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POLYNOMIAL INEQUALITIES IN L? NORMS
WITH GENERALIZED JACOBI WEIGHTS

LEOKADIA BIALAS-CIEZ AND GRZEGORZ SROKA

(Communicated by T. Erdélyi)

Abstract. We give concrete estimates of Schur- and Nikolskii-type inequalities with the best
exponent of polynomial degree in L norms with generalized Jacobi weights. In particular, we
obtain these inequalities with the Chebyshev weight, with the Gegenbauer weights and with the
classical Jacobi ones.

1. Introduction

Let w be a generalized Jacobi weight

w(x) =g0) [Th—x7,  xe(=1,1) (1)
j=1
where x; = —1, xp, =1, ri,ry = —% and x; € (=1,1), r; >0 for j=2,....m—1

and g = g(x) is a positive integrable function separated from O and from infinity for
€ [—1,1]. Consider ¢ norms with the weights described above, i.e.

1/q
= | [ 100w as]  for g€ 1.

Il i= max {FIw@]} for 720, j=1.....m

for any function f continuous on [—1,1]. If g=1 and ry =r =... =1, =0, then
we have the usual norms || - ||, and |- || in L7 and L”. For g=1, ri =r, = —%,
rp=...=ry_1 =0 we obtain the L7 norms for the equilibrium measure of [—1,1]
also called the g norms with the Chebyshev weight. When = ... =r,_; =0 we

have the ¢ norms with the classical Jacobi weight. If in addition r| =, = o, we get
Gegenbauer norms

= ([ L7t 1 - "
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We will also consider || -
norms in this case.

Let N={1,2,3,...}, Ny = {0} UN and &, be the space of all algebraic poly-
nomials of degree at most n € N. In this paper we adhere to the convention that 00 = 1
and L =0.

Estimations of polynomials in g norms with the above weights have been studied
by many authors, e.g., [15, Chap. VI], [16, Chap. 15], [17] and the references therein.

This paper is inspired mainly by two kinds of estimates:

gws || -1lg and || - |lg, When g € (0,1) although they are not

e Schur inequality:

Iplle < (n4+1) max |V 1—xZp(x)| for pe 2,
xe[-1,1]

that is optimal because we have equality for the n-th Chebyshev polynomials of
the second kind,

e Nikolskii inequality:

1
s

1
Iplly < [(14+9)2 4 pl, for 0<s<g<oo, pe P @)

One of the key problems that we address in the paper is the estimation of ||p
by ||plls,e.. We will study inequalities of the form

1Pllgp < Ma(s, 0,9, B) l|plls. )

with M, (s, o, q,B) independent of p € &,. These estimates are worthy of interest
because of their numerous applications. For references to the extensive literature on the
subject one may refer to the book [15]. The dependence on n in M,(s,a,q,3) was
described almost 40 years ago, see [3], [11], [15, Sec. 6.1.8]. Namely, the constant

q.B

M:pe%,pgéo,neN} )
n||plls,e

.. ) =sup |
is finite for ¢,s > 0, o, > —% and

y=2(1-1+2-8) for g>s a>p (5)

is the best possible exponent of n. However, the exact values of C(s, ¢, ¢, B) have been
found only in some specific cases, see e.g. [7], [12] and the references in [17].

The aim of our paper is to give some concrete admissible bounds of the values
M, (s,ct,q,B) and Cy(s,ct,q,3) with the best possible exponent of n. Our estimates
remain true for ¢ >0, s> 1, o, f > —% (see Theorem 1, Corollary 3, Theorem3). We
also propose some bounds for corresponding constants with generalized Jacobi weights

of type (1).

The paper is organized as follows. Section 2 is concerned with changing the Jacobi
weights in integral norms. In particular, we estimate the constants Cy(q,a,q,3). We
also give estimates of constants in Nikolskii-type inequalities with generalized Jacobi
weights. The third Section deals with Schur-type inequalities.
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2. Inequalities with Jacobi weights of type (1 —x)“(1+ x)”

2.1. Change of Jacobi weights

We start this Section with rather general estimates from which we will derive some
inequalities that admit change of Jacobi weights with an appropriate control of the
constants and with the best possible exponents of the polynomial degree 7.

PROPOSITION 1. For g € (0,00), o = i > —%, i = 1,2 and for all polynomials
p € P, the following inequality holds

[ P08 (10 < a0, Brna) [ 10140 (1)

(6)
where A(oy, 0, B, B2,n,q) > 0 is such that for all r € (0,1)
200—B1+0—p2

A((XlaaZaﬂlaﬂ27n7q) < (l +r)250(1 — 7)25 r2(nq+l+l31+132) (7)

where & = min{oy — B1,00 — B}, 6 :=max{ay — 1,00 — Br}. In particular, if
—ﬁl =0 —ﬁz then
22(a1—Pr)

(l — r2)2(0¢1—ﬁ1) r2(1+ﬁ1+ﬁ2+nq) forall re (07 1) (8)

A((Xlaa27ﬁlaﬂ27n7q) <

and

1 (1 + oy + o +nq)1+061+062+nq
(o — Br)2@=B1) (14 By + By +ng)tHPithotna”

A(a17(x2aﬂl7ﬁ2anaq) < (9)

Proof. We can assume that degp = n. Set

27 . 1
Inn(P) :=/0 upp(pet)dt for p>0.1,%>—3
n l _|_1
ap(5 et
2/ )91 4+x)P (1 —x)Prax =2 \p(cost)\q(l +cost)Pr(1 = cost)P|sint| dr

b

q 1+27 7—1 1+29p

V2

z+1

V2

where i (2) =

Next, we have

24l e
2

e —e

B 9 it _ it
' dt :Jﬁ17/32(1)~
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Observe that z— z"p (5 (24 1)) is a polynomial of degree 2, thus uy, ,, is a subhar-

monic function in C and the function Jy , is increasing in (0,o0) for each
Y, = —%, see [10, Th. 3.2.3]. Therefore, for any r € (0,1) we get

1 21 | pint 1 /et r 1
Jﬁhﬁz(l) < BB (;) :/0 r_np (2 (7"—;))
1 /et r q
o(3(5+%))

_lt’1+2[31 |1 —1t|1+2ﬁ2 ’1 +re 7”|
1+ re—it[2(e1=B1) |1 — pe~ir|2(0a—B2)

142
B et

V2

1428,
dt.

i 1+2
el 4+ r ., Ba

V2

1+2ﬁ|

dt

1—re "

V2

1+re

V2

1 2
= 2nq2+2B+2B; /0

From the inequality

1+20y |1 711’14—2062

|1+ n

1+20 | 1— ,l[’1+2062 1+20y | 1— re,l'[ | 1+200

|1+ 7ll| B ’1_|_refit|
S (1 —72)2% (1 —r)20-2&% N (147)2%(1 —r)20

we conclude that

s, b, (1 )r2("q+l+ﬁ1+ﬁ2)

200 —Pi+on—p> 2
<
U+ﬂ%0—ﬂw/
201 =Bi+o—p /27r

1+20¢1 1+20¢2

1 —it
+re d

V2

l+20(1

1—re®
V2

1200
ds

~

L /e r q
’pl = —+—
r(z(5+5))

L (1[1 el 9| 14re'
== pl=—+r -
(147)2% (1—)28 Jo P\ \Jeis 77¢

V2
pou—Piton—P  2n s pou—Pi+on—p
= W /0 Uoy,on (re’) ds = W Joy 0 (7)-

1—re™s
V2

By the monotonicity of the function J, we get

o) (1) =2 [ 1P+ (1 e

the last equality being a consequence of the same computation as in the first lines of the
proof. Combining the last two estimates yields (7) for all r € (0,1). Now, set

F(r) = (1 = P22 en=By)  20na+1+B1+B2)

Since f(0) = f(1) =0, there is ro € (0,1) such that supg ;) f = f(rp). One can

calculate that ry = (%)1/2 and
[2(0{1 - ﬁl)} (01=B) (l + [51 + ﬁz +nq)1+ﬁ1+ﬁ2+nq
(1+ oy + 0 +ng)Hontoatng

f(ro) =

From this and (8) it follows (9). [
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THEOREM 1. If e > > — 2, q € (0,00) then for any polynomial p € &,

1 (1+20+ng)'2ema
”p”qﬁ = (a_l})2(a7ﬁ) (14—2[3 +nq)1+2ﬁ+”51 ”p”q,a (10)
and
IPlE 5 < Colg,,q,B)" ' P)|pl|{ o (1n
for n >1 where
1+20+¢ 14+204¢
Colg g, Byt < — L (Lr2atd) < e (LF20+q)
(00— B)2@=h) (14+2B+q)!+2B+a (1+2B +q) 2B+
(12)

Moreover, the exponent 2(c.— B) of n in (11) is optimal.

Proof. Inequality (10) follows from (6) with oy = ap = & and B; = B, = . To
show the estimates of Cy(q, o, q,[), we set

x+a
hx)::be*“ for x>0,a>b>0.
(x+Db)<+b
Since %=l+fﬁ;§<l+ﬂ;}’<e%h and

4 Nlogh(x)] =log(x+a) + 1 —log(x+b) — 1 + 24 = Jog £H4 4 b2
the function logh is decreasing in (0,c0) and
sup{A(x) : x € [x0,0)} = h(xg) for xp > 0. (13)
Therefore, by inequality (9) in Proposition 1, ng > g implies

(1420 +¢g)' 20t 2820

Ao, 0, B,B,n,q) (ng)*P =% <

(o= B)2e ) (14-2B+ )12 54 ¢
and so
(l+206+6])1+2a+q 2(0—B)
<
Al ouBpnd) S @ e B (1525 1 q) P "
A standard verification shows that
max{(%)x tx€ (O,oo)} = ¢“/¢ forany ¢ > 0. (14)

Combining the above remark we obtain inequalities (12). The optimality of the expo-
nentin (11) is a consequence of the results in [3] or [11], see (5). U
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REMARK 1. Similarly to (3), let M,1(2,0,2,0) := sup{ &2 : pe 2, }. By
results from [3], [11], we have y = 2. It is worth noticing that in 1990 Goetgheluck
[8] proved that M, ;(2,0,2,0)/n" is a decreasing sequence in n and posed a question
whether this is a general rule. This remains an open problem. Taking into account
the proof of Theorem 1, especially property (13), we can see that Cy(q,0,q,B)9 <
Ala,a,B,B,1,q) (see Proposition 1), i.e. it is sufficient to take n = 1 in inequality (9)
to get an estimate of the constant Cy(g, ¢, q, ) in (11) for all n € N. In this fashion
our estimates agree with Goetgheluck’s conjecture.

Without the assumption o — By = o — B, in Proposition 1 we obtain

THEOREM 2. For g € (0,00), o; = ;i > —%, i=1,2 and p € &, inequality (6)
holds with

2° (L4 Bi+Br+q+28) Priberat2s
A(alaa27ﬁlvﬁ27n q) 625 (1+ﬁl+ﬁ2+q)l+ﬁ1+ﬁ2+q

where 0 is defined in Proposition 1. Moreover, the exponent 26 of n is optimal.

Proof. From (7) in Proposition 1 we have
235

(1 _ r2)25r2(1+ﬁ1+ﬁ2+nq) ’

A(“h“bﬁhﬁz,n,q) <

because 241~ Bit® =P (] 4 r)20-28 L oo -Pitea—P2926-28 < 235 The rest of the proof
runs as in Proposition 1 and Theorem 1. The optimality of the exponent 26 of n has
been provedin [9]. [

COROLLARY 1. If o, and g are as in Theorem 1 then for p € &, inequality
(11) holds with

2g \OP 1y (1))

1L == A Sl VL Sl it A
CO(qaa7q7ﬁ) S ((X—ﬁ) (1+ﬁ)2(1+ﬁ) NS4 (1+B)2(1+ﬁ) (15)
whenever nq > 1.

Proof. By inequality (9) and property (13) with a=1+20, b=1428,x=ng>
1 =xp we have

(nq)2ﬁ72a (1—|—20€—|—nq)1+2°‘+"‘1
(o= B P) (1428 +ng) 2 57a

A(a, 0, B, B,n,q) (ng)?P~2* <

S

1 (2+2a)2+206 B 2 2(a—P) (l+a)2(l+a)
(o= B)*=P) (2+42p)>+2P (a—ﬂ) (1+B)20+P)

and we get the first inequality in (15). The second one is a consequence of (14). [



INEQUALITIES WITH WEIGHTS 267

COROLLARY 2. For o,3 as in Theorem | and for p € &, inequality (11) is
fulfilled with

Co(q,0,q,B)4 <2'"2% Mt for n>2,4>0

and
Colq,0,q.B)1 <22 Pleg?t2%(q— 1) for n>1,¢> 1.

Proof. One can easily show that
Colg,0,q.B)? = sup{A(a,a, B, B.n,q)/n* @ P) :n e N}.

Now we apply inequality (8) with oy = o =0, By =B, =P and r = (1— %)1/2
to show the first estimate of Corollary 2. We obtain the second one if we take r =

1-L. O
nq

2.2. Nikolskii-type inequalities with Gegenbauer weights

This subsection concerns estimates between different norms that are often called
Nikolskii-type inequalities. Classical results admitting comparison between norms | -
| and || - ||s can be found in [15, Chap. 5.3] and [2, Chap. A4]. The most convenient
for us is estimate (2), see e.g. [4, Th. 2.6, Chap. 4].

PROPOSITION 2. Assume that 1<s < g, —% <B<a and B <k« & for

some j €N, k €Ny. Then for any polynomial p € &, the Nikolskii-type inequality

%(% %) (2q+2aq)4+4a
(24 2B)i )

1
s

[G+5)j(1+22)2]° 7 [plle  (16)

and the exponent d =2 <% -+ 2 E) of n is optimal.

1
q q
Proof. Proposition 1 leads us to

}q/jdx.

[ b - 2Pax < a4 5.6..na) [ [Ipep( -2

Since Q(x) := p(x)/(1 —x*)* is a polynomial of degree n; 4 2k, from inequality (2)
we have

(1-4H)4 . (1-Lyg .
012 < [(1+5) Gn+202] 7 oI = [(i+5) jtn+ 2] o).
Again by Proposition 1 we get
) 1 ) 1 '
101 = [ I (1= Vdx < oo, %m.9) [ |p) (1 =) .
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By the above, forall 0 <s< g we obtain

1 1
19 <(ACL 5.8, Bna) [(49) 500+ 22] (At 02, ,5) T

To prove (16), we use the same argument as in the proof of Theorem | and we get

1
s

Els,00q.Bngik) < (ALY B.B10) [(4+9)(1+22)2]

1
_5<A(Oc 06,7‘ 7,1,s)>xnd

with the exponent of n equal to
kg B 11 a a B
2(M-B)+2(1-L)+2(2-k)=2(2-L+

2
because (n + %) < (14 2Ta)2n2' From inequality (9) we have

& =
|
Q=
SN—

( (lch,qu’ﬂ B, 1 )>l< (a,a,"j‘,"j‘,l,s))é

1
. 1

_ 1 1 (1425 +9)" 2N (14 24 g)ta2ass

BT (gt | (2B | (ke gy

1

21,1 [(14208 )25+ )7 | (14200 45) 1 H20Hs
L e ! p S e
(1_|_2[3_|_q)1+2ﬁ+q (1+2[3§+s)1+2ﬂ3+“

the last inequality being a consequence of (14) and the inequality % < % < <. Since
1222}],weobtain 1+20f+g>1, 1+2[3 +s>1and

1
(14208 +4)' 2055017 | (14204 5) +2045
(1+2B+q)'+2b+a (1+2[3§+S)1+2l3$+s
1

L s

{(q +20q+ q)q+2aq+q] O (s 204 s) T2t | (qs)2+2°‘ (242044
(14+2B+1)1+26+1 (%+2ﬁ%+§)%+2ﬁé+g (S/q) L(242B) (2+2[3)$ (4+4B)°

Hence and by the inequality 2+ 20 > (2 +20) > J L(242B), estimate (16) follows.
The optymality of exponent d is a consequence of the resultsin [3]or [11]. O

REMARK 2. Inthe case of 0 < o the assumption §<§ << forsome jEN, ke

. /3 o
Ny is always true, because 7<% whenever o # 8 or g #s.



INEQUALITIES WITH WEIGHTS 269

3. Schur-type inequalities with weights

We begin this Section with inequalities concerning specific cases and then we will
present an estimate for general Jacobi weights. Two propositions below give some
bounds of the constants in inequalities regarding change of weights of type |x —xo|ﬁ
for xp € [—1,1]. Similar estimates are often called division inequalities or Schur in-
equalities and have been investigated, e.g., in [6], [9], [5], [13], [14], [1].

PROPOSITION 3. For a2 > f3 >0, q € (0,0) and p € &, the inequality

1 1
[ Ipwlisax < BofoBna) [ p(ol7js|ax (an

holds with Bo(a,B,n,q) satisfying

aﬁ(1+a+nq)1+“+"q<< 2 )“ﬁ(1+a+q)1+‘”q oa-p
o

2
BO(“’ﬁ’”"IK(a—ﬁ) (15B+nq) B =~ \a=B)  (1+B+q)+hra "

Moreover, the exponent o.— B of n is optimal.

Proof. The proof of the first estimate of By(a, B,n,q) is similar to that of Propo-
sition 1. Again we have

1
2/ |p(0)[x[Bdx = J5(1) < Jg (1) for re(0,1),
1 r
2r .
Jy(p)::/ uy(pe)dr for p>0, y=0
0

(i)

Since |1+ r2e%| > 1—r2, it follows

Js (1) o) 2% Pue(r)

and

q Y

Z+1
2

uy(z) ==

2—1
7|

r) 72+2B+2ng = r2+2ﬂ+2nq(1 _ r2)0¢7ﬁ ’

Consequently, by the monotonicity of the mean value J, of subharmonic functions
(e.g. [10, Th. 3.2.3]), we have

1 20-BJ, (1) 20-B 1 Jlrc
Ip (;) < 228 42ng(1 _ 2)o—B  242B+2nq(] _ ;2)o-P 2[1 PO |x|%dx

20-B

We now need to find the minimum value of W

overall r € (0,1). Itis
14+B+ng

attained at ro = y/ Tatng

and a short computation gives the desired formula.
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The proof of the second estimate of By(ct,f3,n,q) can be derived from the first
one and (13) as in the proof of Theorem 1. The optimality of the exponent ot — 3 is a
consequence of [9, Th. 2]. [

In order to find an estimate for weights of the type |x — xo|f for xo € (0,1) (or
X0 € (—1,0)), o > B, we can apply Proposition 3 and the following standard reasoning:

1 2x9—1 1
/ pWIr—xolfdr= [ "+
—1 2xp—1
2)(0 1 X — XO 1
o~ 1 Bo(a,B,n,q) !
| x — xg “dx+#/ x)|9|x — xo|*dx.
(e ﬁ/ (ftl—sfods + BUEBRA [ (e
By inequality (17) for the polynomial p =1, we get

14+«

1< SB a7 1, .
1+ B o( B Q)

We have thus proved

COROLLARY 3. For a,f3,q as in Proposition 3 and for xy € (0,1), p € &, the
inequality

1 Bo(a, B,n, 1
[ —soPar < SHELZD [ eyl
-1 (1 —xo) -1

holds with the constant Bo(o., B,n,q) being described in Proposition 3.

An inequality for weights of the type (1 —x)® or (1+x)? can be derived from
Theorem 2. However, a better estimate of this kind is given below.

PROPOSITION 4. For o0 = 3 > —%, q € (0,00) and p € P, the inequality

1

[ 1p@ - 9Pax < BilouBna) [ 1p0019(1 0%
-1 1

holds with By(a,B,n,q) > 0 such that

<
Bl(a,ﬁ,n,q) S (((X—ﬁ 2 1+ﬁ+nq)2 (14+B+nq)

. ) a—p 1+a+q) 2(1+a+q) 2(a-B)
(0=B)2)  (1+B+q)+hra |

Moreover, the exponent 2(a.—f3) of n is optimal. An inequality with the same B1(o3,n,q)
holds for the q norms (or metrics) with the weight (1+x)P and (14 x)* respectively.

2 )0(—[3 (l+06+n6])2 1+o+nq)
) (
(
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Proof. We use inequality (7) from Proposition 1 for oy =0, o = a, f; =0,
B> = B and we get

20-B

A0.0.0.5.n.9) S T e p A B

20-B
(1_,,)2(0!7,3) 72(1+B+nq)
mality of the exponent is a consequence of [9, Th. 2]. [

1+B+ng
1+oa+ng *

To minimize overall re (0,1), we take ry = The opti-

Taking into account Corollary 3 and Proposition 4, there are many different ways
to obtain a polynomial estimate for generalized Jacobi weights of type (1). We propose
below an inequality for the most general case. However, it is possible to find better
estimates for specific cases with precise values of the zeros of the weight.

THEOREM 3. Let —1 =x; <x < ... <Xpo1 <xm =1, & > i > —3 for
i=1,i=m and o> P; >0 for i=2,..., m—1. The weights u and w are de-
fined by

m m

u(x):H\x—x,-\a", w(x):H\x—x,-\ﬁi. (18)

i=1 i=1
Then for q € (0,00) and p € 2, the inequality

1P < D(u,w,n,q) lIpl§.

holds with D(u,w,n,q) satisfying

I.
D(I/t W’M]) <maX{K1 Bl(ahﬁla 7q) K Bl (am7ﬁma 7q) .. 3; I{JJ B (ajvﬁjan q)}}
- J

where
P mo(1 + x;)Bi 202+ Fomgen =B - Yi;[l (1 —x;)Bi | 209 +0m-140m—Pn
TS (TP T L U —x)% | (1= )P
Jj—1 m
I; = 01+t H(ijrl —xi)ﬁiH(xi —Xjfl)ﬁ"7
=1 i=j
j—2
(-1 —x;)* J_Xjfl)m’;ﬁr T(xj 41— x;) %! H —Xj1)%
i=1 i=j+2

(as usual, any product over the empty set is equal to 1) and By, By are estimated in
Propositions 3 and 4. Moreover,

I.
D(M7 w,n, 6]) < maX{Kl Bl(al,ﬁl,1761)7Km Bl(amaﬁman) 7j_%nax l{J_j BO (aﬁﬁjan)}} nd
o J

and the exponent d :=max{2(o — B1),00 — B, ..., Cn—1 — Bn—1,2(0n — Buw)} of n is
optimal.
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Proof. We divide the interval [—1,1] into m subintervals and integrate separately
on each of them:

xp—1 Xp+x3 Xp—1t1 1
2

1 7 2
/l\p(x)\qw(x)deLI +/;2;1 + ... +/‘n172gxm71 +/;m721+1.

On the first interval we have

w(x) u B; u(x) " <l—|—x,-)ai
Trnp < L) and m7oe > T =
and by Proposition 4,
/1 p()[ <TI0 +x) / p()[7 (1 4+ x)Prdx

=

1

1 —3\ ¢
< +x2 ZT)‘ (1+0)Prar
o L\ ! I4+x x—=3\|?
(1+xt)ﬁ< 2 ) Bl(alvﬁhnﬂ)/ p( 2142 )
1:2 -1 4 4

2
481 .1
iy

(1+1)%ds.

Therefore,

-1 xp—1

[ p@ewidr < K Bilen prmg) [ Ipl7 u(wd.
-1 1

Analogously, for the integral over the last segment we get an inequality as above with

the constant K, instead of K. If x € <XJIT+X’ M) for j€{2,...,m—1} then
w(x) jl—Il [3 ﬁ
—— = < | (1 — )7 H (x; —xj-1)"
\X—xj|l3’ i=1 i=j+1
I

20£j71+06j+1 (xj —xj71)ﬁi )

u(x) J=2 i —xi N g —x .
x| > [T050 —x)% (= 21 ’ ) o) T i)™

x—x; i=1 i=j+2

Jj
o t+a; . \O;
2%j-1 -’“(xj—xj—l) j
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and by Corollary 3,

MR

oy (P w(x)dx
| U] e | q 1B;

T 2%t (x —xj )P /% PO =P

(X1 —xj-) BT
25 T () )P

></1 p (xﬂrl al il BN 2x; +xj+1+x,1)‘ l —2xj x| g dt
1 4 4 Xjp1 —Xj—1
(x,'+1—x,' )l+ﬁj : (Xj+1_Xjl)ajﬁJBO(ajaﬁjanaq)/l ‘p( )|q‘ |O(jdt
2010 1+ 4B, (5 —xj l)ﬁ [Z(Xj—xj_l)}af—ﬁj -
_n. X‘+X’+1
_ 2% ﬁjll Bo(ajvﬂ,fanaq) ’ 21 | )|q| _ »’ajd
T %1%t (s e B 2(x — xs o= Jri-1t T -
(xj —xj—1)P [2(x; — xj-1)] 7

Taking into account the estimate for ”()f)‘aj we obtain the inequality
J

[x—x

Xj+)(j+l I Xj+);j+1
o, IP@I Wy < 7 BolayBima) [ 1) u(x)dx.
L= Jj L=

The optimality of the exponent d has been proved in [9, Th. 2]. O

An analogue of Theorem 3 can be easily proved also for weights of form (1).
We can also obtain similar estimates to these in Proposition 2 for generalized Ja-

cobi weights (18). It is sufficient to take j; € N, k; € Ny such that ﬁ’ J—’ O" for
i=1,...,m. Then we can apply Theorem 3) and use analogous arguments as m the
proof of Proposmon 2.
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