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IMPROVED RIGOROUS MULTIPLICATIVE PERTURBATION
BOUNDS FOR THE GENERALIZED CHOLESKY
FACTORIZATION AND THE CHOLESKY-LIKE FACTORIZATION

AAMIR FAROOQ, MAHVISH SAMAR, HANYU L1* AND CHUNLAI MU

(Communicated by S. Puntanen)

Abstract. Some improved rigorous multiplicative perturbation bounds for the generalized Cholesky
factorization and the Cholesky-like factorization which are two generalizations of the classic
Cholesky factorization are obtained by bringing together the modified matrix-vector equation
approach with the method of Lyapunov majorant function and the Banach fixed point theorem.
These bounds are continually tighter than the corresponding ones given in the literature.

1. Introduction

Let R™*" be the set of m x n real matrices and R””™" be the subset of R"*"
consisting of matrices with rank r. Let I, be the identity matrix of order r. For a
matrix A € R™", we denote by AT and A[< i >] the transpose and the i-th leading
principal submatrix of A, respectively.

Consider the following symmetric quasi-definite matrix K € R("+7)x(m+n)

T
K= {2 fc}’ (1.1)

here A € RII*™ is symmetric positive definite, B € R?*" and C € R"*" is symmetric
positive semi-definite. The matrix K has the following factorization

K=LJynLT, (1.2)

where

Lip O I, O
L= ,Jm n— )
{Lzl Lzz] " [0 —In]
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with Lj; € R and Lyy € R being lower triangular, and Lp; € R, It is easy
to check that

A=Ly L, B=Ly L, C+LyLt =1L,

The factorization (1.2) is called the generalized Cholesky factorization and L is referred
to as the generalized Cholesky factor [20].

Now, we consider the skew-symmetric matrix B € R¥"*?"_ If all even leading
principal submatrices of B are nonsingular, i.e., B[(2i)] (i=1,---,n) are nonsingular,
then B has the following factorization

B=R"I,R, (1.3)

where R = (r;;) € R¥" is upper triangular with r5;_12;=0,72j_12j-1 >0, r2j2; =
:l:r2j71,2j71 for ] = 1,2,---,1’1 and

R ) 01

That is, R has 2 x 2 blocks of the form running down the main diagonal. The

r 0
[0 +r
factorization (1.3) is called the Cholesky-like factorization and R is referred to as the
Cholesky-like factor [1].

In recent years, algorithms, error analysis of algorithms, and perturbation analysis
for these two factorizations had been studied by some authors [1, 5, 9, 10, 11, 17, 18,
20]. Among these, Li and Yang [10] considered the multiplicative rigorous perturbation
bounds using the matrix equation and the refined matrix equation approaches. The mul-
tiplicative perturbation has some advantages compared with the additive perturbation;
see e.g. [3, 10, 19] for detailed explanation. In this paper, we continue the research
on multiplicative perturbation bounds for the above two factorizations using the (block)
matrix-vector equation, the method of Lyapunov majorant fuction (e.g., [8, Chapter 5]),
and the Banach fixed point theorem (e.g., [8, Appendix 5]). The obtained bounds will
enhance the corresponding results given in [10].

2. Notation and preliminaries

The majority of the notation and preliminaries endorsed in this section are from
[2, 11, 14]. We still present them here to make easier for readers.

In a given matrix A = (a;;) € R™*", its spectral norm and Frobenius norm are
betoken by ||A[|, and ||A]|r, respectively. For these two matrix norms, the following
inequalities clasp (see [16]):

IXYZlly < IX[2 (Y [2 112112 IXYZ] e < X[ 1Y £ 1215, (2.1)

whenever the matrix product XYZ is well-defined.
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For the given matrix A = [a1,az,...,a,] = (a;j) € R™", we denote the vector of
the first 7 elements of a; by a;-l) . With these, we adopt the operators as in [2],

4 aj
aéz) aj 2
uvec(A):=| 7 | eR",vec(Ad):=| . | eR",
a}(qn) a
2a11 a2 aip ap app -+ dip
0 jax - axn 0 ax - axn
up(A) := | ut(A) = ;
0 0 ...%ann 0 O s App

where v =n(n+ 1)/2. Considering the structures of these operators, we have
I, vec(A) = vec(AT), uvec(A) = Myyecvec(A),

vec (ut(A)) = Myvec(A), vec(up(A)) = Mypvec(A), (2.2)

where I1,,, is the vec-permutation matrix depending only on the dimension of matrix
and

Muvee = diag (1.2, -, Jy) € RNy = 11,0 (n—p) ] € R,
Mut = dlag (jl 7j27 e 7"21) € an ><n27 j; = dlag (Iiao(n—i)x(n—i)) € Ran,
Mup = diag (Ji o, Ji) € RY*7 | Ji=diag (I-1,1/2.0i)x ) ER™".
Here, Oy, is the s x ¢ zero matrix. Moreover,
Muvechfvec = Ivl ) MuTvecMuvec = Mut~ (2-3)

Let uvec’ : R" — R” " be the right inverse of the operator ‘uvec’ such that uvec-
uvec’ = Ly, xy, and uvec’ -uvec = ut. Then the matrix of the operator "uvec’ is MT...
That is, uvec’(A) = M ..vec(A).

Let D, € RUx0m1) denote the set of (m +n) x (m+n) positive definite

diagonal matrices. Then, for any Dy, = diag(8;,,...,0m+n) € Dy, and A €
R(ern)X (m+n) ,

up(ADyn) = up(A)Dysn,  Dyynup(A) = Dpiyup(A). 2.4)

Furthermore, from [4] we have

[up (A) + D, up (A7) Dy || - < /1463, IAllF, (2.5)

where ¢p,,., = max {3;/6;}.

1<i<j<m+n
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For the matrix A = (A;;) € R, where A;; € R*?*?, i, j=1,2,---,n, we adopt
the following operators:

VCC(AH) 1
_VGC(AU)_
vec(Ayy) .
1 :
veclAn) vec (An)
uvecb (A) = A €R™, vecb(A) = : € R4”2,
—vec(. 21) vec (Ayy)
vee (Ap-1)(n-1)) :
vec (Agn—lgn) L vee (Am) |
vec(Ap)
%All A -0 Ay Al A - Ay,
0 Ay - Agy 0 Axp - A
upb (A) = o sutb(A)=1 . . ],
0 0 - 3Au 0 0 - Am

where vy = 2n(n+ 1). Making use of the structures of these operators, we have
IT,,vecb(A) = vecb(AT), uvecb(A) = Myyepvech(A),
vecb (utb (A)) = Mypvecb(A), vecb (upb(A)) = Myppvecb(A), (2.6)

where I1,, = (T1,,, ® TTy) € R¥"*4" with @ denoting the Kronecker product whose
definition is given later in this section and

Muyvecy = diag (1,82, -+, S,) € R'2 x 4n?,
Si = [Oagueis1)xa(iot) Iagn—iz1)] € R4 1)xdn
My = diag (S1,55,-++,8,) € Rén xdn?
Si = diag (04— 1)xa(i—1): Lan_ir1)) € R,
Mypy = diag (81,52,-+,8,) € R x4’
Si = diag (O4(i_1)xa(i—1) 1/2a, Lagysy) € R,
Moreover,

Muvechgvecb = Iv17 MuTvechuvecb = Mutb~ (27)

Thus, letting uvecb' : R — R2"*2" be the right inverse of the operator ‘uvecb’ such
that uvecb - uvecb’ = Ly, xv, and uvecb’ - uvecb = utb. Then the matrix of the operator
"uvecb’ is ML .. Thatis, uvecb’ (A) = MT, ., vecb(A).

uvecb *
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Let Dy, € R?2" denote the set of 2n x 2n diagonal positive definite matrices
with 2 x 2 main diagonal blocks s;,, where s; > 0, i = 1,2,---,n. Then, for any
Dy, €Dy, and A = (A;;) € R,

upb(ADy,) = upb(A)Dy,, upb(D;,A) = D;,upb(A). (2.8)

Furthermore, from [10, Lemma 1.1],
[lupb (A) + D3, upb (AT) Doy || - < 1/ 1+ 63, 1Al (2.9)

where ¢p, = 1<11l)<21;§<n{sj/si}.
x X

Let A= (A;;) € R™*" and B € RP*9. The Kronecker product between A and B
is defined by [6, Chapter 4],

a\B appB -+ a,B
a|B apB -+ axB
ARQRB= .

am B appB -+ ayB

For the Kronecker product, the following results hold [6, Chapter 4]

vec (ACB) = (B" ® A)vec(C), (2.10)
1B All, = [IBl,[|All;, (2.11)
(BA)(C®G) = (BC) ® (AG), (2.12)
(B®A)"' =B '®@A~! if Band A are nonsingular. (2.13)

In above expression, the matrices C and G are of suitable orders.
Let A = (A;;) € R with A;; € R¥2 i=1,2,---,m, j=1,2,---,n. The
block Kronecker product between B and A is defined by

B®A11 BRA --- BRA,

B®Ay BRA» --- BQA),
BXA = . . . .
B®Au BQA - BQAu,

For the block Kronecker product, the following results hold [7]

vecb (ACB) = (BT K A)vecb (C), (2.14)
IBXA, = |[Bll[|Ally, (2.15)
(BRA)(CKG) = (BC)K (AG), (2.16)
(BXA)"' =B 'XA~!, if B and A are nonsingular. (2.17)

Here, the matrices C and G are of suitable orders and are partitioned appropriately.
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3. Perturbation bounds for the generalized Cholesky factorization

Assume that the matrices K and L in (1.2) are perturbed as
K —QKQT, L - L+AL,

where Q = Ly, + E € RUX(mtn) and AL € RO+ x(m+n) s Jower triangular such
that L + AL has the same structure as that of L. So,

K = 0KQ"
(Insn+E)K(Inin + E)T = (L4 AL)Jpyn(L+AL)T . (3.1)
Expanding (3.1) and using (1.2), we have
LIpinl"ET +ELJy iy LT + ELJ yLTET = LIy ALT + ALY, LT
+ ALJynALT . (3.2)
Premultipling the above equation by L~ and postmultipling it by L~ leads to
JminALTL™T 4 LVALT = Dy s ALTL™T 4 (U n ALTL™THT
= LTETL T + L7 'ELT, y+ L ELT,  LTETLTT
— L 'ALJynALTL7T . (3.3)
As done in [12, 13], from (3.3), we have
JninAL'L™T = up (L n LTETL™T + L™ ELT,1)
+up (L (ELTysnL"ETL™" — L7 'ALT ALY L7T) . (3.4)
Applying the operator ‘vec’ to (3.4), and using (2.10) and (2.2) gives
(L' ®Jpnin) vec (ALT)
= Mup (LIsn)" @ L+ (L7 ® (JninL")) Mg ) ) Ve (E)
+ My (L' @ L") vec (ELIpsnL" ET — ALJynALT) .

As done in [12], we can obtain

vec (ALT)
= (L®Jr;}rn) Muyp ((LJm+n)T ® L'+ (L_l ® (Jm+nLT>) H(rn+n)(m+n)) vec (E)
+ (L®Jpt) Mup (L' @ LYY vee (ELIyinl" ET — ALJy i qALT) . (3.5)

and show that (3.5) is equivalent to

uvec (AL")

= Muvee (L@, 1) Mup ((Ldin) T @ L) 4+ (L' @ (sl ) Wiy (msn) ) vec (E)
+ Muyvee (L@ T L) Myp (L' @ L7Y) vee (ELJyinl” ET — AL 0 ALT) . (3.6)
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As an issue of comfort, let
Gr = Muvec (L& i) Mup ((LInn)" @L7) + (L7 ® Untal")) Wiy (mim)) »
Hp = Myyec (L&) Mup (L' @ L7
Thus, applying the operator ‘uvec "’ to (3.6) leads
AL" =uvec’ (Gpvec (E) + Hyvec (ELIyinL" ET — ALJynALT)) .
The above equation can be written as an operator equation for ALT :
AL" =& (AL E)
=uvec’ (Grvec(E) + Hyvec (ELyynLl" ET — ALy ALT)) . (3.7)

We will execute the technique of Lyapunov majorant function and the Banach fixed
point theorem to probe the rigorous perturbation bounds for AL based on the operator
equation (3.7) as done in [12]. To make it easy and clear for readers and for plenum of
the method, we comprehend the detail process here through some steps which are same
asin [12].

Assume that Z € R+ (m+1) js ypper triangular with the same structure as that
of ALT, ||Z||» < p forsome p >0, and ||E|| = . Then it follows from the definition
of the operator ‘avec” and (2.1) that

2
1D (Z,E)|| < 1GLI28 + LI Hell,8 + 1Hel| 0. (3.8)
From (3.8), we have the Lyapunov majorant function of the operator equation (3.7)
2
h(p,8) = |GLl»8 + LIS |HLl|,6% + | Hel,p?

and the Lyapunov majorant equation

h(p,8) =p, ie. |GLl,8+LI3|IHL]|,8+[|He],p* = p. (3.9)
Assume that & € Q = {5 >0:1—4)|Hy|, <||GL||25 + ||LH§HHLH252) >0\, Then,
the Lyapunov majorant equation (3.9) has two nonnegative roots: p; (0) < p2(8) with

2
2 (1IGL1,8 + LI 1AL 6°)

p1(8)=r(6)= '
2
PR AN (AR IEARS
Let the set B(5) be
B(§)={z¢c R("+1)* (1) Having the same structure as that of AL and IZl|lr < f(p)},

which is closed and convex. We can check that the operator ® (-, E) maps the set B(J)
into itself and for Z,Z € B(§),

|®(Z,E)-®(Z,E)| <h,(f(8),8)||Z—Z]|.
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Since the derivative of the function 4 (p, ) relative to p at f(0) satisfies

i (£(8),8) = 1=/~ 41l (1Gul6 + LR ,5%) < 1

when § € Q| = {5 >0:1—4|H,, (||GL||26+ HLHg||HL||252) > o}. Then the op-
erator @ (-, E) is contractive on the set B(d) for § € Q. Thus, from the Banach fixed
point theorem, we have that the operator equation (3.7), i.e., the matrix equation (3.1),
has a unique solution in the set B(0). As a result, ALTHF < f(0) for 6 € Q. In
summary, we have the following main theorem.

THEOREM 3.1. Suppose that K € RU"X0mt0) s defined by (1.1) and has the
factorization (1.2). Let Q = I p+ E € RUmEm)>x0mtn) - pp

1
2 2
I, (IGLILE ] + IR IHLL 1ENE) < 5. (3.10)
then K = QKQ' has the unique generalized Cholesky factorization
K = QKQ" = (L+AL)Jyyin(L+AL)",
and
2 2
2 (IGLILIE N+ NG IEL L £ )
[AL|[ < (3.11)
2 2
1+¢1 —4lHelly (IGLILIE ] -+ ILIBIHL ], £ )
2 2
<2 (IGLIEN -+ ILISIHLI ;) (3.12)
< (ILll2 +2[IGLl) N E |- (3.13)

Proof. Tt is anything but difficult to see that the condition (3.10) is the same as the
one in Q. Thus, from the discussions before “Theorem 3.1.” , it suffices to obtain the
bound (3.13). This can be done by noting (3.12) and the fact

GlI? |G
LI NHL Bl < 4f14+ 18t NGl (3.14)
T

which can be derived from (3.10). [

REMARK 3.1. In [10], by composite of the classic and refined matrix equation
approaches, the following rigorous multiplicative perturbation bound was obtained,

AL
IALLE (31 v6) int S+, KDuinl Qe (3.15)

HLH2 h Dypn€Dpsn
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under the condition
K(L)|E|lF < (V6-2)/2. (3.16)

In the accompanying, we will demonstrate that the bound (3.13) is sharper than (3.15).
Actually, like the evidence of Corollary 3.4 in [15], for any D4, € Dy,4,, and X €
ROmtm)x(mtn) ysing (2.13), (2.12), (2.11) and (2.1), we have

I1GLI> = [|Mavee (L&) (D s @hvsn) Oen@lonn) M ||, with

My =Myp ((LJern) QL +(L ®(‘]m+" T))H(m+")(m+”)>
= [|Muvee (LD}, ) ® Jinen) Mup (((Dowsn(Lmn) ") @ L1 + M) ||, with

( m+nl Jzn+nLT)) H(m+n)(m+n)
||LDm-1‘rnH IIMup(( (Den (L)) ©L71) + 2} |

= [|LDw Ly Mo (((Donn (L)) ©L71) + Mo) vee (X)] |- (3.17)

Hvec(X 2:1
Whereas, combining (2.10), (2.2), (2.4), (2.5) and (2.1) gives

max || Mup (((Dmsn(LImin)") ©L7") + M) vee (X) ||,

Ivee(X)l,=1

= max |[Mypvec (Jyinl" X" L7 Dy + L' XLTysnDinin) ||
Ivee(X)l,=1

= ([vec (up (JusnL" X" L™ Dyysn + DL (Dinenl™ ' X Ldpsn) Do) ) ||
Ivecli) =1

:H)I(Iﬁax ||(llp m-+n L'X"L~ TDm+n)+Dm+nup( mtnl XLJm-‘rn)Dm-&-n)HF

< max /1483 ||(Dmial ™ XLIwin)" |
IX1lp=1

<\ 1+E, 1 Pmenl ™ | 1L, - (3.18)

Thus, plugging (3.18) into (3.17) yields

; / 2 ~1
HGLHz < (Dm+:2£)m+n 1 + CDernK(DernL )> ||LH27 (319)

which together with the fact K (Dy,L~") > 1 shows that the bound (3.13) is indeed
tighter than (3.15).

REMARK 3.2. We can obtain the first-order multiplicative perturbation bound
from (3.11) as follows:

IAL|lF S1IGLIL 1Q = IntallF = |GLI, | E]| F- (3.20)

Considering (3.19), it is easy to see that the above first-order multiplicative perturbation
bound is tighter than the one given in [10, (2.18)].
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4. Perturbation bounds for the Cholesky-like factorization

The method of getting the rigorous multiplicative perturbation bounds for the
Cholesky-like factorization is very like the one for the generalized Cholesky factoriza-
tion. The main difference is that we will use the block matrix-vector equation approach.
Specifically, let the matrices B and R in (1.3) be perturbed as

B — STBS, R— R+AR,

where S = b, + F and AR is upper triangular such that R+ AR has the same structure
as that of R. Then the perturbed Cholesky-like factorization of B is

B=STKS
(y+ F)'K(Ly, +F) = (R+AR)" J5,(R+ AR). (4.1)
Expanding (4.1) and using (1.3), we have
RT J,RF + FTR” J,,R+ FTR" J,,RF = R J,,AR + AR” J5,R + AR" J,,,AR.
Premultipling the above equation by R~7 and postmultipling it by R~! leads to
JuARR™Y + R™TAR 15, = J5,ARR™ + (J,ARR™ )T
=)y RFR '+ R TF'R" J,, + R"TFTR" J,,RFR™!
— R TART J,,ARR™. (4.2)
As donein [11, 14], from (4.2), we have
-1 _ -1 —T =T pT
J2nARR™" = upb (J2,RFR™' +R"F'R" 1»,)
+upb (R " (F'R"J,,RFR™' —R""AR" J,,AR)R™") . (4.3)
Applying the operator "vecb’ to (4.3) and using (2.14) and (2.6) gives
(R™T ®Jap) vech (AR) = Myp, ((R™T B (J2uR)) + ((J2uR) KR~ T) T1,,) vech (F)
+ Mypy (RTRR™T) vech (F" R" Jo,RF — AR" J,,AR) .
As done in [11], we can obtain
vech (AR) = (RT®J5,") Mypy (R™T B (J24R)) + ((J2nR) KR ™T) T1,) vech (F)

+ (RT3, Mypy (R ®IR™T) vech (FT R J,,RF — AR" J5,AR) .
(4.4)

and show that (4.4) is equivalent to

uvechb (AR)
= Muyech (R ®J5,') Myph (R ® (J2uR)) + ((J2uR) KR T) ) vech (F)
+ Myyech (RT RJ5,") Mgy, (R™T®R ™) vech (FTR' J,,RF — AR J5,AR) . (4.5)
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As an issue of comfort, let
Gr = Muvee (RT BJ5,) Mupy ((R™" B (J24R)) + ((J2uR) IR ™) Ty ),
Hg = Myyech (RTRJ5,") Myp, (R TRRT)
Thus, applying the operator ‘uvecb” to (4.5) leads
AR = uvecb’ (Grvecb (F)+ Hgvecb (F'R" J,,RF — AR" J,,AR)) .
The above equation can be written as an operator equation for AR:
AR = ®(AR,F)
= uvecb' (Ggvech (F) + Hgvecb (F R J,,RF — AR" J,,AR)) . (4.6)

In the following, we will apply the same technique in Section 3 to study the rigor-
ous perturbation bounds for AR based on the operator equation (4.6). For completeness
of the method and convenience of readers, we include the detailed process here.

Suppose that Z € R?"?" is upper triangular with the same structure as that of AR,
|Z|| < p forsome p >0, and ||F|| = &. Then it follows from the definition of the
operator ‘uvecb’” and (2.1) that

2
1©(Z. F)||p < |Grll,8 + RIS | Hrl|,8° + || Hrll,p*. 4.7)
From (4.7), we have the Lyapunov majorant function of the operator equation (4.6)
2
h(p,8) = ||Grll,8 + IR |IH,6” + || Hrl,p?

and the Lyapunov majorant equation

W(p,8) = p, ie. ||Grll28+ [R5 |IHrl,6% + [|Hr||,0* = p- (4.8)
Assume that & € Q = {5 >0:1— 4||Hg (HGR||26+ ||R||§||HRH252) > o}. Then,
the Lyapunov majorant equation (3.7) has two nonnegative roots: p; (0) < p2 () with

2 (11Grll,8 + IRI3 I 5°)
p1(8) = £ (3) =

1 1= 41l (Gl 8-+ [RIB] il 5°)

Let the set B(5) be
B(8) = {Z € R*"*"; Having the same structure as that of AR and || Z||» < f(p)},

which is closed and convex. We can check that the operator @ (-, F') maps the set B(J)
into itself and for Z,Z € B(§),

|®(Z,F)—®(Z,F)|, <h,(f(8),8)]|Zz—Z].



144 A.FAROOQ, M. SAMAR, H. L1 AND C. MU

Since the derivative of the function 4 (p, ) relative to p at f(0) satisfies

Hp(7(8),8) = 1= 1~ 41l (16l + IRIBI i) < 1

when & € Q1 = {8 > 0: 1~ 4|Hgl, (IGrll,8 + |IRI3|Hrll,6%) >0} Then the op-
erator @ (-, F') is contractive on the set B(0) for § € Q. Thus, from the Banach fixed
point theorem, we have that the operator equation (4.6), i.e., the matrix equation (4.1),
has a unique solution in the set B(5). As a result, ||AR||, < f(8) for 6 € Q;. In
summary, we have the following main theorem.

THEOREM 4.1. Suppose that the skew-symmetric matrix B € R"*2") is defined
by (1.1) and has the factorization (1.2). Let S = L, + F € RZ0)x(2n) If

1
2 2
IElly (IGRILIF -+ IRI3IHRIL IFIF) < 7 (4.9)
then B = STBS has the unique Cholesky-like factorization
B=S"BS = (R+AR)" J,(R+AR),
and
2 2
2 (IGRILIF |+ IRI 1 Hrl 1717
AR < (4.10)
2 2
1+¢1 — 4l (IGRIIF |-+ IRI3IER ] 1117
2 2
<2(1IGkILIF |l + IRIG]1Hrl |1 7117 (.11)
< (IIRll2 +2[1Grlly) IF |- (4.12)

Proof. 1t is anything but difficult to see that the condition (4.9) is the same as the
one in €;. Thus, from the discussions before “Theorem 4.1.”, it suffices to obtain the
bound (4.12). This can be done by noting (4.9) and the fact,

Grll3  |Gr
2RI Hrl ]y < yf1+ 162 _1G=ls 4.13)
IFl5 IR,

REMARK 4.1. In [10], by composite of the classic and refined matrix equation
approaches, the following rigorous multiplicative perturbation bound was obtained,

AR
IBRIF < (V34v6) inf /1403, k(DR RIS— Iullr. (414)

||RH2 Do, €Dyp

under the condition

K(R)|F|F < (V6-2)/2. (4.15)
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In the accompanying, we will demonstrate that the bound (4.12) is sharper than (4.14).
Actually, like the evidence of Corollary 3.4 in [15], for any D,, € Dy, and X €
R2M*(27) using (2.17), (2.16), (2.15) and (2.1), we have

1Grlly = [Muvecs (R 25,") (D5, B 1) (D20 B 1 ) 13 |
with

M3 = My, (R™" R (J2uR)) + ((J2uR) IR™T) 1)
= ||[Muvees ((R" D3, ) ®J5,") Mugy (((D2nR™T) B (J2uR)) + ((D20J2nR) KR~ ) Ty ) ||,
<R D3, [|,[[Mups ((D2nR™T) R (J20R)) + (D20 (J20R) IR ™T) o) |

— |R"D 2HHZHV6£(1aX [ Mups ((D2uR™") R (J2uR)) + My) vech (X)||,  (4.16)

with
My = ((D2n(J2uR)) BRI,
Whereas, combining (2.14), (2.6), (2.8), (2.9) and (2.1) gives

max HMupb((Dan—T)g(Jan))+((Dzn(Jan))®R— ) o) vech (X) ||,

[[vecb(X)
= |[Mupovech (J2,RXR™' Dy, + R X"R" 13,D5,) ||,
Ivech0) 1
= max |[vech (upb (J2uRXR™' D2y + D3, (JouRXR ' D3,) " D2y)) ||,
* vecb(X) =1
= max ||upb(J24RXR ™' Dyy,) + D5, upb(J2uRXR ™' D2y )" Doy -
< max ,/1—!—(,‘5 HJanXR’lDanF
IX]lp=1 2"
<1463, [|[R'Danl|, IR, - (4.17)

Thus, plugging (4.17) into (4.16) yields

- -1
IGell < (iaf /13, x (031) ) IRl @19)

which together with the fact (D;an) > 1 shows that the bound (4.12) is indeed tighter
than (4.14).

REMARK 4.2. The first-order multiplicative perturbation bound from (4.10) can
be chalk out as under:

1AR[[F S NIGrll2 IS — LnllF = 1GrlI I F - (4.19)

Considering (4.18), it is easy to see that the above first-order multiplicative perturbation
bound is tighter than the one given in [10, (3.16)].
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5. Numerical examples

Two examples are given in this segment to represent the outcomes inferred in the
over two areas. Hereafter, the MATLAB notation will be utilized. For the first ex-
ample, like the done in [2], we select the accompanying scaling matrix D1, = D, =
diag(||L(:,1)|,), which makes the condition number k(D +,L ") be nearly minimum.
Our numerical experiments additionally propose that another choice for scaling matrix
may give a decent estimate, that is, choosing D, = diag(8;,,...,0m+s) to approxi-
mately equilibrate the rows of D,L™!. To do this, take & = 1/{|(D,L™")(1,:)|,. then
for j=2,3,...,m+n take &; = 1/|/(D,L™")(j,?)]|, if

DL ()|, = [[(OL™) (= 1.

otherwise 8; = §;_;. Here D, =diag(||L(:,i)||,) and ||X||; denotes the 1-norm of X.
More on techniques and clarifications of picking the scaling matrices can be found in
[2]. For the second example, we choose the scaling matrices D, and D, as done in
[11]. Thatis, for D,, we set its i-th 2 x 2 main diagonal block to be

95

[R(2i = 1,2)|l, + [[R(25;:)

[
L,i=1,...
7 2, 1 ) )1,

and for D, , we characterize it as follows:

2

O = [DRC DL TR,

for j=2,3,...,n:

2
I(DeR)(:,2) = Dl + [(DR) 5 2) 1,

5=
if
I(DR)(:,2) = Dl HI(DeR) (:,2)) [l 2 [(DeR) (2,2 =3) |, H(DeR) (,2/=2) 1:

otherwise, 6; = 8;_. Here D. = diag((||(DcR)(:,2j — 1)[l, + [[(DeR)(:,2))2)) /21,
j=1,...,n,.

EXAMPLE 5.1. This example has been taken and unraveled by algorithm given in
[20]. That is, we take A,, = [a;;] = Hy + I, € R™*", where H,, = lﬂ%l isan mxm
Hilbert matrix. Also take B = [b;;| = [max(i, j)] € R™™ and C, = [¢;j| = U,0,U, €
R™", where Uy, = I, — —#—ww! with w= (1:n)", and o, = diag(1,2,...,n—1,0).
Upon computation in MATLAB Ra2016 on PC, with machine precision 2.2 x 10716,
we have the numerical results for different values of m and n shown in Table 1.

In Table 1, we denote

r= (L2 +2lIGL],), ¥(Dx) = (V3+V6)\/1+ L3, K(Dmial )|L]2, x=c or e,
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and 1y and 1, the time costing for figuring y and y(Dy), respectively.

From Table 1, it is anything but difficult to see that the bound (3.13), the column
denoted by v, is constantly more sharper than (3.15), the column denoted by y(Dy),
regardless of which scaling matrix is chosen. In the interim, we can likewise observe
that it is without a doubt more costly to gauge the bound (3.15); think about the column
denoted by 7y and 7,p,).

Table 1: Comparison of multiplicative rigorous perturbation bounds (3.13) and (3.15).
m, n Y Iy Y(Dc) ty(D() Y(De) ty(De)
2,2 15.3506 0.345051 116.8539 0.204960 258.4705 0.313993
43 107.4681 0.352381 1.1056e+03 0.209144 4.4447e+03 0.309875
5,3 195.5623 0.405021 2.0708e+03 0.207219 1.0906e+04 0.326690
10,9 4.6491e+03 0.385043 6.1565e+04 0.211413 8.9710e+05 0.323771
11,10 6.8824e+03 0.423454 9.3648e+04 0.209297 1.5460e+06 0.336801
15,13 2.1999e+04 0.711031 3.2805e+05 0.196419 7.8187e+06 0.316718

EXAMPLE 5.2. Let R € R(2"*(21) pe 4 Kahan-like matrix:

R = diag(L,S,82,...,8" )

where § = diag(s,s) with s =sin(0), and ¢ = cos(0). The numerical results for n =
3,4,5,6,8,10 with 6 = ¢ are shown in Table 2.
In Table 2, we denote

v= (IRl2+2[|Grll), Y(Dx) = (V3+V6)\/1+ (3, k(D3 R)|Rll2, x=r ore.

Table 2: Comparison of multiplicative rigorous perturbation bounds (4.12) and (4.14) for the
2n X 2n_Kahan-like matrices.

n Y ty y(Dy) o, y(D.) Ly(D,)

3 18.6161 0.148354 407.7249 0.120412 501.8577 0.125007
4 30.2781 0.155032 2.1505e+03 0.128087 2.6386e+03 0.129356
5 49.1837 0.211037 1.0582e+04 0.170354 1.2752e+04 0.197575
6 74.0051 0.228509 4.9358e+04 0.176780 5.8332e+04 0.218767
8 159.4854 0.329462 9.6622e¢+05 0.178909 1.1050e+06 0.289606
10 326.7863 0.351635 1.7318e+07 0.205004 1.9335e+07 0.291463

From Table 2, it is easy to see that the bound (4.12), the column marked by v, is
always tighter than (4.14), the columns marked by y(D,), no matter which scaling ma-
trix is selected. Meanwhile, we can also see that it is indeed more expensive to estimate

147
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the bound (4.14); compare the columns marked by 7, and 7,(p, . Facilitate increasingly
these bounds are constantly more keen at that point the those bounds displayed in [11,
Table 1] for additive perturbation bounds in light of the fact that here matrix is seriously
ill condition so multiplicative perturbation bounds are useful to acquire the more keen
bound.
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