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ON GENERALIZED CESARO STABLE FUNCTIONS

PRIYANKA SANGAL AND A. SWAMINATHAN

(Communicated by J. Pecaric)

Abstract. The notion of Cesaro stable function is generalized by introducing Cesaro mean of
type (b— 1;¢) which give rise to a new concept of generalized Cesaro stable function. As an
application of generalized Cesaro stable functions we also prove for a convex function of order
A € [1/2,1), its Cesaro mean of type (b— l;c) is close-to-convex of order A. Further two
conjectures are also posed in the direction of generalized Cesaro stable function. Some particular
cases of these conjectures are also discussed.

1. Preliminaries
Let b+1>c¢>0and 0 < p < 1. Define the sequence {c;} as

ank (.u)k
— =0,1,2,... 1
Bn k! ) k 07 ) ) ( )

Cok = Copyl = d =
where By =1 and B, = %% fork>1.

This sequence was used in [21] to obtain the positivity of the trigonometric cosine
sums.

THEOREM 1. [21] Let the coefficient {ci} be given as in (1). Then for b > ¢ >0
and n € N

n
Y ckcoskd >0 for p <y and 0<6 <,
k=0

where L is the solution of

3n/2 cost 2\ "¢
_— 1 - — dt =0.
/0 tl-u < 377:)

The positivity of sine sums analogous to Theorem 1 is also given in [21].
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THEOREM 2. [21] Let the coefficient {ci} be given as in (1). Then for b > c >0,
n €N and 0 < 0 < 1 the following inequalities hold.
2n+1

Y cksink® >0 for p < g,
k=1

2n
1+b 1
chsmk6>0 for u< ( i )_5'

Note that for b=1 and ¢ =1, ¢; given in (1) reduces to y; given by Vietoris [23]
which are defined as follows.

(1/2)x

Ww=n=1 and Pu="rypq =
Clearly Theorem | and Theorem 2 are further development of the following theorem
given by Vietoris [23], by choosing a; = V.

THEOREM 3. [23] Let {ax}y_, be a non-increasing sequence of non-negative
real numbers such that ag > 0 and satisfying

2kay < (2k—1)ag—1, k=1,

then for all positive integers n and 0 € (0, 1), we have

2 aysink® > 0 and 2 aicosk@ > 0.
k=1 k=0

Vietoris [23] observed that these two inequalities for the special case in which
a;. = Y where the sequence v is defined as above.

Several generalizations of Theorem 3 can be found in the literature. For example,
see [1, 5, 11, 21]. As an application of positive trigonometric sums, Ruscheweyh and
Salinas [19] introduced the concept of stable functions. Due to its wide significance,
the generalization of Theorem 3 is of much interest. For the recent development in this
direction see [21] and the references therein.

In [21] the applications of Theorem 1 and Theorem 2 in finding the location of ze-
ros of a class of trigonometric polynomials is discussed. Some new inequalities related
to Gegenbauer polynomials are also given in [21]. It is of interest to interpret Theorem
1 and Theorem 2 in the context of geometric function theory. For this purpose, we
recall some concepts and definitions.

The set of analytic functions in the unit disc D := {z: |z] < 1} is denoted by &/
and the set of all one-to-one (univalent) functions in D is denoted by .. Let
and & are the subset of & with normalization f(0) =0,f’(0) =1 and f(0) =
respectively.

The following subclasses of .7 are useful for further discussion. Let .*(a),

0 < o < 1, be the class of starlike functions of order o, f € o/ satisfying Re <Z}CES)> >

o and €(ar), 0 < o < 1 be the class of convex function of order ¢, satisfying
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Re <1 + Z’;/(/Z()Z)> > o, for z € D. If we take oo = 0, these two subclasses reduce to star-
like and convex class denoted by .* and ¢ respectively. The relation between these
two subclasses is given by Alexander transformationi.e. f € € (a) < zf' € /().

One another important subclass .7 (¢t) be the class of all close-to-convex functions
f € « with respect to a starlike function g(z) € ./* if Ree'” (Zf(())) > o,y € R. For
information regarding these classes we refer to [2, 3, 12]. There is a proper inclusion to

hold among these classes.

Further a function f € & is called pre-starlike function of order ¢, 0 < o < 1 if
f(z)xky(z) € 7*(er). This class is denoted by Z* (), where ky(z) = = z)2 sz plays
the vital role as it is the extremal function of .*(¢¢) and for a complete account of
details on Z* (o) see [15]. It is obvious that #*(1/2) = *(1/2) and Z*(0) = ¢ .
Here the Hadamard product or convolution denoted by * is defined as follows:

Let f(z) Eakz and g(z 2 bz, z € D. Then
k=0 k=0

(f+8)(z Z agbiZ*,  forall z € D. (2)

In the present context, the following lemma is of considerable interest, which plays
important role in several problems in function theory involving duality technique.

LEMMA 1. [13, p. 54] Let F be prestarlike of order 0 < y< 1, G € .*(v) and
H is any analytic function in D. Then,

F*(GH)

=2 (D) co(H(D)),

where co(A) is the convex hull of a set A.

Another tool used in the sequel is the concept of subordination denoted by <. An
analytic function f is subordinate to a univalent function g, written as f(z) < g(z),
if there exists a Schwarz function (z) : D — D, satisfying |@(z)| < |z| such that
f(2) =gla(z2).

To apply Theorem 1 and Theorem 2 in context of geometric function theory, we
generalize the concept of stable function by means of generalized Cesaro mean of type
(b—1;¢). For f € & and b+ 1> ¢ > 0, the nth Cesaro mean of type (b — 1;c¢) of

=Y aid* € o is given by,
k=0

o) =g S Bt = @), neNy )
k=0
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where By is defined as By = 1 and By = E ;’; Lib=c for k > 1. For f € o/, we say

ot ( f,z) is the nth Cesaro mean of type (b — 1;¢) of f. Geometric proper-
ties of o’ ) ( f,z) can be found in [22] and references therein. Further s,(f,z) =
1 LD ( f,z) was studied by Ruscheweyh with his collaborators, see [20] and ref-

erences therein. Similarly ¢,%(f,z) = GnHa_l’l)(f ,z) was studied by Mondal and
Swaminathan in [11].

2. Generalized Cesaro stable function

Using simple computation, (3) can be rewritten in the following form.

1) c+n—1 blc (b—c)"S By X
= () oo+ O PN L

L (b2 1, B,
— [ — ) a,_ —a,7".
B, p n-1 B,

“4)

In the sequel, we denote f(z) := which satisfies the following relations that

1
(-2

are easy to verify.

b+
20" ) (fu2) = o e fh2),

1— /
fﬂ—%fuzo.

Now we state the main result of this section. For the proof, we follow the procedure
similar to the one given in [20, Theorem 1.1].

o1 (f2) = (l:l) O g2,

THEOREM 4. For b > max{c,2c — 1} > 0 and u € [—1,1], the following equa-
tion holds.

h 1.c)
(1=2"0" " (fu,2) < (1= )" (5)
Proof. The nth Cesaro mean of type (b— 1;¢) of f(z) 2 axZ € ) is given in
k=0
(3). Let h(z):=1—(1— Z)Gnh Le) (fusz )# In order to prove our result it is sufficient

to prove |h(z)| < 1 Clearly, for u =0, f;, =1 and hence |A(z)| < 1. We consider the
proof in two parts based on the range of w . For the first part, let u € (0, 1]. Consider

(I_Z) blc(fu,)_ blc(f/u) Zan 1C(fu7)

+n—1 c) ,C
~ (=) o e - o e

(6)



ON GENERALIZED CESARO STABLE FUNCTIONS 231

Using (4), o1 (zf},2) can be rewritten as,

1) c+n—1Y\ (10 (b—c)"Z By 4
p— k
A2 <b+n—1) hid)+ B, ,;;0 (ctn—k—1)

14+b—2c (n—l)an_l n—1 BO n
+< B ) B, Z —l—Bnnanz .

(7

After substituting the value of a; = (’,ﬁ# , from (6) and (7) we obtain,

(1=2)o" ") (fu,2)
. c+n—1 (b—1,) B B (b—C) n=2 B, i1 k([l)k k
_<b+n—1>‘j (1=2)fi2) B, S (c+n—k—1) k! ¢
_ (b =26 (nm Dzt py _ Bon(Bn
c Bun—1)! ° B, nl -

Therefore,

" ") (furz) - ") (fur2)

_[ct+n—1 blc
= (5o ) o (- )

(b—c)"F  Bui (W | k()
B kzo(c+n—k—1)< Kk )Zk
L+b=2¢\ (a1 | (n=D )1\ 2" ((Wn 1w Bo_,
+< ¢ )(m—m* i —1)! )Bn ( o ) ¢
C(b—0)"F Bugr (D

B, S (ctn—k—1) Kk

1+b6—2c\ 1 (W+1)p-1 ,o1 (U+1)nBo ,
+< ¢ )B_,,‘L(Ln—l)!IZ - un! B_:Z

(1-2) ¢
u

+

Further,

-1

W) = o b 1,c) (f#’ ) ;%_(1—2) [G,Sbil?c)(fu,Z)}ﬁ { (b—1,) (fw )}

:: blc(fﬂ’)u_1|: blc(f#’) (I;Z) blc(fIJ,):l

(b—o)"F  Buia (#‘H)kzk
B, S(c+tn—k—1) Kk

1+b—2c\ 1 (U+ 1)1,y , (W+1)aBo,
+< c )B (e A

:: blc(fﬂ’)ﬂ
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Clearly, fu(z) = (1—2) " =14+ puz+ 282 Wik 4 Since 0 < pu < 1
the Taylor coefficients of f;, are positive. Thus,

hlc

3 2ot ket = 0" )

(| < X

We obtained that the Taylor coefficients of /’(z) are positive and from the definition of
h(z), we have 1(0) =0 and h(1) = 1. Hence,

4 1 1
hz)|:’/ W ()dt </ |h’(tz)\dt</ W(di=1, zeD.
0 0 0

Now for the second case —1 < it < 0, the coefficients of (1—z) * = 1+[.lz+ “(“H)

+...+%Z’€+.--arenegatweexceptland o\l 1L(f”,)—H—z, ;k(i?kzk
k= n

1 —b(z), where b(z) has positive Taylor series coefficients. Therefore

_L)

o) () h = (1- b(2) g ).

This implies, Gn ( Sus ) ! has non- -negative Taylor series coefficients and fol-
lowing the same steps as in part one, we obtain the result. []

If we choose b = ¢ = 1, then Theorem 4 reduces to the following corollary given
in [20].

COROLLARY 1. [20] Let s,(z,f) denote the nth partial sum of f(z). Then for
n € NU{0} and for u € [—1,1],

(l —Z)#Sn(z,fu) < (1 _Z)“.

Important member of .7*(4) are zf, 53 = —5=; that plays the role of ex-

(I-2)
tremal function while studying several properties such as growth, distortion etc. Clearly,

an equivalent form of Theorem 4 for A € [1/2,1), is given as
2-22 (b—1c) 1 2-21
(I—Z) Oy (m,Z) '<(1—Z) , forall zeD. (8)

It seems that starlike function of order A, A € [1/2,1) is comparably a much narrow
class but on the other side it has several interesting properties. For example, our next
theorem exhibits that (8) remains valid while in the left hand side of (8), f,_5; is
replaced by any f € .*(A) for A € [1/2,1).

THEOREM 5. Let f € #*(A), for A € [1,1), then

20" (f/2,2)

7 =< (1 —Z)Z_M, forall zeD. 9
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Proof. Let f €.%(A), then 3 a unique prestarlike function F(z) of order A such
that f(z) = zf>_») * F(z). Then from Theorem 4,

(b—1.c)
O (fz 2252) 1 1
= forA €[5,1), zeD.
fran Sfa—on 2.1

Using Lemma 1,

chb 1) (f/Z Z) Z(G(b_l’c) (2) * @) B Zan(hfl,c')(z) % f(2)

f f ~ F(@)xzfrm
_ 0" @ (FR)*2ha) _ F@)* ol @)+ 25 01)
F(2)*zf3-22 F(z) *zfa-22

F(2) * (Zfz—zx-w> (—1,)
faon cw (Gn ’ (f2—27L»Z) (D)) ,

F(z)*2fo-2 Saon

This means by Lemma 1, the range of % lies in the closed convex hull of
(b—1,c

)
1mage of W under D. From (8), for A € [% 1), we have %ﬁ’”z) =<
f . Therefore,
2-2A
b L)
'(f/2,2) P
flz fron’

which is equivalent to (9) and the proof is complete. [

Theorem 5 has several consequences with Kakeya Enestrom theorem, that will be
discussed in Section 5. Taking b = ¢ = 1, it reduces to the following result given by
Ruscheweyh [20].

COROLLARY 2. [20] Let f € .*(A), A €[1/2,1). Then for n € NU{0},
ZS,,(Lf/Z) ~ 1 )
f Jaoa

REMARK 1. If we take b = 1+ f3 and ¢ = 1, then it was proved in [11] that for
ﬁ 2:09

1 .
Gf(f#’z) - m,#e[—l,o}’
fu ﬁ,ue(o,l} such that 4+ < 1

The condition p + f < 1 restricts B to lie in [0, 1] where as Theorem 4 does not impose
an upper bound on 8 and moreover

1

— =< , e (0,1 whereu+p <1
Ju  Susp

1 1

— <—, uel-10]

Ju fufﬁ’
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So, Theorem 4 improves the result in [1 1, Theorem 2.2]. A similar comparison can be
made for Theorem 5 with [11, Theorem 2.3].

Theorem 5 leads to a new definition of generalized Cesaro stable functions.

DEFINITION 1. (Generalized Cesaro Stable Function) A function f € 7] is said
to be n-generalized Cesaro stable with respect to F € o7 if

b L)
(1) | 1
f(2) F(z)
holds for some n € N. We call f as n-generalized Cesaro stable if it is n-generalized

Cesaro stable with respect to itself. If it is n-generalized Cesaro stable with respect to
F(z) for every n, then it is said to be generalized Cesaro stable with respect to F(z).

(10)

REMARK 2. If we take b = 1+ f3,c¢ =1 then (10) reduces to

Sg(f,z) 1

;O FQ

gives the (n, ) Cesaro-stability [1 1] of f(z) about F(z) whichif B =0 further reduces
to stability [20] of f(z) about F(z).

LEMMA 2. [7, Proposition 5] For o, > 0. If F < (1—2)% and G < (1—z)P
then FG < (1—2)%"B, e D.

Now for 0 < u < p < 1, we have the following corollary of Theorem 4 following
the same procedure as in [7, page 57].

COROLLARY 3. For 0< u < p <1 and b > max{c,2c— 1} > 0 we have

(1=2P0" " (fy,2) < (1—2)P, z€D. (11)

The relation (11) is sharp in the sense that it will not hold for u > p. It is clear
when n becomes large then left hand side of (11) becomes unbounded and is subordi-
nate to a bounded domain which is not possible.

If we change the right hand side of (11) by replacing the bounded function (1 —
7)P, 0 < p < 1 by the unbounded one (}J_rg )p, 0 < p < 1, then the subordination in

(11) is still valid because (1 —z)P < (1+Z) in D. Now this becomes a very interest-
ing problem and leads to some new directions. This situation leads to the following
definition.

DEFINITION 2. For p € (0,1], define u(p,b— 1,¢) as the maximal number such
that

(1=2Pol 19 (f.2) < (5)" nen 12

1—z

holds forall 0 < u < u(p,b—1,¢).
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Writing
1
2p—1 b—1, b—1,c
(1-2)*"0, “(fu,2) = (L =2)Po, “(fu,z )m
Then (12) implies,
Re (I—Z)ZP_IG,I,’_LC(fmz)] >0, z€D and neN. (13)

Motivated by Conjecture 1 given in [7], numerical evidences suggests the validity
of the following conjecture given below.

CONJECTURE 1. For p € (0,1] we have u(p,b—1,¢) = u*(p,b—1,c), where
w*(p,b—1,c) is the unique solution in (0,1] of the equation

(p+D)m u-t (4 t }H.d o 14
/O Sln(l—pﬂ)t ( —m> t=0. (14)

Conjecture 1 for the case p = 1/2 will be verify in Theorem 6, which justifies
validity for the existence of conjecture 1. Note that the case p =3/4 and 1/4 with
b =1,c =1 are addressed in [7, 8]. The authors have provided affirmative answer
for the conjecture for several ranges including the one given in [8] in a separate work.
Conjecture 1 contains the following weaker one.

CONJECTURE 2. Let p € (0,1] and u*(p,b—1,c) be as in Conjecture 1, then
Re[(1-2)%~ 16" 1) (5, )} 0, zeD, neN (15)

holds for 0 < u < u*(p,b—1,¢) and u*(p,b—1,c) is the largest number with this
property.

If we take b=1+f3 and ¢ =1 then o) (z) reduces to Cesaro mean of order

B . Figure 2 shows the graphs of u*(p,f,1) for f =0,1,2,3.
For B =0, Figure 1 (a) is same as graph of u* given in [7]. For p =1, both
conjectures are equivalent and reduces to

(=900 < (155)

—Z

which holds for 0 < u <'1
For pu(p,b—1,c) and u*(p,b— 1,c), we have the following proposition.

PROPOSITION 1. For 0 < p <1, we have u*(p,b—1,¢) > u(p,b—1,c).
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Figure 1: Graph of u*(p,B,1) for(a) B=0, (b) B=1,(c) B=2 and(d) B =3 with respect

to p.

Proof. For z = ¢, (13) is equivalent to

Bn

—sm[(k+p —1/2)¢ —pr] <0,

for0 < ¢ <2m. (16)

Now limiting case of this inequality can be obtained using the asymptotic formula,

lim

n—00

&)

-~ T(u)

2%

1

B,

¢
b
0

—sm [(k—l—p— 1/2)

. ¢ b—c'
(1—5) sin(t — pm)dt

¢
-

7)

Hence a necessary condition for the validity of (16) is the non positivity of the integral

(17). In

particular, ¢ =

10719 () =/

(p+1)m gives

(p+1)m

0

sin(t — pm) ! (1 —

! ] )bcdt.

(p+1)m
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We prove that 1(’~1:¢) (1) is strictly increasing function in (0,1). Now differentiation
under integral sign gives

b—c
I(b_l"c)([.l)/ _ /0 sin(t—pﬂ:) (l _ m) tﬂ—llog(l/l)dl

b—c .
t P+ gin(r — p1t
() e

(p+1)m t el rp+1)m in(t — prr)

(p+1)m

The positivity of 1(°~1¢)(u)’ follows from the increasing property of the integral I(t)
in [7, Lemma 1] using the method given in [24, V. 2.29]. So I*~1¢)(u) is strictly
increasing in (0,1) and if we choose b = ¢ then I(0) = —eo and I(1) > 0,s0 I(it) =0
has only one solution in (0,1] whichis u*(p,b— 1,c) given by (14). Hence the best
possible bound for g in Conjecture 2 cannot be greater than u*(p,b— 1,¢). This
proves the assertion. [

Since the conditions in Conjecture 1 and Conjecture 2 turns out to be the positivity
of trigonometric polynomials. So it follows from summation by parts that both con-
jectures need to established only for 4 = u*(p,b—1,c¢). We discuss some particular
cases of these conjectures.

THEOREM 6. Conjecture 1 holds for p =1/2.

Proof. If p =1/2 then (12) is equivalent to

Re[(1—2)os" " (fu,2)2 >0 (18)

Using minimum principle for harmonic functions it is sufficient to establish (18) for
7= 0< ¢ <. Let

2
Pa(9) = (1) (2 %%ezikq’) (19)
k=0 N .

and we want to prove ReP,(¢) >0 forall n e N, 0 < ¢ < .
For arbitrary number dy = cox = cop+1, K =0,1,2,...,n, we have

n 2n+1

(1+2)) di = Y e,
k=0 k=0
n 2n+1
and (1—2) ) it = Y (—1)kepdk,
k=0 k=0

n 2 2n+1 2n+1
so that (1 —z%) lE dkzzk] = (2 ckzk> (2 (—l)kckzk> .

k=0 k=0
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Choosing z = €%, —z = ¢ ("=9) we have
which implies

2n+1 2n+1
2tq) (Z,d esz(I)) ( 2 Ckeikq)) ( Z (—l)kckeikq)) ,
k=0 k=0
Re(Py(9))

2n+1 2n+1 2n+1 2n+1

= 2 crcoskd Y crcosk(m—@) |+ | D, cksinkd 2 crsink(m—¢) | .
k=0 k=0 k=1 k=1

Since cpr = cpp+1, We have

¢ 2n+1 ¢ 2n+1
sinE 2 crcoskd =cos > Y cxsink(m—¢).
k=0 k=1

This leads to the fact that

2n+1
Y crcoskg >0, 0<¢p<m (20)
k=0
and
2n+1
Y cisinkg >0, 0<¢p<m 21

are equivalent. When d; = Byt @ then positivity of (20) and (21) hold respectively
B, Kk

from Theorem 1 and Theorem 2 for 0 < u < pj and 0 < ¢ < w. So Re(P,(¢)) >0
which means Conjecture 1 is true for p =1/2. O

We observe that Theorem 6 becomes equivalent to the extension of Vietori’s the-
orem [21]. We interpret extension of Vietoris’ theorem in terms of generalized Cesaro
stable functions.

For further generalization of Theorem 5, we define for u > 0,

f/
7 < :R —,z€D
Fu {feoe<f>27ze
and f, = ) taken as an extremal function for .7, . For all f € .7, we get f < f.
Itis 0bV10us that f € 7, & zf € *(1 —u/2). We define
PIFu={fch: f*fu€Fu}.

Clearly £2.7 | = .7, . The functions of .# and £.7 behaves same as the functions of
starlike and prestarlike classes respectively. Before going to proceed further we recall
some results on starlike and prestarlike class.
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LEMMA 3. [13] For 0 < u < p, we have
1. #,C %

2. PFuo>PF,

3. Ifhe PFy and f € Fy then hxfe Fy.

Lemma 1 also holds good in context with the class .%;, and &7.% . We need the
following lemma. }
We define f, € % be the unique solution of f * f; =

Fu=f*xfu€ PFy.

%. It is clear that f €

THEOREM 7. Let p € (0,1] and zf € ./*(1 —u/2) with 0 < u < p, then for
b > max{c,2c—1} >0,

b lc(f, )
Opuxf

where §p (z) = F(1,p;1;2) , where F is the Gaussian hypergeometric function can
also be defined by the equation,

<(1—2)?, neN, (22)

Z Z
(=g e = T2y

Proof. Let ¢p 4(z) = i ﬂz =/ * fu where fy is defined as fy, * fy = T
o (Wk

ForO<u<p<l1, fpu= ﬁ maps D univalently into a convex domain. f €
Fu=fxfu€PF, and f, € 7. Clearly,

¢p,u*f:fp*fu*f:f*fu*fufpfu c
f fu*fu*f f*fu*fu

co (fp-u(D)),

c o Pouxf 1 : 7 o’ "t n :
Le. = < g—p=r - Since f € 7 = =——= < (1 —2)". So using Lemma 2,

oot

C (f7 ) (1 _Z)p.

Gp.u* f

If we take zf € (1 — 1 /2) we get that,
(b—1,c)
7(]0’ 2 <(1-zPf. O

Gpuxf

REMARK 3. If we take p = g4 = 2 — 24, then (22) becomes (9). This means
Theorem 7 can be regarded as a generalization of Theorem 5.
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3. Matrix representation

Cesaro mean of type (b — 1,¢) can be written in terms of lower triangular matrix
(gij) defined as,

I R <<
8i0 ) 8ik 07 k>i+l.

Then the entries in (n+ 1)th row of the matrix induces Cesaro mean of type (b —1,¢)
of order n is given by,

n

b lc Z cD.
Consider,
119 00--0 ao
0

153 0---0 a1z
G| 135 00| @
1&&%...0 a7

3

Bs By

Then (n+ 1)th row of G generates the Cesaro mean of type (b— 1,¢) of f(z) Z adr

of order n for n > 0. Then the concept of stable function can be generalized i 1n terms
of lower triangular matrix as well.

For n € N, J#, be the set of lower triangular matrix (h;;) of order (n+ 1) satis-
fying h;; > 0,i,j=0,1,2...,n, and satisfy the following conditions:

1. hjp=1 forevery i=0,1,...,n,
2. foreach fixed i > 1, hj; = hjthi—yj-1, j=1,.
3. for each fixed i > 1, {h;;} is a decreasing sequence.

Then (n+ 1)th row of (h;;) induces a polynomial H, of degree n is
Z) = Z hnkzk7
k=0

and for f(z) 2 ar?* € 7 the polynomial
k=0

thakz = Hy(2) * (2). (23)

Following the same procedure as in Theorem 4 we can obtain the following theorem
for H, defined by lower triangular matrix. We state the result without proof.
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THEOREM 8. Let H, be given by (23), and f, = 1/(1 —z)". Suppose h, <1
then for u € [—1,1],

(1—2)*H,(fu,z) < (1 —2)*. (24)

4. Application in geometric properties of Cesaro mean of type (b — 1,¢)

For finding the geometric properties of Cesaro mean of type (b — 1,¢), instead
(b—1,0)

of oy (z) we will use normalized Cesaro mean of type (b — 1,¢) denoted by
s,(qb 1C)( ) because the geometric properties like convexity, starlikeness and close-to-

convexity remains intact under such normalization. For b+ 1> ¢ > 0, let

sglbflc —Z"‘Z nkk cD.

For f € o/, it s easy to obtain that
b lc h lc b lc
() =0l ) = 0l @) f ().

Note that sﬁ/3 - sE (z) was studied in [16]. Among the results available in the

literature regarding s (2), the interesting result is given by Lewis [9] is that for § > 1

and n € N, SQ (z) € 2 . Using the convolution between convex and close-to-convex
functions, it is clear that for f € ¢, (n+ ﬂ)sn (f,z)/n € £, B > 1. Ruscheweyh and
Salinas [17] also discussed the geometric property of (n+ ﬁ)sg (f,z)/n when 0 < B <
1. It is interesting to discuss the geometric property of Cesaro mean of type (b —1,c¢)
of f(z), where f(z) belongs to some class of functions. Note that certain geometric
properties of s,(thl’d (z) are given in [22], mainly using the positivity results that are
consequences of [22]. In this section, we provide some more geometric properties as
consequences of Theorem 4 and Theorem 5 which are fundamental in the formulation
of concept of Cesaro stable functions.

k

THEOREM 9. Let Fy(z) = z+ 2(2—2/1)k—1z—, S

[1/2,1). Then for b >
= k!

max{c,2c—1} >0,

<1

-0 (6 E )

In particular, st )(F;L, 7)€ A (A).

Proof. 1t is given that,

Fi(d) =2+ i(z—zl)kq%, rell/an).



242 P. SANGAL AND A. SWAMINATHAN

By Alexander transform it is obvious that,

Z

F)(z) € C(A) < zF) = =

e .7 (M). (25)

Substituting 2 — 24 = u, we obtain
2-21 (b—1.) 1 2-22
(1-2) O, (m&) <(1-2) .

Since

_ —1.c 1 _ —1l.c
(1= 201 (gt ) = (-2 P09 (A0

= (12 s (B2

we get, using Theorem 4,

_1

)

which is equivalent to,
Re ((1-2 25 "(F.2)') > 0.

This expressions together with (25) and the analytic characterization of J# (1) guaran-
(b

tees that s (Fy,z) € (L) with respect to the starlike function givenin (25). [
In particular if A = 1/2, Fj5(z) = —log(1 —z), then
sff’_l’c)(—log(l —2),2) € #(1/2).
THEOREM 10. If f€ € (L), A €[1/2,1) and b > max{c,2c— 1}, thenforn>1,

b 1,c) (f7 )
f'(2)

In particular, sib1o (z,f) € X (A).

< (1—2)%

Proof. If f € € (1), then by Alexander transform, g(z) = zf'(z) € -#*(1), then

s e o) 2o (e/2,2)

f'2) 8(2) 8(2)
If g(z) € S*(A), A €[1/2,1), then from Theorem 5,

sgbfl,c)(f’z)/ 2-94 ZS,(qh lc)(f’z)/
B ER A Sy E
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This means sn (f, 2)ex(A). O

If we substitute » =1+ f3 and ¢ = 1 in Theorem 10 then we obtain the following
corollary.

COROLLARY 4. If f€ € (L), A €[1/2,1) and B >0 then forn>1, sn(f,)
H(A).

Theorem 10 guarantees that for g(z) = z, for f € (1) where A € [1/2,1) then,
Re(si” ™" (£,2)) > 0= 5"""/(1.2) #£0.

Since every close-to-convex function is univalent [2, p.47], the generalized Cesaro

mean snb L¢) ( f,z) for the convex function f is also univalent. In this situation for

b = 1,c =1, a subordination chain was provided by Ruscheweyh and Salinas [17]
which is given in the following result.

THEOREM 11. [17] If f € €(1/2), then
() < (f2) < sl (f2) < f@), keN,
holds for oo > 0 and z € D.

(b—1, . . .
An extension of Theorem 11 to Gn ) (f,z) can provide more information on

the geometric nature of G,Eb Le) (z) and we state this as a problem.

o

b —FJf—————= 4]

2 ED T e

CH T ———C 2 EDEEEIE
1 EbE ="

i EDHERIE]

1.0

ouzs
— @) — £

— @) — &)

— @) — '@

bt b1,
— i) — (@)

(@B =0 p=t

Figure 2: Univalent subordination chain for —log(1—z), (a) n=1,2,3,4 and (b) n=5,6,7,8.
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Open Problem. For b > max{c,2c—1} >0 and f € € (1) where A € [1/2,1) we
have the following subordination chain.

s <y < T () < f @) kEN. 26)
We do not have the proof of this problem but the graphlcal justification of the

problem is provided here. If we take f(z) = —log(l —z) = Z < € ¢(1/2). Figure 2
k=1
shows the univalent subordination chain for f(z) when k=1 and b =2, ¢ = 1. Figure

2 (a) shows the subordination chain for n = 1,2,3,4 and Figure 2 (b) for n =4,5,6,7.

5. Concluding remarks

In this section, we define a set € be the set of nonnegative real numbers having
the following property.

Q:={w €[0,1]: suchthat Y py = 1}.

In the context of generalization of Kakeya-Enestrom theorem given in [14], we have
the following corollary of Theorem 5.

LEMMA 4. [14] Let n € N and f(z —ZEka € .S*(1/2). Then 3 a number
k=0
= p(n,f) = 1 such that for every sequence a; € Rjk=0,1,2--- n, with
l=ayz2a1>22a,20,

we have
n
()= Y arbid #£0, |z <p.
k=0

We get the following consequences of Theorem 5 using Lemma 4.

COROLLARY 5. Let zf € /*(A),A €[1/2,1) and b > max{c,2¢ — 1}. Then for
any {}}_, € Q, we have

> wo (.2 £0, zeD.
k=1

Proof. Clearly {u}y_, € Q, implies 2 Ui = 1. We consider
k=1

n n
Z kakh 176)(f72) =y S, zeD.
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By simple calculation we can get that,
1=8020620226>0.

Therefore ;. satisfies the conditions of Lemma 4, hence we proved that

i P(f) 40, zeD. O 27)

Among several other consequences possible we would like to provide an applica-
tion involving Gegenbauer polynomials. Note that, for 0 <A < 1/2 and —1 <x < 1,

G(z) = —zZCk x)ZF e s (1-1),

(1— 2xz+2

where C,% are the Gegenbauer polynomial of degree k and order A . Therefore (choos-
ing W, =1 and rest y; are all zero) we obtain,

< Bn—k

A Cl(x)F#0, zeD. (28)

k=0

The inequality (5.1) contains the result by Koumandos [4] that the partial sum of G(z)/z
i.e. Y4 _,C}(x)Z" are non-vanishing in the closed unit disc for 0 < A < 1/2. This result
enables us to show that certain polynomials in z having Gegenbauer polynomials as a
coefficients are zero free in the unit disc. This result will also be helpful in proving
positivity of Jacobi polynomial sums [9]. The inequality (5.1) further can be sharpened
in Corollary 6.

COROLLARY 6. Let zf € *(A),A €[1/2,1) and b > max{c,2¢ — 1}. Then for
any { i}, € Q, we have

arg /,ch,fbfl’c)(f,z) <2n(l—A), zeD.

k=1

Proof. From Theorem 5 we have for zf € .*(1),A € [1/2,1),

2-24
o (f7 2) = (l—ia)(z)> , where |o(z)| < |z].

1—z

Choose i, k=1,2,...,n € Q and taking the convex combination, we get

n 2-21
N =
k=1

1—z
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This implies
S (b—1.0) B 1—o(z)
arg Y o (f,2)| = (2—24) [arg p——
k=1 -2
= |arg Yo" (f.2)| <2m(1-4). O
k=1

Note thatif A € [3/4,1) and zf € *(A) then,

arg ukc,ghfl’c) (f,2)| <m/2=Re Y, ukG,Ebfl’C) (f,2) >0
k=1

Choose U, =1 and rest of ;. are zero.

Re(0,"")(f,2)) >0, zeDandneN.
Further in context of Gegenbauer polynomials this would imply for A € (0,1/4], n €N,
S By«

> 5

k=0

C}(x)cosk >0, 6 € (0,7),neN. (29)

This estimate of the upper bound on A in (29) is not sharp. The theory of starlike
functions ensure that the upper bound will be evaluated at x = 1 for the large values
of n. However, for the case b = ¢ = 1, this problem was solved by Koumandos and
Ruscheweyh [6]. For that case, the upper bound for A is A =0.345778.... In general
to find the upper bound for A, for values of b and c, will lead to new problem which
will have further implications.
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