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EXTENSIONS OF FEFFERMAN–STEIN MAXIMAL INEQUALITIES

WENHUA GAO AND GUOEN HU

(Communicated by L. Pick)

Abstract. Let β1, . . . , βm ∈ [0, ∞) and M
L(logL)�β

be the maximal operator defined by

M
L(logL)�β

( f1, . . . , fm)(x) = sup
Q�x

m

∏
j=1

‖ f j‖L(logL)β j ,Q
.

In this paper, we establish the weighted bounds in terms of the A�P(Rmn) constant for M
L(logL)�β

from Lp1 (lq1 ;Rn,w1)× . . .×Lpm(lqm ;Rn,wm) to Lp(lq; R
n,ν�w) , where p1, . . . , pm, q1, . . . ,qm ∈

(1, ∞) , 1/p = 1/p1 + . . . + 1/pm , 1/q = 1/q1 + . . .+ 1/qm and �w = (w1, . . . , wm) a multiple
A�P weights. A weak type endpoint inequality for vector-valued operator M

L(logL)�β
is also given.

1. Introduction

We will work on R
n , n ∈ N . Let M be the Hardy-Littlewood maximal operator.

The well known Fefferman-Stein maximal inequalities (see [5, Theorem 1]) tell us that
for all p,q ∈ (1,∞) ,

‖{M fk}‖Lp(lq;Rn) � ‖{ fk}‖Lp(lq;Rn),

and for each λ > 0,

|{x ∈ R
n : ‖{M fk(x)}‖lq > λ}| � λ−1‖{ fk}‖L1(lq;Rn),

where and in the following, for q∈ (0, ∞) and numbers {ak}∞
k=1 , we denote ‖{ak}‖lq =(

∑k |ak|q
)1/q

; and for a weight w and p ∈ (1, ∞) , Lp(lq; Rn, w) is the space defined
as

Lp(lq; R
n, w) =

{{ fk}∞
k=1 : ‖{ fk}‖Lp(lq;Rn,w) < ∞

}
,

where

‖{ fk}‖Lp(lq;Rn,w) =
(∫

Rn
‖{ fk(x)}‖p

lqw(x)dx
)1/p

.

We denote ‖{ fk}‖Lp(lq;Rn,1) by ‖{ fk}‖Lp(lq;Rn) for simplicity. Anderson and John [1]
considered weighted version of Fefferman-Stein maximal inequalities. For p ∈ (1, ∞) ,
let Ap(Rn) be the weight functions class of Muckenhoupt, that is,

Ap(Rn) = {w : w is nonnegative and locally integrable in R
n and [w]Ap < ∞},
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with

[w]Ap := sup
Q

( 1
|Q|

∫
Q

w(x)dx
)( 1

|Q|
∫

Q
w− 1

p−1 (x)dx
)p−1

,

if p ∈ (1, ∞) , and

[w]A1 := sup
x∈Rn

Mw(x)
w(x)

;

[w]Ap is called the Ap constant of w (for details of Ap(Rn) , see [6]). Anderson and
John [1] proved that for p, q ∈ (1, ∞) and w ∈ Ap(Rn) ,

‖{M fk}‖Lp(lq;Rn,w) �p,q,w ‖{ fk}‖Lp(lq;Rn,w), (1.1)

and for each λ > 0 and w ∈ A1(Rn) ,

w({x ∈ R
n : ‖{M fk(x)}‖lq > λ}) �w λ−1‖{ fk}‖L1(lq;Rn,w).

It should be pointed out that (1.1) can be obtained from the boundedness of M on
Lp(Rn, w) , see [7]. Cruz-Uribe, SFO, Martell and Pérez [3] considered the sharp
weighted bounds for vector-valued Hardy-Littlewood maximal operator, and proved
that for p, q ∈ (1, ∞) and w ∈ Ap(Rn) ,

‖{M fk}‖Lp(Rn,w) � [w]
max{ 1

q , 1
p−1}

Ap
‖{ fk}‖Lp(Rn,w).

For β ∈ [0, ∞) , a cube Q⊂Rn and a function f with
∫
Q | f (t)| logβ (1+ | f (t)|)dt <

∞ , define ‖ f‖L(logL)β ,Q by

‖ f‖L(logL)β ,Q = inf
{

λ > 0 :
1
|Q|

∫
Q

| f (y)|
λ

logβ
(
1+

| f (y)|
λ

)
dy � 1

}
.

Let m ∈ N , β1, . . . , βm ∈ [0, ∞) , set �β = (β1, . . . , βm) . Define the maximal operator
M

L(logL)�β
by

M
L(logL)�β

( f1, . . . , fm)(x) = sup
Q�x

m

∏
j=1

‖ f j‖L(logL)β j ,Q
.

Operators of this type came from the study of the commutators of multilinear Calderón-
Zygmund operators, see [13, 15]. For the case of β1 = . . . = βm = 0, we denote
M

L(logL)�β
by M ; for the case of m = 1, we denote M

L(logL)�β
by ML(logL)β for

simplicity. The operator M was introduced by Lerner, Ombrosi, Pérez, Torres and
Trujillo-González [13] and plays an important role in the study of weighted estimates
for the multilinear Calderón-Zygmund operators.

DEFINITION 1.1. Let m ∈ N , w1, . . . ,wm be weights, p1, . . . , pm ∈ [1, ∞) , p ∈
(0, ∞) with 1/p = 1/p1 + . . . + 1/pm . Set �w = (w1, . . . , wm) , �P = (p1, . . . , pm) and

ν�w = ∏m
k=1 wp/pk

k . We say that �w ∈ A�P(Rmn) if

[�w]A�P
:= sup

Q⊂Rn

( 1
|Q|

∫
Q

ν�w(x)dx
)1/p m

∏
k=1

( 1
|Q|

∫
Q

w
− 1

pk−1

k (x)dx
)1−1/pk

< ∞,
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when pk = 1,
(

1
|Q|

∫
Q w

− 1
pk−1

k (x)dx
)1−1/pk

is understood as (infQ wk
)−1

.

Damián, Lerner and Pérez [4] considered the sharp weighted bound for M and
proved that for p1, . . . , pm ∈ (1, ∞) , p ∈ ( 1

m , ∞) with 1/p = 1/p1 + . . .+ 1/pm , and
�w = (w1, . . . , wm) ∈ A�P(Rmn) ,

‖M ( f1, . . . , fm)‖Lp(Rn,ν�w) � [�w]
1
p
Ap

m

∏
i=1

[w
− 1

pi−1
i ]

1
pi
A∞

m

∏
j=1

‖ f j‖Lp j (Rn,wj), (1.2)

where and in the following, for a weight u , [u]A∞ is defined by

[u]A∞ = sup
Q⊂Rn

1
u(Q)

∫
Q

M(uχQ)(x)dx.

Li, Moen and Sun [14] established another sharp weighted bound for M , which is
independent of (1.2) each other. Li et al. [14] proved that for p1, . . . , pm ∈ (1, ∞) and
�w = (w1, . . . ,wm) ∈ A�P(Rmn) ,

‖M ( f1, . . . , fm)‖Lp(Rn,ν�w) � [�w]
max{1,

p′1
p ,···, p′m

p }
A�P

m

∏
j=1

‖ f j‖Lp j (Rn,wj).

Our main purpose in this paper is to prove the following extension of Fefferman-Stein
maximal inequalities.

THEOREM 1.2. Let m ∈ N , β1, . . . ,βm ∈ [0,∞) , q1, . . . , qm ∈ (1, ∞) and q ∈
(1/m, ∞) with 1/q = 1/q1 + . . .+1/qm , �w = (w1, . . . , wm) ∈ A�P(Rmn) .

(i) If p1, . . . , pm ∈ (1, ∞) and p ∈ (1/m, ∞) with 1/p = 1/p1 + . . .+1/pm , then∥∥{M
L(logL)�β

( f k
1 , . . . , f k

m)}∥∥Lp(lq;Rn,ν�w)

� [�w]
max{ 1

q ,
p′1
p ,···, p′m

p }
A�P

m

∏
i=1

[w
− 1

p−1
i ]βi

A∞

m

∏
j=1

‖{ f k
j }‖Lp j (lq j ;Rn,wj). (1.3)

(ii) If �w = (w1, . . . , wm) ∈ A1, ...,1(Rmn) , then for each fixed λ > 0 ,

ν�w({x ∈ R
n :

∥∥{M
L(logL)�β

( f k
1 , . . . , f k

m)(x)}∥∥lq > λ})

��w

m

∏
j=1

(∫
Rn

‖{ f k
j (y j)}‖lq j

λ 1
m

log|�β |
(
1+

‖{ f k
j (y j)}‖lq j

λ 1
m

)
wj(y j)dy j

) 1
m
, (1.4)

here and in the following, for �β = (β1, . . . , βm) , |�β | = β1 + . . .+ βm .

REMARK 1.3. For the case m = 1, β ∈ N and w ≡ 1, the inequality (1.4) was
proved by Hu [8]. However, the argument used in [8] does not apply to the case β ∈
(0,∞)\N , and does not apply to the case m � 1.
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In what follows, C always denotes a positive constant that is independent of the
main parameters involved but whose value may differ from line to line. We use the
symbol A � B to denote that there exists a positive constant C such that A � CB .
Specially, we use A �w B to denote that there exists a positive constant C depending
only on w such that A � CB . Constant with subscript such as C1 , does not change
in different occurrences. For any set E ⊂ R

n , χE denotes its characteristic function.
For a cube Q ⊂ Rn and λ ∈ (0, ∞) , we use �(Q) (diamQ) to denote the side length
(diamter) of Q , and λQ to denote the cube with the same center as Q and whose side
length is λ times that of Q .

2. Proof of Theorem 1.2

Recall that the standard dyadic grid in Rn consists of all cubes of the form

2−k([0, 1)n + j), k ∈ Z, j ∈ Z
n.

Denote the standard dyadic grid by D0 . For a fixed cube Q , denote by D0(Q) the set of
dyadic cubes with respect to Q , that is, the cubes from D0(Q) are formed by repeating
subdivision of Q and each of descendants into 2n congruent subcubes.

As usual, by a general dyadic grid D , we mean a collection of cubes with the
following properties: (i) for any cube Q ∈ D , its side length �(Q) is of the form 2k

for some k ∈ Z ; (ii) for any cubes Q1, Q2 ∈ D , Q1 ∩Q2 ∈ {Q1, Q2, /0} ; (iii) for each
k ∈ Z , the cubes of side length 2k form a partition of Rn .

For a dyadic grid D and β1, . . . , βm ∈ [0, ∞) , let M
D ,L(logL)�β

be the operator

defined by

M
D ,L(logL)�β

( f1, . . . , fm)(x) = sup
Q�x,Q∈D

m

∏
j=1

‖ f j‖L(logL)β j ,Q
.

For the case of m = 1, we denote M
D ,L(logL)�β

by MD ,L(logL)β .

LEMMA 2.1. Let β ∈ (0, ∞) and q ∈ (1, ∞) . Then for any cube Q ⊂ R
n ,∥∥{‖ fk‖L(logL)β ,Q

}∥∥
lq �

∥∥‖{ fk}‖lq
∥∥

L(logL)β ,Q. (2.1)

Proof. For s ∈ (0, ∞) , we define ‖h‖expLs,Q by

‖h‖expLs,Q = inf
{

λ > 0 :
1
|Q|

∫
Q

exp
( |h(x)|

λ

)s
dx � 2

}
.

We claim that if s1 � s2 , then

‖h‖expLs1 ,Q � ‖h‖expLs2 ,Q. (2.2)

To see this, let λ0 > 0 such that

1
|Q|

∫
Q

exp
( |h(x)|

λ0

)s2
dx � 2,
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then

1
|Q|

∫
Q

exp
( |h(x)|

λ0

)s1
dx � e+

1
|Q|

∫
{x∈Q: |h(x)|>λ0}

exp
( |h(x)|

λ0

)s1
dx � 8.

Thus by Hölder’s inequality,

1
|Q|

∫
Q

exp
( |h(x)|

3
1
s1 λ0

)s1
dx �

( 1
|Q|

∫
Q

exp
( |h(x)|

λ0

)s1
dx

) 1
3 � 2.

This gives (2.2).
We now prove (2.1). By (2.2), it is easy to verify that

∥∥‖{ fk}‖lq′
∥∥

expL
1
β ,Q

=
∥∥∑

k

| fk|q′
∥∥ 1

q′

expL
1

q′β ,Q

�
∥∥∑

k

| fk|q′
∥∥ 1

q′

expL
1
β ,Q

.

On the other hand, by a standard duality argument (see [16, p. 20]), we deduce that∥∥∥∑
k

| fk|q′
∥∥∥

expL
1
β ,Q

≈ sup
‖g‖

L(logL)β ,Q
�1

1
|Q|

∣∣∣∫
Q
∑
k

| fk(y)|q′g(y)dy
∣∣∣

� sup
‖g‖

L(logL)β ,Q
�1

∑
k

∥∥| fk|q′∥∥
expL

1
β ,Q

‖g‖L(logL)β ,Q

� ∑
k

‖ fk‖q′

expL
1
β ,Q

.

Therefore, ∥∥‖{ fk}‖lq′
∥∥

expL
1
β ,Q

�
∥∥‖{ fk}‖

expL
1
β ,Q

∥∥
lq′ . (2.3)

The inequality (2.1) is an easy consequence of inequality (2.3). In fact, by a duality
argument, we have that∥∥∥{∥∥ fk

∥∥
L(logL)β ,Q

}∥∥∥
lq

� sup∥∥‖gk‖
expL

1
β ,Q

∥∥
lq
′ �1

∑
k

∣∣∣ 1
|Q|

∫
Q

fk(y)gk(y)dy
∣∣∣

� sup∥∥‖gk‖
expL

1
β ,Q

∥∥
lq
′ �1

1
|Q|

∫
Q
‖{ fk(y)}‖lq‖{gk(y)}‖lq′dy

� sup∥∥‖gk‖
expL

1
β ,Q

∥∥
lq
′ �1

∥∥‖{ fk}‖lq
∥∥

L(logL)β ,Q

∥∥‖{gk}‖lq′
∥∥

expL
1
β ,Q

�
∥∥‖{ fk}‖lq

∥∥
L(logL)β ,Q,

where the second inequality follows from Minkowski’s inequality, and the third inequal-
ity follows from the generalized Hölder’s inequality (see [16, p. 64]). This completes
the proof of Lemma 2.1. �
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LEMMA 2.2. Let β ∈ [0, ∞) and q ∈ (1, ∞) . Then for each λ > 0 ,∣∣{x ∈ R
n :

∥∥{
ML(logL)β fk(x)

}∥∥
lq > λ

}∣∣
�

∫
Rn

‖{ fk(x)}‖lq

λ
logβ

(
1+

‖{ fk(x)}‖lq

λ

)
dx. (2.4)

Proof. We employ the ideas of Fefferman and Stein in [5], together with some
other tricks. By the well known one-third trick (see [10, Lemma 2.5]), we know that
there exists 3n dyadic grid D1, . . . , D3n , such that for any f and x ∈ Rn ,

ML(logL)β f (x) �
3n

∑
j=1

MD j ,L(logL)β f (x).

Thus, it suffices to prove that for each dyadic grid D ,∣∣{x ∈ R
n :

∥∥{
MD ,L(logL)β fk(x)

}∥∥
lq > 1

}∣∣
�

∫
Rn

‖{ fk(x)}‖lq logβ (
1+‖{ fk(x)}‖lq

)
dx. (2.5)

Write
{x ∈ R

n : MD ,L(logL)β (‖{ fk}‖lq)(x) > 1} = ∪ jQ j,

with {Qj} ⊂ D the maximal cubes such that
∥∥‖{ fk}‖lq

∥∥
L(logL)β ,Qj

> 1. Obviously,

1 <
1

|Qj|
∫

Qj

‖{ fk(x)}‖lq logβ (
1+‖{ fk(x)}‖lq

)
dx � 2n. (2.6)

Set
f 1
k (x) = fk(x)χRn\∪ jQ j

(x), f 2
k (x) = fk(x)χ∪ jQ j (x).

Since ‖{ f 1
k }‖L∞(lq;Rn) � 1, it follows that

∣∣{x ∈ R
n :

∥∥{
ML(logL)β f 1

k (x)
}∥∥

lq > 1
}∣∣ �

∥∥∥{
ML(logL)β f 1

k

}∥∥∥q

Lq(lq;Rn)

� ‖{ fk}‖L1(lq;Rn).

Now let E = ∪ j4Qj . It is easy to verify that

|E| � ∑
j

∫
Qj

‖{ fk(x)}‖lq logβ (
1+‖{ fk(x)}‖lq

)
dx

�
∫

Rn
{ fk(x)}‖lq logβ (

1+‖{ fk(x)}‖lq
)
dx.

For each fixed k , set
f 3
k (y) = ∑

j
‖ fk‖L(logL)β ,Qj

χQj (y).
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An application of Lemma 2.1 leads to that

‖{ f 3
k (y)}‖lq � ∑

j

∥∥‖{ fk}‖lq
∥∥

L(logL)β ,Qj
χQj (y).

It then follows from (2.6) that

‖{ f 3
k }‖L∞(lq;Rn) � 1,

and

‖{ f 3
k }‖L1(lq,Rn) � ∑

j
|Qj|

∥∥‖{ fk}‖lq
∥∥

L(logL)β ,Qj

�
∫

Rn
‖{ fk(y)}‖lq logβ (

1+‖{ fk(y)}‖lq
)
dy, (2.7)

where in the last inequality, we have invoked the fact that
∥∥‖{ fk}‖lq

∥∥
L(logL)β ,Qj

≈ 1.

If we can prove that for x ∈ Rn\E ,

MD ,L(logL)β f 2
k (x) � C1ML(logL)β f 3

k (x), (2.8)

with C1 a positive constant, then by the inequality (2.7),∣∣∣{x ∈ R
n\E :

∥∥{
MD ,L(logL)β f 2

k (x)
}∥∥

lq > 1
}∣∣∣

�
∣∣∣{x ∈ R

n\E :
∥∥{

ML(logL)β f 3
k (x)

}∥∥
lq > C1

}∣∣∣
�

∥∥{
ML(logL)β f 3

k

}∥∥q
Lq(lq,Rn) �

∥∥{
f 3
k

}∥∥q
Lq(lq,Rn)

�
∫

Rn
‖{ fk(y)}‖lq logβ (

1+‖{ fk(y)‖lq
)
dy.

Our desired conclusion (2.5) follows directly.
It remains to prove (2.8). For each fixed x∈R

n\E and each cube I ∈D containing
x , note that I ∩Qj �= /0 implies that Qj ⊂ I . Thus, for each λ > 0, a straightforward
computation tells us that

∫
I

| f 2
k (y)|
λ

logβ
(
1+

| f 2
k (y)|
λ

)
dy

= ∑
j:Qj⊂I

∫
Qj

| f 2
k (y)|
λ

logβ
(
1+

| f 2
k (y)|
λ

)
dy

� ∑
j:Qj⊂I

∫
Qj

‖ fk‖L(logL)β ,Qj

λ
logβ

(
1+

‖ fk‖L(logL)β ,Qj

λ

)

× | fk(y)|
‖ fk‖L(logL)β ,Qj

logβ
(
1+

| fk(y)|
‖ fk‖L(logL)β ,Qj

)
dy

� ∑
j:Qj⊂I

|Qj|
‖ fk‖L(logL)β ,Qj

λ
logβ

(
1+

‖ fk‖L(logL)β ,Qj

λ

)
,
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and

∫
I

| f 3
k (y)|
λ

logβ
(
1+

| f 3
k (y)|
λ

)
dy

= ∑
j:Qj⊂I

|Qj|
‖ fk‖L(logL)β ,Qj

λ
logβ

(
1+

‖ fk‖L(logL)β ,Qj

λ

)
.

Therefore,

‖ f 2
k ‖L(logL)β , I � ‖ f 3

k ‖L(logL)β , I .

This establishes (2.8) and completes the proof of Lemma 2.2. �

Let Q⊂Rn be a cube, and f be a measurable real-valued function on Q . mf (Q) ,
the median value of f on Q , is one of the real numbers such that

max{|{x ∈ Q : f (x) > mf (Q)}|, |{x ∈ Q : f (x) < mf (Q)}|} � |Q|/2.

The decreasing rearrangement of a measurable function f is defined by

f ∗(t) = inf{λ > 0 : |{x ∈ R
n : | f (x)| > λ}|< t}, t ∈ (0, ∞).

For λ ∈ (0, 1) and cube Q ⊂ Rn , the local mean oscillation of f is defined by

ωλ ( f ; Q) = inf
c∈C

(
( f − c)χQ

)∗(λ |Q|).

The following lemma was proved by Hytönen [9], which improves original Lerner’s
formula established in [12].

LEMMA 2.3. Let f be a measurable function on Rn and Q0 ⊂ Rn be a cube.
Then there exists a sparse family S of cubes Q ∈ D0(Q0) , such that for a. e. x ∈ Q0 ,

| f (x)−mf (Q0)| � 2 ∑
Q∈S

ω 1
2n+2

( f ; Q)χQ(x).

LEMMA 2.4. Let ρ ∈ [0, ∞) and δ ∈ (0, 1) , T be a sublinear operator which
satisfies the weak type estimate that

|{x ∈ R
n : ‖{T f k}(x)}‖lq > λ}| �

∫
Rn

‖{ f k(x)}‖lq

λ
logρ

(
1+

‖{ f k(x)}‖lq

λ

)
dx.

Then for any cube I and appropriate functions { f k} with supp f k ⊂ I ,

( 1
|I|

∫
I
‖{T f k(x)}‖δ

lqdx
) 1

δ �
∥∥‖{ f k}‖lq

∥∥
L(logL)ρ , I.
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Lemma 2.4 can be proved by mimicking the proof of Kolmogrov’s inequality, we
omit the details for brevity.

Let η ∈ (0, 1) and S be a family of cubes. We say that S is η -sparse, if for
each fixed Q ∈ S , there exists a measurable subset EQ ⊂ Q , such that |EQ| � η |Q|
and {EQ} are pairwise disjoint. Associated with the sparse family S and nonnegative
constants β1, . . . ,βm ∈ [0, ∞) , we define the sparse operator A q

m,S ,L(logL)�β
by

A q

m,S ,L(logL)�β
f (x) =

(
∑

Q∈S

m

∏
j=1

‖ f j‖q

L(logL)β j ,Q
χQ(x)

) 1
q
.

THEOREM 2.5. Let p1, . . . , pm ∈ (1, ∞) , p∈ (0, ∞) such that 1/p= 1/p1+ . . .+
1/pm , and �w = (w1, . . . , wm) ∈ A�P(Rnm) . Set σi = w−1/(pi−1)

i . Let D be a dyadic grid
and S ⊂ D be a sparse family. Then for β1, . . . , βm ∈ [0, ∞) ,

‖A q

m,S ,L(logL)�β
( f1, . . . , fm)‖Lp(Rn,ν�w) � [�w]

max{ 1
q ,

p′1
p , ...,

p′m
p }

Ap

m

∏
i=1

[σi]
βi
A∞

m

∏
j=1

‖ f j‖Lp j (Rn,wj).

Proof. We employ the ideas used in the proof of Theorem 3.2 in [14]. As it is

well known, �w ∈ A�P(Rmn) implies σ j = w
−1/(p j−1)
j ∈ Amp′j (R

n) , and for rσ j = 1 +
1

211+n[σ j ]A∞
, ( 1

|Q|
∫

Q
σ

rσ j
j (x)dx

) 1
rσ j � 2

1
|Q|

∫
Q

σ j(x)dx,

see [11]. Let ρ j = (1+ p j)/2. Recalling that for δ > 1

‖h‖L(logL)ρ ,Q � max
{

1,
1

(δ −1)ρ

}( 1
|Q|

∫
Q
|h(y)|δ dy

) 1
δ
,

we then have by the generalization of Hölder’s inequality that

‖ f jσ j‖L(logL)β j ,Q
�

( 1
|Q|

∫
Q
| f j|ρ jσ j

) 1
ρ j ‖σ

1
ρ′j
j ‖

L
ρ′j (logL)

ρ′jβ j ,Q

� [σ j]
β j
A∞

( 1
|Q|

∫
Q
| f j|ρ j σ j

) 1
ρ j

( 1
|Q|

∫
Q

σ j

) 1
ρ′j

� [σ j]
β j
A∞

inf
y∈Q

Mσ j ,ρ j f j(y)〈σ j〉Q, (2.9)

with

Mσ j ,ρ j f j(x) = sup
I�x, I∈D

( 1
σ j(I)

∫
I
| f j(y)|ρ jσ j(y)dy

) 1
ρ j .

Let

〈h〉σ j
Q =

1
σ j(Q)

∫
Q

h(y)σ j(y)dy,
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and define the operator Ã q
m,S by

Ã q
m,S ( f1, . . . , fm)(x) =

(
∑

Q∈S

m

∏
j=1

(〈 f j〉σ j
Q 〈σ j〉Q)qχQ(x)

) 1
q
.

Recall that Mσ j ,ρ j is bounded on Lpj (Rn, σ j) with bound depending only on p j . Our
proof is now reduced to proving that

‖Ã q
m,S ( f1, . . . , fm)‖Lp(Rn,ν�w) � [�w]

max{ 1
q ,

p′1
p , ...,

p′m
p }

Ap

m

∏
j=1

‖ f j‖Lp j (Rn,σ j). (2.10)

When p � q , the proof of (2.10) follows from the argument in [14, p. 757–759].
In fact, as in [14], we obtain that

‖Ã q
m,S ( f1, . . . , fm)‖p

Lp(Rn,ν�w) � ∑
Q∈S

m

∏
j=1

(〈 f j〉σ j
Q 〈σ j〉Q)pν�w(Q)

� [�w]max{p′1, ..., p′m}
Ap

m

∏
j=1

‖ f j‖p
Lp j (Rn,σ j)

.

Now let p > q and τ = max{1, q
p′1
p , . . . , q p′m

p } . It is obvious that τ p/p′j � q and so

{
σ j(Q)}

τ p
p′j
−q

�
{

σ j(EQ)}
τ p

p′j
−q

.

By the fact that

|Q| � ν�w(EQ)
1

mp

m

∏
j=1

{σ j(EQ)}
1

mp′j

(see [14, p. 758] for details), as in the proof of Theorem B in [2], a straightforward
computation gives us that

∑
Q∈S

m

∏
j=1

(〈 f j〉σ j
Q 〈σ j〉Q

)q
∫

Q
g(x)ν�w(x)dx

� [�w]τA�P ∑
Q∈S

|Q|m(τ p−q)

(
ν�w(Q)

)τ ∏m
i=1 σi(Q)

τ p
p′i

∫
Q

g(x)ν�w(x)dx
m

∏
j=1

(∫
Q

f j(y j)σ j(y j)dy j

)q

� [�w]τA�P
∑

Q∈S

( 1
ν�w(Q)

∫
Q

gν�w(x)dx
)(

ν�w(EQ)
) 1(

p
q

)′

×
m

∏
j=1

( 1
σ j(Q)

∫
Q

f j(y j)σ j(y j)dy j

)q(
σ j(EQ)

) q
p j
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� [�w]τA�P

{
∑

Q∈S

( 1
ν�w(Q)

∫
Q

g(x)ν�w(x)dx
)( p

q )′
ν�w(EQ)

} 1(
p
q

)′

×
m

∏
j=1

{
∑

Q∈S

( 1
σ j(Q)

∫
Q

f j(y j)σ j(y j)dy j

)p j
σ j(EQ)

} q
p j

� [�w]τA�P

m

∏
j=1

‖ f j‖q
Lp j (Rn,σ j)

‖g‖
L

( p
q )′ (Rn,ν�w)

.

We then deduce (2.10) for p > q . This completes the proof of Theorem 2.5. �

LEMMA 2.6. Let β1, . . . , βm ∈ [0, ∞) and �w = (w1, . . . ,wm)∈ A1,...,1(Rmn) . Then
for each λ > 0 ,

ν�w
({x ∈ R

n : M
L(logL)�β

( f1, . . . , fm)(x) > λ})
�

m

∏
j=1

(∫
Rn

| f j(x)|
λ

1
m

log|β |
(
1+

| f j(x)|
λ

1
m

)
wj(x)dx

) 1
m
.

This Lemma can be proved by repeating the argument in the proof of Theorem
3.17 in [13], see also [15]. We omit the details for brevity.

Proof of Theorem 1.2. Let D be a dyadic grid. We claim that for each Q⊂D and
each λ ∈ (0, 1) ,

ωλ
(‖{M

D ,L(logL)�β
( f k

1 , . . . , f k
m)}‖q

lq , Q
)

�
m

∏
j=1

∥∥‖{ f k
j }‖lq j

∥∥q

L(logL)β j ,Q
. (2.11)

In fact, we know from Lemma 2.2 and Lemma 2.4 that for each δ ∈ (0, 1
mq ) ,

( 1
|Q|

∫
Q

∥∥{M
D ,L(logL)β j ( f k

j χQ)(x)}∥∥mδ
lq j dx

) 1
mδ �

∥∥‖{ f k
j }

∥∥
lq j

∥∥
L(logL)β j ,Q

. (2.12)

Let ck = supI�x,D�I⊃Q ∏m
j=1‖ f k

j ‖L(logL)β j , I
and D = ‖{ck}‖lq . For δ ∈ (0, 1

mq ) , it

follows from Hölder’s inequality that

( 1
|Q|

∫
Q

∣∣∣∥∥{M
D ,L(logL)�β

( f k
1 , . . . , f k

m)(x)}∥∥q
lq −Dq

∣∣∣δ
dx

) 1
δ

�
( 1
|Q|

∫
Q

∥∥{M
D ,L(logL)�β

( f k
1 χQ, . . . , f k

mχQ)(x)}∥∥qδ
lq dx

) 1
δ

�
m

∏
j=1

( 1
|Q|

∫
Q

∥∥{M
L(logL)β j ( f k

j χQ)(x)}∥∥mqδ
lq j dx

) 1
mδ

.

This, via (2.12), yields (2.11).
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We now prove (1.3). For each cube Q⊂ D , we deduce from Lemma 2.3, inequal-
ity (2.11) and Theorem 2.5 that∫

Q

∣∣∣‖{M
D ,L(logL)�β

( f k
1 , · · · , f k

m)(x)}‖q
lq −m‖{M

D,L(logL)
�β ( f k

1 , ···, f k
m)}‖q

lq
(Q)

∣∣∣ p
q ν�w(x)dx

�
∫

Rn

(
A q

m;S ,L(logL)�β
(‖ f k

1‖lq , · · · , ‖ f k
m‖lq)(x)

)p
ν�w(x)dx

�
(
[�w]

max{ 1
q ,

p′1
p , ···, p′m

p }
Ap

m

∏
i=1

[σi]
βi
A∞

m

∏
j=1

‖{ f k
j }‖Lp j (lq;Rn,wj)

)p
,

with S ⊂ D0(Q) being a sparse family. As in the proof of Theorem 5.1 in [3], we then
obtain from the last inequality that

(∫
Rn

∥∥{M
D ,L(logL)�β

( f k
1 , . . . , f k

m)(x)}∥∥p
lqν�w(x)dx

) 1
p

� [�w]
max{ 1

q ,
p′1
p , ...,

p′m
p }

Ap

m

∏
i=1

[σi]
βi
A∞

m

∏
j=1

‖{ f k
j }‖Lp j (lq;Rn,wj).

This, along with the one-third trick (see [10, Lemma 2.5]), leads to (1.3) for the case of
q ∈ (1, ∞) .

It remains to prove (1.4). Again by the one-third trick, it suffices to prove that for
each dyadic D ,

ν�w({x ∈ R
n :

∥∥{M
D ,L(logL)�β

( f k
1 , . . . , f k

m)(x)}∥∥lq > 1})

��w

m

∏
j=1

(∫
Rn

‖{ f k
j (y j)}‖lq j logβ j

(
1+‖{ f k

j (y j)}‖lq j

)
wj(y j)dy j

) 1
m
. (2.13)

Associated with D , define the sharp maximal function M�
D as

M�
D f (x) = sup

Q�x
Q∈D

inf
c∈C

1
|Q|

∫
Q
| f (y)− c|dy.

For δ ∈ (0, 1) , let M�
D ,δ f (x) =

[
M�

D(| f |δ )(x)
]1/δ

. Repeating the argument in [17, p.
153], we can verify that if u ∈ A∞(Rn) and Φ is a increasing function on [0, ∞) which
satisfies that

Φ(2t) � CΦ(t), t ∈ [0, ∞),

then

sup
λ>0

Φ(λ )u
({x ∈ R

n : |h(x)| > λ}) �u sup
λ>0

Φ(λ )u
({x ∈ R

n : M�
D ,δ h(x) > λ}),

provided that supλ>0 Φ(λ )u
({x ∈ Rn : MD ,δ h(x) > λ}) < ∞ . On the other hand, it

follows from (2.11) that for each fixed δ ∈ (0, min{1, 1/q}) ,
M�

D ,δ
(∥∥{M

D ,L(logL)�β
( f k

1 , . . . , f k
m)}∥∥lq

)
(x) � M

L(logL)�β
(‖{ f k

1}‖lq1 , . . . , ‖{ f k
m}‖lqm )(x).
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This, together with Lemma 2.6, gives us that

ν�w({x ∈ R
n :

∥∥{M
D ,L(logL)�β

( f k
1 , . . . , f k

m)(x)}∥∥lq > 1})
� sup

t>0
ψ(t)ν�w

({x ∈ R
n : M�

D ,δ
(∥∥{M

D ,L(logL)�β
( f k

1 , . . . , f k
m)}∥∥lq

)
(x) > t})

� sup
t>0

ψ(t)ν�w
({x ∈ R

n : M
L(logL)�β

(‖{ f k
1}‖lq1 , . . . , ‖{ f k

m}‖lqm )(x) > t})

�
m

∏
j=1

(∫
Rn

‖{ f k
j (y j)}‖lq j log|�β |

(
1+‖{ f k

j (y j)}‖lq j

)
wj(y j)dy j

) 1
m
,

here we take ψ(t) = t1/m log−m|β |(1+ t−1/m) . This leads to (2.13) and completes the
proof of Theorem 1.2. �
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