊂ Rn , the space Lp(·)
loc (Ω) is defined by

Lp(·)
loc (Ω) = { f : f ∈ Lp(·)(K) for all compact subsets K ⊂ Ω}.

For simplicity, we use the notation

P(Rn) := {p(·) : p− > 1 and p+ < ∞}
and

B(Rn) := {p(·) ∈ P(Rn) : M is bounded on Lp(·)(Rn)},
where M is the Hardy-Littlewood maximal operator defined by

M f (x) = sup
Q	x

1
|Q|

∫
Q
| f (y)|dy.

We say a measurable function φ : Rn → [1,∞) is globally log-Hölder continuous
if it satisfies

|φ(x)−φ(y)| � −C
log(|x− y|) , |x− y|� 1/2, , (4)

|φ(x)−φ(y)| � C
log(e+ |x|) , |y| � |x|, (5)

for any x,y ∈ Rn . The set of p(·) satisfying (4) and (5) is denoted by LH(Rn) . It
is well-known that if p(·) ∈ P(Rn)

⋂
LH(Rn) , then the Hardy-Littlewood maximal

operator M is bounded on Lp(·)(Rn) , thus we have p(·) ∈ B(Rn) , see [6, 35].
When p(·) ∈ P(Rn) , f ∈ Lp(·)(Rn) and g ∈ Lp′(·)(Rn) , the generalized Hölder

inequality holds in the form∫
Rn

| f (x)g(x)|dx � rp‖ f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn), (6)

with rp = 1+1/p−−1/p+ , see [21, Theorem 2.1].
The following Lemmas 1 and 2 are due to Izuki [18, Page 203].
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LEMMA 1. Suppose p(·) ∈ B(Rn) , then we have

1
|B|‖χB‖Lp(·)(Rn)‖χB‖Lp′(·)(Rn) � C.

LEMMA 2. Suppose p(·) ∈ B(Rn) , then we have for all measurable subsets E ⊂
B,

‖χE‖Lp(·)(Rn)

‖χB‖Lp(·)(Rn)
� C

( |E|
|B|
)δ1

,
‖χE‖Lp′(·)(Rn)

‖χB‖Lp′(·)(Rn)
� C

( |E|
|B|
)δ2

,

where δ1,δ2 are constants with 0 < δ1,δ2 < 1 .

REMARK 1. We would like to stress that everywhere below the constants δ1 and
δ2 are always the same as in Lemma 2.

LEMMA 3. Suppose pi(·), p(·) ∈ P(Rn) , i = 1,2, . . . ,m, so that

1
p(x)

=
m

∑
i=1

1
pi(x)

,

where m ∈ N . Then for all fi ∈ Lpi(·)(Rn) , we have∥∥∥∥ m

∏
i=1

fi

∥∥∥∥
Lp(·)(Rn)

� C
m

∏
i=1

‖ fi‖Lpi(·)(Rn).

LEMMA 4. Suppose p(·) ∈ LH(Rn) and 0 < p− � p(x) � p+ < ∞ .
(i) For all balls (or cubes) |B| � 2n and any x ∈ B, we have

‖χB‖Lp(·)(Rn) ≈ |B|1/p(x).

(ii) For all balls (or cubes) |B| � 1 , we have

‖χB‖Lp(·)(Rn) ≈ |B|1/p∞,

where p∞ := limx→∞ p(x).

The proofs of Lemmas 3 and 4 can be found in [5] and [8], respectively. Combin-
ing Lemma 3, Lemma 4 and Lemma 3 in [18, Page 464], a simple computation shows
that

LEMMA 5. Suppose p(·) ∈B(Rn) , bi ∈ BMO(Rn) , i = 1,2, . . . ,m, k > j (k, j ∈
N) , then we have

sup
B⊂Rn

1
‖χB‖Lp(·)(Rn)

∥∥∥∥ m

∏
i=1

(bi − (bi)B)χB

∥∥∥∥
Lp(·)(Rn)

≈

m

∏
i=1

‖bi‖∗

and ∥∥∥∥ m

∏
i=1

(bi − (bi)Bj)χBk

∥∥∥∥
Lp(·)(Rn)

� C(k− j)m
m

∏
i=1

‖bi‖∗‖χBk‖Lp(·)(Rn).
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REMARK 2. We remark that Lemma 5 is a generalization of the well known prop-
erties for BMO(Rn) spaces (see [42]), and is also a generalized version of Izuki’s result
in [17, Page 204].

3. Boundedness on variable exponent Lebesgue spaces

We first recall the duality and density in variable exponent Lebesgue spaces Lp(·)(Rn) ,
and some pointwise estimates for sharp maximal functions.

For p(·) ∈ P(Rn) , the spaces Lp(·)(Rn) can be endowed with the Orlicz type
norm

‖ f‖0
Lp(·)(Rn) := sup

{∫
Rn

| f (x)g(x)|dx : g ∈ Lp′(·)(Rn), ‖g‖Lp′(·)(Rn) � 1

}
.

This norm, as pointed out in [21], is equivalent to the Luxemburg-Nakano norm, that is

‖ f‖Lp(·)(Rn) � ‖ f‖0
Lp(·)(Rn) � rp‖ f‖Lp(·)(Rn), (7)

where rp = 1+1/p−−1/p+ .
By L∞

c we denote the set of all bounded functions f with compact support. From
[21, Theorem 2.11] (see also [20, Lemma 2.2]), we get the following.

LEMMA 6. Suppose p(·)∈P(Rn) , then L∞
c is dense in Lp(·)(Rn) and in Lp′(·)(Rn) .

For δ > 0 and f ∈ L1
loc(R

n) , we define

Mδ ( f )(x) = M(| f |δ )1/δ (x) =
(

sup
Q	x

1
|Q|

∫
Q
| f (y)|δ dy

)1/δ
.

Given a function f ∈ Lδ
loc(R

n) , set also

f �
δ (x) = sup

Q	x
inf
c∈R

(
1
|Q|

∫
Q
| f (y)− c|δ dy

)1/δ
,

where the supremums are taken over all cubes Q ⊂ Rn containing x .
The non-increasing rearrangement of a measurable function f on Rn is defined as

f ∗(s) := inf

{
σ > 0 : |{t ∈ R

n : | f (t)| > σ}| � s

}
, s > 0,

and for a fixed λ ∈ (0,1) , the local sharp maximal function M�
λ f is given by

M�
λ ( f )(x) = sup

Q	x
inf
c∈R

(( f − c)χQ)∗(λ |Q|).

The next lemma is due to [20, Proposition 2.3].
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LEMMA 7. Suppose λ ∈ (0,1) , δ > 0 and f ∈ Lδ
loc(R

n) , then we have

M�
λ ( f )(x) � (1/λ )1/δ f �

δ (x), x ∈ R
n.

A function Φ defined on [0,∞) is said to be a Young function, if Φ is a con-
tinuous, nonnegative, strictly increasing and convex function with limt→0+ Φ(t)/t =
limt→0+ t/Φ(t) = 0. We define the Φ-average of a function f over a cube Q by

‖ f‖Φ,Q = inf

{
λ > 0 :

1
|Q|

∫
Q

Φ
( | f (y)|

λ

)
dy � 1

}
.

Associated to this Φ-average, we define the maximal operator MΦ by

MΦ( f )(x) := sup
Q	x

‖ f‖Φ,Q.

When Φ(t) = tlogr(e+ t) (r � 1) , we denote MΦ by ML(logL)r . It is well-known that if
m ∈ N , then ML(logL)m ≈ Mm+1 , the m+1 iterations of the Hardy-Littlewood maximal
operator M , see [36, Page 179].

Ding, Lu and Zhang [11] established the following pointwise estimates for the
sharp function of μΩ , which generalizes the ones obtained by Torchinsky and Wang
[43].

LEMMA 8. Let 0 < δ < 1 and f , μΩ( f ) be both locally integrable. Then there
exsits a positive constant C , independet of f and x , such that

(μΩ( f ))�δ (x) � CM f (x), x ∈ R
n.

For the multilinear commutators μΩ,�b , there holds a similar piontwise estimate.
To state it, we first introduce some notations.

As in [37], given any positive integer m , for all 1 � j � m , we denote by Cm
j the

family of all finite subset σ = {σ(1),σ(2), . . . ,σ( j)} of {1,2, . . . ,m} of j different
elements. For any σ ∈ Cm

j , we associate the complementary sequence σ ′ given by
σ ′ = {1,2, . . . ,m}\σ .

Suppose�b = (b1,b2, . . . ,bm) and σ = {σ(1),σ(2), . . . ,σ( j)} ∈Cm
j . Denote�bσ =

{bσ(1),bσ(2), . . . ,bσ( j)} , bσ = bσ(1)bσ(2) · · ·bσ( j) and ‖bσ‖ = ∏ j∈σ ‖b‖∗ . In the case

σ = {1,2, . . . ,m} , we denote ‖bσ‖ by ‖�b‖ .
For any σ = {σ(1),σ(2), . . . ,σ( j)} ∈Cm

j , we define

μΩ,�bσ
( f )(x) =

(∫ ∞

0

∣∣∣∣
∫
|x−y|�t

j

∏
i=1

(bσ(i)(x)−bσ(i)(y))
Ω(x− y)
|x− y|n−1 f (y)dy

∣∣∣∣
2 dt
t3

) 1
2

.

If σ = {1,2, . . . ,m} , then we understand μΩ,�bσ
= μΩ,�b and μΩ,�bσ ′ = μΩ .

We now mention an immediate consequence of Proposition 2.4 in [51].
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LEMMA 9. Suppose Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and 0 < δ < ε < 1 . Let μΩ,�b
be as in (3). Then for any f ∈ L∞

c , there exists a constant C > 0 , depending only on δ
and ε , such that

(μΩ,�b f )�δ (x) � C

{
‖�b‖ML(logL)m f (x)+

m

∑
j=1

∑
σ∈Cm

j

‖bσ‖Mε(μΩ,�bσ ′ f )(x)
}

.

We also need the following result from Lerner [22, Theorem 1].

LEMMA 10. Suppose g ∈ L1
loc(R

n) and let f be a measurable function with
f ∗(+∞) = 0 , then ∫

Rn
| f (x)g(x)|dx � cn

∫
Rn

M�
λn

f (x)Mg(x)dx,

where constants cn , λn depend only on dimension n.

We now state the main result of this section.

THEOREM 1. Suppose Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and let p(·) ∈ B(Rn) , �b =
(b1,b2, . . . ,bm) and bi ∈ BMO(Rn) , i = 1,2, . . . ,m. Then the multilinear commutators
μΩ,�b as in (3) are bounded on Lp(·)(Rn) .

REMARK 3. Clearly, this result is a generalized version of [44, Theorem 1]. How-
ever, it should be pointed that in the proof of Theorem 1 we use some ideas from [20]
and [47].

Proof of Theorem 1. Let f ∈ L∞
c and g∈ Lp′(·)(Rn)⊂ L1

loc(R
n) . We show Theorem

1 by indction on m . For m = 1, the same argument as in [44, Page 1098] gives

‖μΩ,b f‖Lp(·)(Rn) � ‖μΩ,b f‖0
Lp(·)(Rn) � C‖ f‖Lp(·)(Rn).

Suppose now that the Theorem 1 is true for m− 1. We will show that it is true
for m . By Theorem 1.4 in [51, Page 1389], μΩ,�b satisfies the conditions of Lemmas 9.
Thus, from Lemmas 9, 7, 8 and the generalized Hölder inequality (6), it follows that∫

Rn
|(μΩ,�b f )(x)g(x)|dx � C

∫
Rn

M�
λn

(μΩ,�b f )(x)Mg(x)dx

� C
∫

Rn
(μΩ,�b f )�δ (x)Mg(x)dx

� C
∫

Rn

{
‖�b‖ML(logL)m f (x)+

m

∑
j=1

∑
σ∈Cm

j

‖bσ‖Mε(μΩ,�bσ ′ f )(x)
}

Mg(x)dx

� C
∫

Rn

{
‖�b‖ML(logL)m f (x)+

m

∑
j=1

∑
σ∈Cm

j

‖bσ‖ML(logL)m− j f (x)
}

Mg(x)dx

� C
m

∏
j=1

‖b‖∗
∫

Rn

m

∑
j=1

ML(logL)m− j f (x)Mg(x)dx

� C‖ f‖Lp(·)(Rn)‖g‖Lp′(·)(Rn).

(8)
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Combining (8) and (7), we get that

‖μΩ,�b f‖Lp(·)(Rn) � ‖μΩ,�b f‖0
Lp(·)(Rn) � C‖ f‖Lp(·)(Rn).

By Lemma 6, this concludes the proof of Theorem 1. �

4. Boundedness on variable exponent Herz-Morrey spaces

Let Bk = {x ∈ Rn : |x| � 2k} , Rk = Bk\Bk−1 and χk = χRk be the characteristic
function of the set Rk for k ∈ Z .

DEFINITION 1. Let p(·) ∈ P(Rn) , 0 < q � ∞ and α ∈ R . The homogeneous

variable exponent Herz space K̇α ,q
p(·)(R

n) consists of all f ∈ Lp(·)
loc (Rn\{0}) satisfying

‖ f‖K̇α,q
p(·)(R

n) :=
(

∑
k∈Z

2αkq‖ f χk‖q
Lp(·)(Rn)

)1/q

< ∞,

with the usual modification when q = ∞ .

DEFINITION 2. Let λ � 0, p(·) ∈ P(Rn) , 0 < q � ∞ and α ∈ R . The ho-

mogeneous variable exponent Herz-Morrey space MK̇α ,λ
q,p(·)(R

n) consists of all f ∈
Lp(·)

loc (Rn\{0}) satisfying

‖ f‖
MK̇α,λ

q,p(·)(R
n)

:= sup
L∈Z

2−Lλ
( L

∑
k=−∞

2αkq‖ f χk‖q
Lp(·)(Rn)

)1/q

< ∞,

with the usual modification when q = ∞ .

REMARK 4. It obviously follows that MK̇α ,0
q,p(·)(R

n) = K̇α ,q
p(·)(R

n) and K̇0,q
p(·)(R

n) =

Lp(·)(Rn) . If p(·) is constant, then K̇α ,q
p(·)(R

n) and MK̇α ,λ
q,p(·)(R

n) coincide with the clas-
sical Herz and Herz-Morrey spaces, respectively (see [30, 32]).

Now we present the main results of this section.

THEOREM 2. Suppose Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and let �b = (b1,b2, . . . ,bm) ,
bi ∈ BMO(Rn) , i = 1,2, . . . ,m. If λ > 0 , p(·) ∈ P(Rn)

⋂
LH(Rn) , 0 < q < ∞ and

λ − nδ1 < α < nδ2 , where 0 < δ1,δ2 < 1 are the constants appearing in Lemma 2.
Then the multilinear commutators μΩ,�b are bounded on MK̇α ,λ

q,p(·)(R
n) .

In fact, Theorem 2 remains valid also in the particular case λ = 0, namely, in the
framework of variable exponent Herz spaces. More precisely, we have

THEOREM 3. Suppose Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and let p(·) , q , �b be as in
Theorem 2. If −nδ1 < α < nδ2 , where 0 < δ1,δ2 < 1 are the constants appearing in
Lemma 2. Then the multilinear commutators μΩ,�b are bounded on K̇α ,q

p(·)(R
n) .
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REMARK 5. We note that Theorem 3 generalizes the corresponding result in [46,
Page 178] to the case of multilinear operators. Since its proof is essentially a repetition
of the proof of Theorem 2, we will omit the details.

Proof of Theorem 2. Let f ∈ MK̇α ,λ
q,p(·)(R

n) . Write

f (x) =
∞

∑
j=−∞

f (x)χ j(x) =
∞

∑
j=−∞

f j(x).

Then, we have

‖μΩ,�b( f )‖q

MK̇α,λ
q,p(·)(R

n)
= sup

L∈Z

2−Lλq
L

∑
k=−∞

2kαq‖μΩ,�b( f )χk‖q
Lp(·)(Rn)

�C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
( k−3

∑
j=−∞

‖μΩ,�b( f j)χk‖Lp(·)(Rn)

)q

+C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
( k+2

∑
j=k−2

‖μΩ,�b( f j)χk‖Lp(·)(Rn)

)q

+C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
( ∞

∑
j=k+3

‖μΩ,�b( f j)χk‖Lp(·)(Rn)

)q

:=V1 +V2 +V3.

To estimate V1 , note that if x ∈ Rk , y∈ Rj and j � k−3, then |x−y| ∼ |x| . Since
Ω ∈ Lipγ (S

n−1) ⊂ L∞(Sn−1) , by the Minkowski inequality, we have

(∫ |x|

0

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

� ‖Ω‖L∞(Sn−1)

∫
Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

(∫
|x−y|�t,|x|�t

dt
t3

) 1
2

dy

� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

|y| 1
2

|x− y| 3
2

dy

� C2−kn
∫

Rj

| f j(y)|
m

∏
i=1

|bi(x)−bi(y)|dy.

(9)

Similarly, we derive the estimate

(∫ ∞

|x|

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

(∫ ∞

|x|
dt
t3

) 1
2

dy (10)
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� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

1
|x|dy

� C2−kn
∫

Rj

| f j(y)|
m

∏
i=1

|bi(x)−bi(y)|dy.

Let �λ = (λ1,λ2, . . . ,λm) , λi = (bi)Bj , i = 1,2, . . . ,m . From (9), (10) and the general-
ized Hölder inequality (6), it follows that

|μΩ,�b( f j)(x)| �
(∫ |x|

0

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

+
(∫ ∞

|x|

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

� C2−kn
∫

Rj

m

∏
i=1

|bi(x)−bi(y)|| f j(y)|dy

� C2−kn
m

∑
i=0

∑
σ∈Cm

i

|(b(x)−�λ)σ |
∫

Rj

|(b(y)−�λ)σ ′ | · | f j(y)|dy

� C2−kn‖ f j‖Lp(·)(Rn)

m

∑
i=0

∑
σ∈Cm

i

|(b(x)−�λ)σ |‖(b(·)−�λ)σ ′χ j‖Lp′(·)(Rn).

Gathering this, Lemmas 1, 2 and 5, we get that

‖(μΩ,�b f j)χk‖Lp(·)(Rn)

� C2−kn‖ f j‖Lp(·)(Rn)

m

∑
i=0

∑
σ∈Cm

i

‖(b(·)−�λ)σ χk‖Lp(·)(Rn)‖(b(·)−�λ)σ ′χ j‖Lp′(·)(Rn)

� C(k− j)m
m

∏
i=1

‖bi‖∗2−kn‖χBk‖Lp(·)(Rn)‖χBj‖Lp′(·)(Rn)‖ f j‖Lp(·)(Rn)

� C(k− j)m‖ f j‖Lp(·)(Rn)

‖χBk‖Lp′(·)(Rn)

‖χBj‖Lp′(·)(Rn)

� C(k− j)m2( j−k)nδ2‖ f j‖Lp(·)(Rn).

Thus we arrive at

V1 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

( k−3

∑
j=−∞

2 jα‖ f j‖Lp(·)(Rn)(k− j)m2(k− j)(α−nδ2)
)q

.

If 0 < q � 1, applying the well-known inequality( ∞

∑
i=1

ai

)q

�
∞

∑
i=1

aq
i , ai > 0, i = 1,2, . . . , (11)
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we deduce that

V1 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

k−3

∑
j=−∞

2 jαq(k− j)mq2(k− j)(α−nδ2)q‖ f j‖q
Lp(·)(Rn)

� C sup
L∈Z

2−Lλq
L−3

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

L

∑
k= j+3

(k− j)mq2(k− j)(α−nδ2)q

� C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.

If 1 < q < ∞, since α −nδ2 < 0, Hölder’s inequality implies that

V1 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

( k−3

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

2(k− j)(α−nδ2)q/2
)

×
( k−3

∑
j=−∞

(k− j)mq′2(k− j)(α−nδ2)q′/2
) q

q′

� C sup
L∈Z

2−Lλq
L

∑
k=−∞

( k−3

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

2(k− j)(α−nδ2)q/2
)

� C sup
L∈Z

2−Lλq
L−3

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

L

∑
k= j+3

2(k− j)(α−nδ2)q/2

� C sup
L∈Z

2−Lλq
L−3

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

� C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.

For V2 , by the boundedness of μΩ,�b on Lp(·)(Rn) , we get immediately that

V2 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq‖ fk‖q
Lp(·)(Rn)

� C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.

For V3 , similar to the estimate of V1 , we have

|μΩ,�b( f j)(x)| �
(∫ |y|

0

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

+
(∫ ∞

|y|

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

.
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Note that if x ∈ Rk , y ∈ Rj and j � k+3, then |x−y| ∼ |y| . As argued before, by
the Minkowski inequality, we obtain

(∫ |y|

0

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

(∫
|x−y|�t,|y|�t

dt
t3

) 1
2

dy

� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

|x| 1
2

|x− y| 3
2

dy

� C2− jn
∫

Rj

| f j(y)|
m

∏
i=1

|bi(x)−bi(y)|dy.

(12)

Similarly, we have

(∫ ∞

|y|

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 f j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

(∫ ∞

|y|
dt
t3

) 1
2

dy

� C
∫

Rj

| f j(y)|∏m
i=1 |bi(x)−bi(y)|
|x− y|n−1

1
|y|dy

� C2− jn
∫

Rj

| f j(y)|
m

∏
i=1

|bi(x)−bi(y)|dy.

(13)

Let �λ = (λ1,λ2, . . . ,λm) , λi = (bi)Bk , i = 1,2, . . . ,m . Combining (12), (13) and the
generalized Hölder inequality (6), we conclude that

|μΩ,�b f j(x)| � C2− jn
∫

Rj

m

∏
i=1

|bi(x)−bi(y)|| f j(y)|dy

� C2− jn
m

∑
i=0

∑
σ∈Cm

i

|(b(x)−�λ)σ |
∫

Rj

|(b(y)−�λ)σ ′ | · | f j(y)|dy

� C2− jn‖ f j‖Lp(·)(Rn)

m

∑
i=0

∑
σ∈Cm

i

|(b(x)−�λ)σ |‖(b(·)−�λ)σ ′χ j‖Lp′(·)(Rn).

This together with Lemmas 1, 2 and 5 gives

‖(μΩ,�b f j)χk‖Lp(·)(Rn)

� C2− jn‖ f j‖Lp(·)(Rn)

m

∑
i=0

∑
σ∈Cm

i

‖(b(·)−�λ)σ χk‖Lp(·)(Rn)‖(b(·)−�λ)σ ′χ j‖Lp′(·)(Rn)

� C( j− k)m
m

∏
i=1

‖bi‖∗2− jn‖χBk‖Lp(·)(Rn)‖χBj‖Lp′(·)(Rn)‖ f j‖Lp(·)(Rn)
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� C( j− k)m‖ f j‖Lp(·)(Rn)

‖χBk‖Lp(·)(Rn)

‖χBj‖Lp(·)(Rn)

� C( j− k)m2(k− j)nδ1‖ f j‖Lp(·)(Rn).

Thus we get

V3 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
( ∞

∑
j=k+3

( j− k)m2(k− j)nδ1‖ f j‖Lp(·)(Rn)

)q

� C sup
L∈Z

2−Lλq
L

∑
k=−∞

( L

∑
j=k+3

2 jα‖ f j‖Lp(·)(Rn)( j− k)m2(k− j)(nδ1+α)
)q

+C sup
L∈Z

2−Lλq
L

∑
k=−∞

( ∞

∑
j=L+1

2 jα‖ f j‖Lp(·)(Rn)( j− k)m2(k− j)(nδ1+α)
)q

:= V31 +V32.

If 1 < q < ∞, since α +nδ1 > 0, by Hölder’s inequality, we obtain

V31 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

( L

∑
j=k+3

2 jαq‖ f j‖q
Lp(·)(Rn)

2(k− j)(α+nδ1)q/2
)

×
( L

∑
j=k+3

( j− k)mq′2(k− j)(α+nδ1)q′/2
) q

q′

� C sup
L∈Z

2−Lλq
L

∑
k=−∞

( L

∑
j=k+3

2 jαq‖ f j‖q
Lp(·)(Rn)

2(k− j)(α+nδ1)q/2
)

� C sup
L∈Z

2−Lλq
L

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

j−3

∑
k=−∞

2(k− j)(α+nδ1)q/2

� C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.

For V32 , in view of α +nδ1−λ > 0, we derive that

V32 � C sup
L∈Z

2−Lλq
L

∑
k=−∞

( ∞

∑
j=L+1

2 jαq‖ f j‖q
Lp(·)(Rn)

2(k− j)(α+nδ1+λ )q/2
)

×
( ∞

∑
j=L+1

( j− k)mq′2(k− j)(α+nδ1−λ )q′/2
) q

q′

� C sup
L∈Z

2−Lλq
L

∑
k=−∞

∞

∑
j=L+1

2(k− j)(α+nδ1+λ )q/22 jλq2− jλq
( j

∑
�=−∞

2�αq‖ f�‖q
Lp(·)(Rn)

)

� C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
sup
L∈Z

2−Lλq
L

∑
k=−∞

2kλq
∞

∑
j=L+1

2(k− j)(α+nδ1−λ )q/2

� C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.



ON MULTILINEAR COMMUTATORS OF MARCINKIEWICZ INTEGRALS 91

If 0 < q � 1, by inequality (11), we have

V31 �C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
L

∑
j=k+3

( j− k)mq2(k− j)nδ1q‖ f j‖q
Lp(·)(Rn)

�C sup
L∈Z

2−Lλq
L

∑
j=−∞

2 jαq‖ f j‖q
Lp(·)(Rn)

j−3

∑
k=−∞

( j− k)mq2(k− j)(α+nδ1)q

�C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.

For V32 , we have

V32 �C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
∞

∑
j=L+1

( j− k)mq2(k− j)nδ1q‖ f j‖q
Lp(·)(Rn)

�C sup
L∈Z

2−Lλq
L

∑
k=−∞

2kαq
∞

∑
j=L+1

( j− k)mq2(k− j)nδ1q2− jαq2 jλq

×2− jλq
( j

∑
�=−∞

2�αq‖ f�‖q
Lp(·)(Rn)

)

�C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
sup
L∈Z

2−Lλq
L

∑
k=−∞

2kλq
∞

∑
j=L+1

( j− k)mq2(k− j)(α+nδ1−λ )q

�C‖ f‖q

MK̇α,λ
q,p(·)(R

n)
.

This completes the proof of Theorem 2. �

5. Boundedness on variable exponent Herz-type Hardy spaces

Note that in Theorem 3 for the range of α , we have the restriction α < nδ2 . It
is natural to ask what will happen if α � nδ2 . The main purpose of this section is
to further study the mapping properties of the multilinear commutators μΩ,�b in this
situation. Before stating the main result, we give some definitions.

DEFINITION 3. Suppose α � nδ2 , p(·) ∈ P(Rn) and non-negative integer s �
[α−nδ2] . Let bi(i = 1,2, . . . ,m) be alocally integrable function and�b = (b1,b2, . . . ,bm) .
A function a(x) on R

n is said to be a central (α, p(·),s;�b)-atom, if it satisfies

(i) suppa ⊂ B(0,r) := {x ∈ R
n : |x| < r}.

(ii) ‖a‖Lp(·)(Rn) � |B(0,r)|− α
n .

(iii)
∫

Rn
xβ a(x)∏

i∈σ
bi(x)dx = 0, f or |β | � s,σ ∈Cm

j , j = 0,1, . . . ,m.

REMARK 6. It is easy to see that if p(x) ≡ p is constant, then taking δ2 = 1− 1
p

we can get the classical case, see [31].



92 L. WANG AND L. SHU

A temperate distribution f is said to belong to HK̇α ,q,s

p(·),�b(R
n) , if it can be written

as

f =
∞

∑
j=−∞

λ ja j, in the sense of S ′(Rn),

where a j is a central (α, p(·),s;�b)-atom with support contained in Bj , λ j ∈ R and
∑ |λ j|q < ∞ . Moreover,

‖ f‖HK̇α,q,s
p(·),�b(Rn) ≈ inf

( ∞

∑
j=−∞

|λ j|q
) 1

q

,

where the infimum is taken over all above decompositions of f .
Our main result in this section can be stated as follows.

THEOREM 4. Suppose Ω ∈ Lipγ (Sn−1) (0 < γ � 1) and let �b = (b1,b2, . . . ,bm) ,
bi ∈ BMO(Rn) , i = 1,2, . . . ,m. If p(·) ∈ P(Rn)

⋂
LH(Rn) , 0 < q < ∞ , 0 < ε � 1

and nδ2 � α < nδ2 + ε , where δ2 is the constant appearing in Lemma 2. Then the
multilinear commutators μΩ,�b map HK̇α ,q,0

p(·),�b(R
n) into K̇α ,q

p(·)(R
n) .

Proof of Theorem 4. Let a j be a central (α, p(·),0;�b)-atom with support con-
tained in Bj . We first restrict 0 < q � 1. In this case, it suffices to show ‖μΩ,�ba j‖K̇α,q

p(·)(R
n)

� C . We write

‖μΩ,�ba j‖q
K̇α,q

p(·)(Rn)
=

j+2

∑
k=−∞

2kαq‖χkμΩ,�ba j‖q
Lp(·)(Rn)

+
∞

∑
k= j+3

2kαq‖χkμΩ,�ba j‖q
Lp(·)(Rn)

:= I + J.

We treat I first. Using the Lp(·)(Rn)-boundedness of μΩ,�b , we have

I � C
j+2

∑
k=−∞

2kαq‖a j‖q
Lp(·)(Rn)

� C
j+2

∑
k=−∞

2(k− j)αq � C.

To evaluate J , let λi = (bi)Bj . If x ∈ Rk , y ∈ Bj and k � j+3, then 2|y| < |x| . By the
Minkowski inequality and the vanishing condition of a j , we deduce that

μΩ,�b(a j)(x) =

(∫ ∞

0

∣∣∣∣
∫
|x−y|�t

m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 a j(y)dy

∣∣∣∣
2 dt
t3

) 1
2

�
∫

Bj

(∫
|x−y|�t

∣∣∣∣ m

∏
i=1

(bi(x)−bi(y))
Ω(x− y)
|x− y|n−1 a j(y)

∣∣∣∣
2 dt
t3

) 1
2

dy

� C
∫

Bj

(∫
|x−y|�t

∣∣∣∣ m

∏
i=1

(bi(x)−bi(y))
(

1
|x− y|n−1 −

1
|x|n−1

)
a j(y)

∣∣∣∣
2 dt
t3

) 1
2

dy
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� C
∫

Bj

m

∏
i=1

|bi(x)−bi(y)||a j(y)| |y|
|x|n+1 dy

� C2( j−k)−kn
∫

Bj

m

∏
i=1

|bi(x)−bi(y)||a j(y)|dy.

Thus, by the generalized Hölder inequality (6), Lemmas 1, 2 and 5, we have

‖χkμΩ,�ba j‖Lp(·)(Rn)

� C2( j−k)−kn‖a j‖Lp(·)(Rn)

m

∑
i=0

∑
σ∈Cm

i

‖(b(·)−�λ)σ χk‖Lp(·)(Rn)‖(b(·)−�λ)σ ′χ j‖Lp′(·)(Rn)

� C(k− j)m
m

∏
i=1

‖bi‖∗2( j−k)− jα2−kn‖χBk‖Lp(·)(Rn)‖χBj‖Lp′(·)(Rn)

� C(k− j)m2( j−k)− jα
‖χBj‖Lp′(·)(Rn)

‖χBk‖Lp′(·)(Rn)

� C(k− j)m2( j−k)(1+nδ2)− jα .

Thus, in view of 1+nδ2−α � ε +nδ2−α > 0, we have

J � C
∞

∑
k= j+3

(k− j)mq2( j−k)(1+nδ2−α)q � C.

Now let 1 < q < ∞ and f = ∑∞
j=−∞ λ ja j . For convenience below we put η =

1+nδ2−α , then we have η > 0. By the Minkowski inequality, the Hölder inequality
and the Lp(·)(Rn)-boundedness of the multilinear commutator μΩ,�b , we obtain

‖μΩ,�b f‖K̇α,q
p(·)(R

n)

�
{ ∞

∑
k=−∞

2αkq
( k−3

∑
j=−∞

|λ j|‖χkμΩ,�ba j‖Lp(·)(Rn)

)q} 1
q

+
{ ∞

∑
k=−∞

2αkq
( ∞

∑
j=k−2

|λ j|‖χkμΩ,�ba j‖Lp(·)(Rn)

)q} 1
q

� C

{ ∞

∑
k=−∞

( k−3

∑
j=−∞

|λ j|(k− j)m2( j−k)η
)q} 1

q

+C

{ ∞

∑
k=−∞

( ∞

∑
j=k−2

|λ j|2(k− j)α
)q} 1

q

� C

{ ∞

∑
k=−∞

( k−3

∑
j=−∞

|λ j|q2( j−k)ηq/2
)( k−3

∑
j=−∞

(k− j)mq′2( j−k)ηq′/2
)q/q′} 1

q

+C

{ ∞

∑
k=−∞

( ∞

∑
j=k−2

|λ j|q2(k− j)αq/2
)( ∞

∑
j=k−2

2( j−k)αq′/2
)q/q′} 1

q
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� C

{ ∞

∑
j=−∞

|λ j|q
( ∞

∑
k= j+3

2( j−k)ηq/2
)} 1

q

+C

{ ∞

∑
j=−∞

|λ j|q
( j+2

∑
k=−∞

2(k− j)αq/2
)} 1

q

� C

( ∞

∑
j=−∞

|λ j|q
) 1

q

.

This completes the proof of Theorem 4. �
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variable exponents, volume 2017 of Lecture Notes in Mathematics, Springer, Heidelberg, 2011.
[9] Y. DING, D. FAN AND Y. PAN, Lp -boundedness of Marcinkiewicz integrals with Hardy space func-

tion kernel, Acta. Math. Sin. (Engl. Ser.), 16 (2000), 593–600.
[10] Y. DING, S. LU AND Q. XUE, Marcinkiewicz integral on Hardy spaces, Integr. equ. oper. theory 42

(2002), 174–182.
[11] Y. DING, S. LU AND P. ZHANG, Weighted weak type estimates for commutators of the Marcinkiewicz

integrals, Sci. China Ser. A. 47 (2004), 83–95.
[12] D. DRIHEM AND F. SEGHIRI, Notes on the Herz-type Hardy spaces of variable smoothness and

integrability, Math. Inequal. Appl. 19 (2016), 145–165.
[13] J. GARCIA-CUERVA AND J. L. RUBIO DE FRANCIA, Weighted norm inequalities and related topics,

North-Holland, Amsterdam, 1985.
[14] L. GRAFAKOS AND R. H. TORRES, Multilinear Calderón-Zygmund theory, Adv. Math. 165 (2002),

124–164.
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