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WEIGHTED COMPOSITION OPERATORS FROM

WEIGHTED BERGMAN SPACES TO STEVIĆ–TYPE SPACES

XIANGLING ZHU AND JUNTAO DU

(Communicated by S. Stević)

Abstract. The boundedness, compactness and essential norm of weighted composition operators
from weighted Bergman spaces with a double weight to Stević-type spaces on the unit disk are
investigated in this paper.

1. Introduction

Let D be the open unit disk in the complex plane, and H(D) the class of all
functions analytic on D . Assume that μ is a weight, that is, μ is a radial, positive and
continuous function on D . If n∈ N∪{0} , the Stević-type space on D , which he called

the n -th weighted space, denoted by W (n)
μ , consists of all f ∈ H(D) such that

‖ f‖
W (n)

μ
:=

n−1

∑
k=0

| f (k)(0)|+ sup
z∈D

μ(z)| f (n)(z)| < ∞.

The space W (n)
μ was introduced by S. Stević in [28]. It is a Banach space with the

norm ‖ ·‖
W

(n)
μ

. When n = 0, W (n)
μ becomes the weighted-type space H∞

μ . When n = 1

and n = 2, W (n)
μ becomes the Bloch-type space Bμ and the Zygmund-type space Zμ ,

respectively. For some results on the spaces H∞
μ ,Bμ ,Zμ with various weights μ , and

operators acting from or to them, see, e.g., [1, 2, 3, 4, 6, 7, 9, 13, 14, 15, 16, 17, 18, 19,
29, 30, 32, 34, 42, 44, 45], and the related references therein.

The little Stević-type space, denoted by W (n)
μ,0 , consists of all f ∈W (n)

μ such that

lim
|z|→1

μ(z)| f (n)(z)| = 0.

It is shown in a standard way that W (n)
μ,0 is a closed subspace of W (n)

μ .
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Suppose ω is an integrable weight on (0,1) . We say that ω is regular, and write
it as ω ∈ R , if there is a constant C > 0 determined by ω , such that

1
C

<
1

(1− r)ω(r)

∫ 1

r
ω(s)ds < C, when 0 < r < 1.

We say that ω is rapidly increasing, and write it as ω ∈ I , if

lim
r→1

1
(1− r)ω(r)

∫ 1

r
ω(s)ds = ∞.

Let vα ,β (r) = (1−r)α (log e
1−r

)β (such weights can be found in [29, 30]). By a calcula-
tion, we have the following typical examples of regular and rapidly increasing weights,
see [24], for example.

(i) When α > −1 and β ∈ R , vα ,β ∈ R ;

(ii) When α = −1 and β < −1, vα ,β ∈ I and
∣∣sin(log 1

1−r

)∣∣vα ,β (r)+1 ∈ I .

Suppose ω is an integrable weight on (0,1) . If there is a constant C > 0 such that

∫ 1

r
ω(s)ds < C

∫ 1

1+r
2

ω(s)ds, when 0 < r < 1,

we say that ω is a double weight, and write it as ω ∈ D̂ . From [24, 25], we see that
I ∪R ⊂ D̂ . See [24, 25] for more details about I ,R and D̂ .

Let 0 < p < ∞ and ω ∈ D̂ . The weighted Bergman space Ap
ω is the space of

f ∈ H(D) for which

‖ f‖p
Ap

ω
:=
∫

D

| f (z)|pω(z)dA(z) < ∞,

where dA(z) = 1
π dxdy is the normalized Lebesgue area measure on D . When p � 1,

Ap
ω is a Banach space. When ω(t) = (1− t)α (α > −1) , the space Ap

ω becomes the
classical weighted Bergman space Ap

α . In [24, 25] there are plenty of results which
show that the Bergman space Ap

ω induced by a rapidly increasing weight lie “closer” to
the Hardy space Hp than any Ap

α .
Let ϕ be an analytic self-map of D and u ∈ H(D) . The weighted composition

operator, denoted by uCϕ , is defined on H(D) by

(uCϕ f )(z) = u(z) f (ϕ(z)), f ∈ H(D).

It is important to give function theoretic descriptions of when u and ϕ induce a bounded
or compact weighted composition operator on various function spaces. Recently, there
has been a great interest in studying weighted composition operators on analytic func-
tion spaces on the unit disk, see, e.g., [1, 2, 3, 4, 5, 6, 7, 8, 10, 11, 12, 13, 14, 15, 20,
21, 22, 27, 31, 33, 35, 36, 37, 38, 40, 41, 43, 44, 45].
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In [28], Stević studied the boundedness and compactness of the composition oper-

ator from Ap
α to W (n)

μ on D . In [35], Stević studied the boundedness and compactness
of the weighted differentiation composition operators from H∞ and the Bloch space

to W (n)
μ on D . In [41], Zhang and Zeng generalized the results in [28] to the case of

weighted differentiation composition operators. For some very general results on the
essential norm of generalized composition operators between Stević-type spaces see
[37].

Motivated by [28], we study the boundedness and compactness of uCϕ from

weighted Bergman spaces Ap
ω to W (n)

μ and W (n)
μ,0 in this paper. Moreover, we give

some estimates of the essential norm of uCϕ from Ap
ω to W (n)

μ and W (n)
μ,0 .

Let X and Y be Banach spaces. Recall that the essential norm of linear operator
T : X → Y is defined by

‖T‖e,X→Y = inf{‖T −K‖X→Y : K is compact from X to Y}.

Obviously T : X → Y is compact if and only if ‖T‖e,X→Y = 0.
Throughout this paper, the letter C will denote constants and may differ from one

occurrence to the other. The notation A � B means that there is a positive constant C
such that A � CB . The notation A ≈ B means A � B and B � A .

2. Auxiliary results

LEMMA 1. Assume that ω ∈ D̂ , r ∈ [0,1] and ω∗(r) =
∫ 1
r sω(s) log s

r ds. Then
the following statements hold.

(i) ω∗ ∈ R and ω∗(r) ≈ (1− r)
∫ 1
r ω(t)dt ;

(ii) There are 0 < a < b < +∞ and δ ∈ [0,1) , such that

ω∗(r)
(1− r)a is decreasing on [δ ,1) and lim

r→1

ω∗(r)
(1− r)a = 0;

ω∗(r)
(1− r)b is increasing on [δ ,1) and lim

r→1

ω∗(r)
(1− r)b = ∞;

(iii) ω∗(r) is decreasing on [δ ,1) and lim
r→1

ω∗(r) = 0.

Proof. By [26, Lemmas A and 9], (i) holds. By (1.19) in [24], (ii) holds. From (ii)
and the fact that ω∗(r) = ω∗(r)

(1−r)a (1− r)a , we see that (iii) holds. �

REMARK 1. Without loss of generality, we can assume δ related to ω∗ in Lemma
1 is 0. We assume that ω∗ is radial, that is, ω∗(z) = ω∗(|z|) for all z ∈ D .

Let γ0 > 0 be one of the admissible constants in [24, Lemma 2.3]. It follows by
Lemma 1, [23, Lemma 3.1] and [24, Lemma 2.4] we have the following result.
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LEMMA 2. Let ω ∈ D̂ , p > 0 and k ∈ N∪{0} . Set

ga,k(z) =
(

1−|a|2
1−az

)k+γ0 1

ω1/p
∗ (a)

, z ∈ D.

Then
‖ga,k‖Ap

ω
≈ 1, when a ∈ D,

and
lim
|a|→1

sup
|z|�r

|ga,k(z)| = 0, when r ∈ (0,1).

For f ∈ H(D) and 0 < r < 1, set

Mp(r, f ) =
(

1
2π

∫ 2π

0
| f (reit )|pdt

)1/p

, 0 < p < ∞,

and
M∞(r, f ) = sup

|z|=r
| f (z)|.

Then we have the following lemma.

LEMMA 3. Suppose ω ∈ D̂ , 0 < p < ∞ and N ∈ N∪ {0} . Then there exists
C = C(p,ω ,N) such that

(1−|z|)kω1/p
∗ (z)| f (k)(z)| � C‖ f‖Ap

ω
, (1)

for all f ∈ H(D) and k = 0,1, · · · ,N +1 .

Proof. Let sk(r) = 1− 1−r
2k . Then 1+sk(r)

2 = sk+1(r) . By well-known estimates,
there is a C1 = C(p) < ∞ , such that

M∞(r, f ) � C1
Mp( 1+r

2 , f )
(1− r)1/p

, and Mp(r, f ′) � C1
Mp( 1+r

2 , f )
1− r

.

Hence,

M∞(r, f (k)) � C1
Mp(s1(r), f (k))

(1− r)1/p
� 2

k(k+1)
2 Ck+1

1
Mp(sk+1(r), f )
(1− r)k+1/p

.

Then

(1− r)pk+1Mp
∞(r, f (k))

∫ 1

sk+1(r)
ω(t)dt � 2

pk(k+1)
2 Cp(k+1)

1 Mp
p(sk+1(r), f )

∫ 1

sk+1(r)
2ω(t)tdt

� 2
pk(k+1)

2 +1Cp(k+1)
1 ‖ f‖p

Ap
ω
.
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By Lemma 1, there exist C2 = C(ω) > 0 and b > 0, such that ω∗(t)
(1−t)b is increasing on

[0,1) and

1
C2

(1− t)
∫ 1

t
ω(s)ds � ω∗(t) � C2(1− t)

∫ 1

t
ω(s)ds, t ∈ [0,1].

Hence,
ω∗(r)

(1− r)b � ω∗(sk+1(r))
(1− sk+1(r))b =

2(k+1)bω∗(sk+1(r))
(1− r)b .

Therefore,

Mp
∞(r, f (k)) �

2
pk(k+1)

2 +1Cp(k+1)
1 C2(1− sk+1(r))‖ f‖p

Ap
ω

(1− r)kp+1ω∗(sk+1(r))

�
2

pk(k+1)
2 +(b−1)(k+1)+1Cp(k+1)

1 C2‖ f‖p
Ap

ω

(1− r)kpω∗(r)
.

So, there exists C =C(p,ω ,N) such that (1) always holds. The proof is complete. �
The next two lemmas can be found in [35].

LEMMA 4. [35] Fix n∈N∪{0},a > 0 . Let matrix Dn+1(a)= (βi j(a))i, j=1,2,···,n+1,
where

βi j(a) =

⎧⎨
⎩

1, i = 1,
i−1
∏
k=1

(a+ k+ j−2), i = 2,3, · · · ,n+1.

Then

det(Dn+1(a)) =

⎧⎨
⎩

1, n = 0,
n
∏
k=1

k!, n ∈ N.

Here det(Dn+1(a)) is the determinant of Dn+1(a) .

LEMMA 5. [35] Suppose n ∈ N∪{0},u ∈ H(D) , and ϕ is an analytic self-map
of D . For all f ∈ H(D) , we have

(uCϕ f )(n)(z) =
n

∑
k=0

f (k)(ϕ(z))
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ ′(z),ϕ ′′(z), · · · ,ϕ(l−k+1)(z)), (2)

where

Bl,k(ϕ ′(z),ϕ ′′(z), · · · ,ϕ(l−k+1)(z)) = ∑
k1,···,kl

l!
k1!k2! · · ·kl!

l

∏
j=1

(
ϕ( j)(z)

j!

)k j

, (3)

and the sum in (3) is over all non-negative integers k1,k2, · · · ,kl satisfying

k1 + k2 + · · ·+ kl = k and k1 +2k2 + · · ·+ lkl = l.

For brief, we will write Bl,k(ϕ ′(z),ϕ ′′(z), · · · ,ϕ(l−k+1)(z)) as Bl,k(ϕ(z)) , that is

Bl,k(ϕ(z)) = Bl,k(ϕ ′(z),ϕ ′′(z), · · · ,ϕ(l−k+1)(z)).

To study the compactness, we need the following well known lemma.
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LEMMA 6. [39, Lemma 2.10] Suppose p � 1 , ω ∈ D̂ and μ is a weight.

If T : Ap
ω → W (n)

μ (W (n)
μ,0) is linear and bounded, then T is compact if and only if

whenever { fk} is bounded in Ap
ω and fk → 0 uniformly on compact subsets of D ,

lim
k→∞

‖T fk‖W (n)
μ

= 0 .

3. Main results and proofs

THEOREM 1. Assume that p � 1 , n ∈ N∪{0} , u ∈ H(D) , ϕ is an analytic self-

map of D , ω ∈ D̂ , and μ is a weight. Then uCϕ : Ap
ω →W (n)

μ is bounded if and only
if

sup
z∈D

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

< ∞, k = 0,1, · · · ,n. (4)

Proof. Suppose that (4) holds. For any f ∈Ap
ω , from Lemmas 3 and 5, there exists

C = C(ω , p,n) , such that

μ(z)
∣∣∣(uCϕ f )(n)(z)

∣∣∣ = μ(z)

∣∣∣∣∣
n

∑
k=0

f (k)(ϕ(z))
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣

� C‖ f‖Ap
ω

n

∑
k=0

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

For j = 0,1, · · · ,n−1, the following inequality holds obviously,

∣∣∣(uCϕ f )( j)(0)
∣∣∣ =

∣∣∣∣∣
j

∑
k=0

f (k)(ϕ(0))
j

∑
l=k

Cl
ju

( j−l)(0)Bl,k(ϕ(0))

∣∣∣∣∣

� C‖ f‖Ap
ω

j

∑
k=0

∣∣∣∣ j

∑
l=k

Cl
ju

( j−l)(0)Bl,k(ϕ(0))
∣∣∣∣

(1−|ϕ(0)|)kω1/p
∗ (ϕ(0))

.

So uCϕ : Ap
ω →W (n)

μ is bounded.

Conversely, suppose that uCϕ : Ap
ω → W (n)

μ is bounded. For a ∈ D and �c =
(c1,c2, · · · ,cn+1)T , set

ga(z) =
n+1

∑
j=1

c jga, j(z), (5)

where ga, j are defined in Lemma 2. We get

g(t)
a, j(z) =

(at)( j + γ0)( j + γ0 +1) · · ·( j + γ0 + t−1)
(1−az) j+γ0+t

(1−|a|2) j+γ0

ω1/p
∗ (a)

.
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So,

g(t)
a, j(a) =

(at)( j + γ0)( j + γ0 +1) · · ·( j + γ0 + t−1)

(1−|a|2)tω1/p
∗ (a)

.

Therefore,

g(t)
a (a) =

(
g(t)

a,1(a),g(t)
a,2(a), · · · ,g(t)

a,n(a),g(t)
a,n+1(a)

)
◦�c,

=
at

(1−|a|2)tω1/p
∗ (a)

(
t

∏
i=1

(i+ γ0),
t+1

∏
i=2

(i+ γ0), · · · ,
t+n−1

∏
i=n

(i+ γ0),
t+n

∏
i=n+1

(i+ γ0)

)
◦�c.

Fix k = 0,1, · · · ,n , we will choose �c , such that

g(t)
a (a) =

{
(ak)

(1−|a|2)kω1/p
∗ (a)

, t = k,

0, t �= k and 0 � t � n.
(6)

That is to say,

⎛
⎜⎜⎜⎜⎜⎝

1 1 · · · 1 1
γ0 +1 γ0 +2 · · · γ0 +n γ0 +n+1

(γ0 +1)(γ0 +2) (γ0 +2)(γ0 +3) · · · (γ0 +n)(γ0 +n+1) (γ0 +n+1)(γ0 +2)
· · · · · · · · · · · · · · ·

n
∏
i=1

(γ0 + i)
n
∏
i=1

(γ0 + i+1) · · ·
n
∏
i=1

(γ0 +n+ i−1)
n
∏
i=1

(γ0 +n+ i)

⎞
⎟⎟⎟⎟⎟⎠�c = A,

or

Dn+1(γ0 +1)�c = A,

where A is a column vector, in which the k + 1-st element is 1 and the others are
0. By Lemma 4, �c exists and depends on γ0,k and n . By Lemma 2, there exists
C = C(ω , p,k,n) , such that ‖ga‖Ap

ω
� C, for all a ∈ D .

When |ϕ(z)| � 1
2 , by Lemma 5 and (6), we get

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

=
1

|ϕ(z)|k μ(z)|(uCϕgϕ(z))
(n)(z)|

� 2k‖uCϕ‖Ap
ω→W (n)

μ
‖gϕ(z)‖Ap

ω
. (7)

So, for k = 0,1, · · · ,n , there exists C = C(ω , p,n) such that

sup
|ϕ(z)|� 1

2

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

� 2kC‖uCϕ‖Ap
ω→W (n)

μ
< ∞.
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When |ϕ(z)| � 1
2 , let k = 0,1, · · · ,n . Define the test function hk(z) = zk , then

‖hk‖p
Ap

ω
� ω(D) . Here ω(D) =

∫
D

ω(z)dA(z) . Obviously, we have

μ(z)

∣∣∣∣∣
n

∑
l=0

Cl
nu

(n−l)(z)Bl,0(ϕ(z))

∣∣∣∣∣= μ(z)
∣∣∣(uCϕh0)(n)(z)

∣∣∣� ‖uCϕh0‖W
(n)
μ

� ‖uCϕ‖Ap
ω→W (n)

μ
‖h0‖Ap

ω
= ‖uCϕ‖Ap

ω→W (n)
μ

ω1/p(D).

So, when k = 0, we have

μ(z)

∣∣∣∣∣
n

∑
l=0

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣ � ω1/p(D)‖uCϕ‖Ap
ω→W (n)

μ
.

Suppose k � 1. Then we have

k!μ(z)

∣∣∣∣∣
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣
=μ(z)

∣∣∣∣∣(uCϕhk)(n)(z)−
k−1

∑
i=0

h(i)
k (ϕ(z))

n

∑
l=i

Cl
nu

(n−l)(z)Bl,i(ϕ(z))

∣∣∣∣∣
�μ(z)

∣∣∣(uCϕhk)(n)(z)
∣∣∣+ μ(z)

k−1

∑
i=0

k!
(k− i)!

∣∣∣∣∣
n

∑
l=i

Cl
nu

(n−l)(z)Bl,i(ϕ(z))

∣∣∣∣∣
�‖uCϕ‖Ap

ω→W
(n)
μ
‖hk‖Ap

ω
+

k−1

∑
i=0

k!
(k− i)!

μ(z)

∣∣∣∣∣
n

∑
l=i

Cl
nu

(n−l)(z)Bl,i(ϕ(z))

∣∣∣∣∣ .
So, we have

μ(z)

∣∣∣∣∣
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣
� 1

k!
ω1/p(D)‖uCϕ‖Ap

ω→W (n)
μ

+
k−1

∑
i=0

1
(k− i)!

μ(z)

∣∣∣∣∣
n

∑
l=i

Cl
nu

(n−l)(z)Bl,i(ϕ(z))

∣∣∣∣∣ .
Using the last inequality k = 1,2, · · · ,n repeatedly, we can find a C > 0, such that

μ(z)

∣∣∣∣∣
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣� Cω1/p(D)‖uCϕ‖Ap
ω→W

(n)
μ

.

Since sup
0�r� 1

2

1
(1−r)pkω∗(r)

< ∞ , for k = 0,1, · · · ,n , we get

sup
|ϕ(z)|� 1

2

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

< ∞.

Therefore (4) holds. The proof is complete. �
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THEOREM 2. Assume that p � 1 , n ∈ N∪{0} , u ∈ H(D) , ϕ is an analytic self-

map of D , ω ∈ D̂ , and μ is a weight. If uCϕ : Ap
ω →W (n)

μ is bounded, then

‖uCϕ‖e,Ap
ω→W (n)

μ
≈

n

∑
k=0

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

Proof. The lower estimate of ‖uCϕ‖e,Ap
ω→W (n)

μ
.

Suppose {wm}∞
m=1 ⊂ D such that lim

m→∞
|ϕ(wm)| = 1 and K : Ap

ω →W (n)
μ is com-

pact. For a given k = 0,1, · · · ,n , let gϕ(wm) be defined as in (5) and satisfy (6). By
Lemma 2, there exists C = C(ω , p,n) , such that ‖gϕ(wm)‖Ap

ω
� C and {gϕ(wm)} con-

verges to 0 uniformly on compact subsets of D . By Lemma 6, lim
m→∞

‖Kgϕ(wm)‖W
(n)
μ

= 0.

Therefore,

‖uCϕ −K‖
Ap

ω→W
(n)
μ

� limsup
m→∞

‖(uCϕ −K)gϕ(wm)‖Ap
ω→W

(n)
μ

� limsup
m→∞

(
‖uCϕgϕ(wm)(wm)‖

W (n)
μ

−‖Kgϕ(wm)‖Ap
ω→W (n)

μ

)

� limsup
m→∞

μ(wm)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(wm)Bl,k(ϕ(wm))
∣∣∣∣

(1−|ϕ(wm)|)kω1/p
∗ (ϕ(wm))

.

Since k,K and {wm} are arbitrary, we have

‖uCϕ‖e,Ap
ω→W (n)

μ
�

n

∑
k=0

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)k(ω∗(ϕ(z)))1/p
.

The upper estimate of ‖uCϕ‖e,Ap
ω→W (n)

μ
.

Suppose 1
2 < ρ < 1 and 0 < r < 1. For all f ∈ Ap

ω , let fρ (z) = f (ρz) . Then

‖uCρϕ f‖
W

(n)
μ

= ‖uCϕ fρ‖W
(n)
μ

� ‖uCϕ‖Ap
ω→W

(n)
μ
‖ fρ‖Ap

ω
� ‖uCϕ‖Ap

ω→W
(n)
μ
‖ f‖Ap

ω
.

So, uCρϕ is bounded. By Lemma 6, (4), as well as the Cauchy estimate for the deriva-
tives of analytic functions on compacts, we see that uCρϕ is compact.

When |ϕ(z)| � r < 1 and k = 0,1, · · · ,n , by Lemma 3 we have

| f (k)(ρ(ϕ(z)))| � C‖ f‖Ap
ω

(1− (ρ |ϕ(z)|)2)kω1/p
∗ (ρ |ϕ(z)|)

�
C‖ f‖Ap

ω

(1−|ϕ(z)|2)kω1/p
∗ (ρϕ(z))

.

By Remark 1, we assume that ω∗(t) is decreasing on [0,1) . So

ω∗(ρϕ(z)) � ω∗(ϕ(z)).
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Hence,

| f (k)(ρ(ϕ(z)))| � C‖ f‖Ap
ω

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

Therefore, there exists C = C(ω , p,n) such that

| f (k)(ϕ(z))−ρk f (k)(ρϕ(z))|
� | f (k)(ϕ(z))− f (k)(ρϕ(z))|+(1−ρk)| f (k)(ρϕ(z))|

�
∣∣∣∣
∫ ϕ(z)

ρϕ(z)
f (k+1)(η)dη

∣∣∣∣+ kC(1−ρ)‖ f‖Ap
ω

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

�
C(1−ρ)|ϕ(z)|‖ f‖Ap

ω

(1−|ϕ(z)|)(k+1)ω1/p
∗ (ϕ(z))

+
kC(1−ρ)‖ f‖Ap

ω

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

By Lemma 5,

sup
|ϕ(z)|�r

μ(z)|(uCϕ f −uCρϕ f )(n)(z)|

� sup
|ϕ(z)|�r

μ(z)
n

∑
k=0

| f (k)(ϕ(z))−ρk f (k)(ρϕ(z))| ·
∣∣∣∣∣

n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣

� C(1−ρ)‖ f‖Ap
ω

n

∑
k=0

(
1

1− r
+ k

) μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

Since uCϕ : Ap
ω →W (n)

μ is bounded, (4) holds. So,

lim
ρ→1

sup
|ϕ(z)|�r

sup
‖ f‖Ap

ω
�1

μ(z)|(uCϕ f −uCρϕ f )(n)(z)| = 0. (8)

In a similar way, we have

lim
ρ→1

sup
‖ f‖

Ap
ω

�1
|(uCϕ f −uCρϕ f )(k)(0)| = 0, k = 0,1, · · · ,n−1. (9)

When r < |ϕ(z)| < 1 and k = 0,1, · · · ,n , by Lemma 3 we have

sup
|η|=|ϕ(z)|

| f (k)(η)−ρk f (k)(ρη)| � 2 sup
|η|=|ϕ(z)|

| f (k)(η)| � C‖ f‖Ap
ω

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

By Lemma 5,

sup
r<|ϕ(z)|<1

sup
‖ f‖

Ap
ω

�1
μ(z)|(uCϕ f −uCρϕ f )(n)(z)|

� C
n

∑
k=0

sup
r<|ϕ(z)|<1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

. (10)
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From (8), (9) and (10), we have

limsup
ρ→1

‖uCϕ −uCρϕ‖Ap
ω→W (n)

μ
�

n

∑
k=0

sup
r<|ϕ(z)|<1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

. (11)

Since uCρϕ is compact, by letting r → 1, we have

‖uCϕ‖e,Ap
ω→W

(n)
μ

�
n

∑
k=0

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

The proof is complete. �

THEOREM 3. Assume that p � 1 , n ∈ N∪{0} , u ∈ H(D) , ϕ is an analytic self-

map of D , ω ∈ D̂ , and μ is a weight. Then uCϕ : Ap
ω →W (n)

μ,0 is bounded if and only

if uCϕ : Ap
ω →W (n)

μ is bounded and

lim
|z|→1

μ(z)
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z)) = 0, k = 0,1, · · · ,n. (12)

Proof. Suppose that uCϕ : Ap
ω →W (n)

μ is bounded and (12) holds. Let P(z) be a
polynomial. Then there is constant C = C(P) such that sup

z∈D

|P(k)(z)| � C when k =

0,1, · · · ,n . Therefore,

lim
|z|→1

μ(z)|(uCϕP)(n)(z)| � lim
|z|→1

μ(z)
n

∑
k=0

∣∣∣∣∣P(k)(ϕ(z))
n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))

∣∣∣∣∣= 0.

Thus uCϕP ∈W (n)
μ,0 . By [24, p. 16], the set of polynomials is dense in Ap

ω . Then for

any f ∈ Ap
ω , there is a sequence of polynomials pn such that lim

n→∞
‖ f − pn‖Ap

ω
= 0.

Therefore
lim
n→∞

uCϕ pn = uCϕ f .

Since W (n)
μ,0 is closed in W (n)

μ , uCϕ f ∈W (n)
μ,0 . So, uCϕ : Ap

ω →W (n)
μ,0 is bounded.

Conversely, suppose that uCϕ : Ap
ω →W (n)

μ,0 is bounded. Obviously, uCϕ : Ap
ω →

W (n)
μ is bounded. Suppose hs(z) = zs(s ∈ N∪{0}) . Then uCϕhs ∈W (n)

μ,0 , that is

lim
|z|→1

μ(z)|(uCϕhs)(n)(z)| = 0.

Let s = 0,1, · · · ,n in order. By Lemma 5 and triangle inequality, (12) holds. The proof
is complete. �
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THEOREM 4. Assume p � 1 , n ∈ N∪{0} , u ∈ H(D) , ϕ is an analytic self-map

of D , ω ∈ D̂ , and μ is a weight. If uCϕ : Ap
ω →W (n)

μ,0 is bounded, then

‖uCϕ‖e,Ap
ω→W (n)

μ ,0
≈

n

∑
k=0

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

≈
n

∑
k=0

limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

Proof. The lower estimate of ‖uCϕ‖e,Ap
ω→W

(n)
μ ,0

.

Let k = 0,1, · · · ,n . There is {z j} ⊂ D satisfying lim
j→∞

|z j| = 1, lim
j→∞

|ϕ(z j)| = a

and

limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

= lim
j→∞

μ(z j)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z j)Bl,k(ϕ(z j))
∣∣∣∣

(1−|ϕ(z j)|)kω1/p
∗ (ϕ(z j))

.

(13)

If a < 1, suppose |ϕ(z j)| < 1+a
2 holds for all j . Then

μ(z j)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z j)Bl,k(ϕ(z j))
∣∣∣∣

(1−|ϕ(z j)|)kω1/p
∗ (ϕ(z j))

� sup
0�r� 1+a

2

(
1

(1− r)k(ω∗(r))1/p

)
μ(z j)

∣∣∣∣∣
n

∑
l=k

Cl
nu

(n−l)(z j)Bl,k(ϕ(z j))

∣∣∣∣∣ .
By Theorem 3 and (13), we have

0 = limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

� limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

If a = 1, by (13) and |ϕ(z j)| → a , we have

limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

� limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.
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Since ‖uCϕ‖e,Ap
ω→W

(n)
μ ,0

� ‖uCϕ‖e,Ap
ω→W

(n)
μ

, by Theorem 2 we get

‖uCϕ‖e,Ap
ω→W

(n)
μ ,0

�
n

∑
k=0

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

�
n

∑
k=0

limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

The upper estimate of ‖uCϕ‖e,Ap
ω→W (n)

μ ,0
.

For 0 < ρ < 0, let fρ (z) = f (ρz) . Then uCρϕ f = uCϕ fρ . Therefore uCρϕ is an

operator from Ap
ω to W (n)

μ,0 . By the proof of Theorem 2, uCρϕ : Ap
ω →W (n)

μ,0 is compact.
Therefore, (11) holds. By Theorem 2 and

‖uCϕ −uCρϕ‖Ap
ω→W (n)

μ
= ‖uCϕ −uCρϕ‖Ap

ω→W (n)
μ ,0

,

we have

‖uCϕ‖e,Ap
ω→W (n)

μ ,0
� limsup

ρ→1
‖uCϕ −uCρϕ‖Ap

ω→W (n)
μ

�
n

∑
k=0

sup
r<|ϕ(z)|<1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

By letting r → 1, we have

‖uCϕ‖e,Ap
ω→W (n)

μ ,0
�

n

∑
k=0

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

�
n

∑
k=0

limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

.

The proof is complete. �
From Theorems 2 and 4, we can easily get the following two corollaries.

COROLLARY 5. Assume that p � 1 , n ∈ N∪{0} , u ∈ H(D) , ϕ is an analytic

self-map of D , ω ∈ D̂ , and μ is a weight. If uCϕ : Ap
ω →W (n)

μ is bounded, then uCϕ
is compact if and only if

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

= 0, for k = 0,1, · · · ,n.
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COROLLARY 6. Assume that p � 1 , n ∈ N∪{0} , u ∈ H(D) , ϕ is an analytic

self-map of D , ω ∈ D̂ , and μ is a weight. If uCϕ : Ap
ω →W (n)

μ,0 is bounded, then the
following statements are equivalent.

(i) uCϕ : Ap
ω →W (n)

μ,0 is compact.

(ii) For k = 0,1, · · · ,n,

limsup
|z|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

= 0.

(iii) For k = 0,1, · · · ,n,

limsup
|ϕ(z)|→1

μ(z)
∣∣∣∣ n

∑
l=k

Cl
nu

(n−l)(z)Bl,k(ϕ(z))
∣∣∣∣

(1−|ϕ(z)|)kω1/p
∗ (ϕ(z))

= 0.
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tion, Michigan State University, 1996.

[40] M. ZHANG AND H. CHEN, Weighted composition operators of H∞ into α -Bloch spaces on the unit
ball, Acta Math. Sin. (Engl. Ser.) 25 (2009), 265–278.

[41] L. ZHANG AND H. ZENG, Weighted differentiation composition operators from weighted Bergman
space to n-th weighted space on the unit disk, J. Ineq. Appl. 2011 (2011), 10 pages.

[42] K. ZHU, Bloch type spaces of analytic functions, Rocky Mountain J. Math. 23 (1993), 1143–1177.
[43] K. ZHU, Operator Theory in Function Spaces, 2ed edition, Math. Surveys and Monographs, vol. 138,

American Mathematical Society: Providence, Rhode Island, 2007.



376 X. ZHU AND J. DU

[44] X. ZHU, Generalized weighted composition operators on Bloch-type spaces, J. Ineq. Appl. 2015
(2015), 59–68.

[45] X. ZHU, Essential norm of generalized weighted composition operators on Bloch-type spaces, Appl.
Math. Comput. 274 (2016), 133–142.

(Received June 17, 2018) Xiangling Zhu
Zhongshan Institute

University of Electronic Science and Technology of China
528402, Zhongshan, Guangdong, P. R. China

e-mail: jyuzxl@163.com

Juntao Du
Faculty of Information Technology

Macau University of Science and Technology
Avenida Wai Long, Taipa, Macau

e-mail: jtdu007@163.com

Mathematical Inequalities & Applications
www.ele-math.com
mia@ele-math.com


