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A HARDY-TYPE INEQUALITY WITH AHARONOV-BOHM
MAGNETIC FIELD ON THE POINCARE DISK

L1 Zuu

(Communicated by M. Praljak)

Abstract. A version of Aharonov-Bohm magnetic field on the Poincaré disk is introduced, then
a Hardy-type inequality with Aharonov-Bohm magnetic field is proved.

1. Introduction

The classical Hardy inequality in R says that for all f € C6°(RN )and N >3,

2 (N—2)° /?

After the seminal work of Carron [4], inequality (1.1) has been generalized to Rieman-
nian manifolds intensively by several authors [2],[3], [7], [1 1], [12], [13], [18]. Hardy’s
inequalities were also pursued for some subelliptic operators (see, e.g., [5], [6], [8], [O],
[10], [16],) in particular, for the sub-Laplacian on the Heisenberg group and Grushin
operators. But if N =2, the Hardy inequality (1.1) becomes trivial. However Laptev
and Weidl [15] have noticed that for the Aharonov-Bohm magnetic forms in two di-
mensional Euclidean space, the Hardy inequality still holds. In fact, let Ba be the
Aharonov-Bohm magnetic field

y X
= —_——— —— R
pa ﬂ( x2+y2’x2+y2>’ pe

then for all u € C5(R?\{0}),

uf®

\xP (1.2)

/ |(V +iBa)u|>dx > mm\k-i—ﬁ\ /
Recently Aermark and Laptev introduced a version of the Aharonov-Bohm magnetic

field for a Grushin subelliptic operator and they proved an improved Hardy inequality
in [1].
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Motivated by the above works, following the perturbed Aharonov-Bohm Hamilto-
nian on the hyperbolic plane H [14], we introduce a suitable notion of the Aharonov-
Bohm magnetic field </ for the Poincaré disk B and obtain a Hardy-type inequality
associated with .27 in this note.

Let H be the upper plane {z = x+iy,y > 0} equipped with the metric

_ dx* + dy*

32
and the Poincaré disk B be the unit disk B = {x = (x;,x) : 3 +x3 < 1} in R? with
metric

ds*

dx% + dx%
(1= (e +23))>
Here and in what follows we use the notation r = 4/ x% +x§. The Riemannian measure
dVg on the Poincaré disk B is

ds* =4 (1.3)

4
dVp = ——d. 1.4
where dx is the usual Lebesgue measure on Euclidean plane. We also have
/\V]Bu|2dVE:/ \Vu|*dx, (1.5)
B B
1— 2
Vg = ( r )V, (1.6)
2
d . Lo . 2
where V = (—, —) is the usual gradient in Euclidean plane [17]. |Vpu|® =
dx;’ dxy

(Vpu, Vgu) where (-,-) denotes the inner product induced by the metric (1.3).
For x = (x1,x2) € B\{0}, the Aharonov-Bohm magnetic field </ on the Poincaré
disk B is defined as:
2 2

. r
42%:(— > sin 0, > cos@) (1.7)

r

where x; = rcos0,x, =rsin6, 6 € [0,27),r € (0,1). For any x = (x1,x2) € B\{0},
the hyperbolic distance p = p(x,0) between x and the origin is

p = p(x.0) = log (1) (1.8)

1—r

where r = /x? +x3.
Our main result in this paper is the following Hardy-type inequality with the
Aharonov-Bohm magnetic field .27 on the Poincaré disk B.

THEOREM 1.1. Forany oo € R and any u € C3 (B\{0})

2
}(VE+ioc,Q%)u|2arvIB > min|k + o|? ﬂdVB. (1.9)
B keZ B P2

The proof of Theorem 1.1 will be given in the next section.
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2. Proof of Theorem 1.1

With (1.4), (1.8), the Riemannian measure dVp can be written as
4rdrd 6
(1=rp
Because of (1.7), (1.8) and (2.1), we have for any u € Cg (B\{0})

dVg = =sinhpdpd®. 2.1

2w ptoo 1 u . 2 .
/} (Vg +ioe) } dVig = / / ( s1nh2p’89 +zau’ )smhpdpd@
1411,
(2.2)
where

21 ptoo ou |12 .

1_/0 /0 ‘%‘ sinhpdpd, 2.3)
2 ot 1 g du .2

H—/O /0 m‘%—f—zau‘ dpdo. (2.4)

The following Lemma 2.1 and Lemma 2.2 hold for I and II. Lemma 2.1 is called Leray
inequality (see, e.g., [17]) in the literature. However for the sake of completeness we
give the proof of it here.

LEMMA 2.1. Forany u € Cj (B\{0}),

Juf? 1
1> - 3 ———dVj
4 Je log® (tanh(p/2)) sinh*p

(2.5)

where dVg = sinhpdpd®.

Proof. Using p = log ( + r> by abuse of notation we write u(p,0) = u(r,0).

Thus
2n
—/ / ) rdrd@.
Let u=v(—logr)~'/2,
2 |dv)? 1 |v]? dv_ dv
== (—1 - . 2.6
‘8r ( Ogr)+4r210gr or +8 Y 26)
Multiplying r on both sides of (2.6) and integrating on (0, 1), we obtain
Ly du 2 Ligv2 1 v|?
2= [ 120 togryar L [
/()’Qr rar /0 or (~logr)n r+4 o rlogr

2.7
_l ! av _|_ ﬂ d ( )
2 )0 \arV o)
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Since u € G5 (B\{0}), v still has compact support in B\{0} and v(0,0) =v(1,0) =0
forevery 6 € [0,2x). Thus

L/ ov v
/0 <8r 5 )dr—/ d(vv) (vv)’ =0.
Hence (2.7) becomes

J 15w
o ldr

1 ‘u|2

1
T r—/ ‘ (—logr)rdr+ — r
4 Jo rlog*r

2.8
L (2.8)

“4 Jo r2log? r

rdr.

1
Integrating (2.8) on [0,27) with 6 and using p =log (l—i_:> again, we obtain (2.5) [J

LEMMA 2.2. Forany u € Cy(B\{0}) and any o. € R,

2
11 > min|k+ o] / Ju ‘2 dVg. (2.9)
keZ B sinh” p
Proof. Let us expand u by Fourier series
oo k0
u(p,0) = u ,
(p ) sz_N k(p) \/E
and hence
o ik6
dou(p,0) = ikug(p)
kgw Vam
Thus

n 21 oo 1 had .y e oo
_/0 /0 sinhp‘k:z:m(l +’0‘)”k(P)m p

2 [P Jul?
>minlk + o] / / ——>—sinhpdpd6
keZ 0 sinh“p

—m1n\k+a|2/ juf ——dVg. O
B sinh? P

From Lemma 2.1 and Lemma 2.2, we have

1 Juf? . 2 \ | )
I—|—H>/ - + minlk + o dVg,
B (4 sinh? p - log? (tanh(p/2)) kez‘ | h?p B
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i.e.,

) 1 1 . 1
Vi-+iod ul v >/ - +min|k+or|” ) “dVs.
/IB%’( st Jul"dVy IB<4sinth-log2(tanh(P/2)) pplrel Gy 1 Ve
(2.10)
1

Furthermore since 1}‘{11i£1|k+ 06\2 < 1 for all o € R, Theorem 1.1 can be reduced to the
S

following theorem.

THEOREM 2.3. Forany all p € (0,+),

1 1 1
n > 2.11
sinh? p -log? (tanh(p/2)) = sinh*p ~ p? 1D

or

p? > sinh? p -log” (tanh(p/2)) — p*-log” (tanh(p /2)). (2.12)

Proof. In order to prove (2.12), we consider the case p € (0,1] and p € [1,+o0).
In fact it suffices to prove Lemma 2.4 and Lemma 2.5 below. [J

LEMMA 2.4. Forany p € [1,4), we have
p? > sinh?p -log? (tanh(p /2)). (2.13)

Proof. For any p € [1,4e<), we have log (tanh(p/2)) < 0. (2.13) is equivalent
to
p > —sinhp -log (tanh(p/2)). (2.14)

Forall p € [1,+o0), let
f(p) = p +sinhp -log (tanh(p/2)).

Because /(1) = ¢(tanh(1/ 2))“”hl in order to show f(1) > 0 we need to prove that

e(tanh(1/2))™1 > 0, ie., & > (f“) " Since e~ 2718, e—e ! <24, itis

enoughto show ¢? > (”1)24 or & > (il) But (”1)6 < (%)6 <2.24%<2.7° <
> . Therefore f(1) >

It is sufficient to prove that f'(p) > 0 for all p € [1,4e0). A simple calculation

shows

;o 11+tanh’(p/2) )
f'(p) _2+§Wlog(tanh (p/2)), (2.15)

Let x = tanh?(p /2) in (2.15). For x € [tanh?(1/2),1), we set

1+
g(x) = At Zlogx. (2.16)

Then
glx) =4+

2
logx. (2.17)
—X
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Let

h(x) =4+ logx. x € [tanh?(1/2),1)

1—x

It is easy to see that
2

' (x) = m[(

1 —x) +xlogx].

and
[(1—x)+xlogx] =logx <0, Vx & [tanh*(1/2),1).

Using L’hospital’s rule, we also obtain

K (1) = lim

x_dm[(l —x) +xlogx] = 1.

Thus 7'(x) is a decreasing function on [tanh?(1/2),1) and the minimal value of A’ (x)
is 1. Hence
h(x) >0, Vx ¢ [tanh?(1/2),1).

From (2.17), we know that
g(x) > h(x) >0, Vxe [tanh?(1/2),1),

ie.,
f(p)=0, Vpe[l,+o). (2.18)

From (2.18) and f(1) > 0, we can conclude that (2.14) holds for all p € [1,4+e). O

LEMMA 2.5. Forany p € (0,1], we have

p? > sinh? p -log” (tanh(p/2)) — p* - log* (tanh(p /2)). (2.19)

Proof. Forany p € (0,1), p —log (tanh(p/2)) - /sinh* p — p2 > 0. Thus (2.19)

is equivalent to
p +log(tanh(p/2)) - 1/sinh? p — p2 > 0.
\/sinh? p — p2
1+log (tanh(p/2)) - +———— >0 (2.20)

P -

or

1
The minimum of ¢logs on (0,1) is - Thus for all p € (0, 1],
sinh? p — p2 \/sinh? p — p2
1+log(tanh(p/2))- Y =1+ tanh(p/2)-log(tanh(p/2)) *—————

p tanh(p/2)
1 \/sinh?p — p2

>l
- e ptanh(p/2)
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In order to prove (2.20), it is sufficient to show that for all p € (0,1],
e’p? -tanh?(p /2) —sinh®p 4+ p* > 0. (2.21)
The proof of (2.21) will be completed by Lemma 2.6 and Lemma 2.7 below. [

LEMMA 2.6. Forall p € (0,1],

¢*p? -tanh®(p /2) > p?sinh?p. (2.22)
Proof. (2.22) is equivalent to

cosh(p/2) < \/g Vip € (0,1]. (2.23)

1
Because (cosh(p/2)) = Esinh(p/Z) > 0, cosh(p/2) is increasing on (0,1]. It is

1
easy to see that 1 ++v2 < e, ie, 1+e ! <2 or 5(61/2 +e1?) < \/g. Thus
cosh(1/2) < \/g and (2.23)is proved. [
LEMMA 2.7. Forall p € (0,1],
p2sinh?p —sinh? p 4+ p? > 0. (2.24)
Proof. (2.24) is equivalent to
p -coshp —sinhp <0, Vp €(0,1]. (2.25)

Let h(p) =p-coshp —sinhp, p € (0,1]. h'(p) = psinhp >0 and h(p) is an increas-
ing function on (0, 1]. We also have h(0) = 0. Hence h(p) >0 on (0,1], i.e., (2.25)
holds. [J

Now Lemma 2.5 or (2.21) comes from (2.22) and (2.24). Combining Lemma 2.4
and Lemma 2.5, we complete the proof of Theorem 2.3.
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