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DIRECTIONAL HEISENBERG UNCERTAINTY PRODUCT

A. KRIVOSHEIN, E. LEBEDEVA, E. NEIMAN AND J. PRESTIN

(Communicated by I. Peric)

Abstract. A directional time-frequency localization measure for functions defined on the d-
dimensional Euclidean space is introduced. A connection between this measure and its periodic
counterpart is established. For a class of functions, an optimization problem for finding the
optimal direction, along which a function is best or worst localized, is solved.

1. Introduction

The paper continues the investigation of the properties of the directional uncer-
tainty product, that was recently introduced for the periodic case in [5]. This paper
deals with a non-periodic counterpart. In the framework of the standard operator ap-
proach (see, e.g., Selig in [8] or Goh, Micchelli in [4]) we introduce a pair of operators,
that are appropriate for measuring a time-frequency localization along directions for
functions defined on R?. The corresponding uncertainty principle is valid automat-
ically, the lower bound of the directional uncertainty product is equal to 1/4 and is
attained on the class of functions, that are Gaussian exponentials up to a multiplication
on arbitrary smooth functions. Our definition, in contrast to definitions given by Goh
and Goodman in [3], Ozawa and Yuasa in [6], includes the directionality explicitly in a
natural way.

We establish a connection between the directional uncertainty products in the pe-
riodic and non-periodic case (see Subsection 3.1). Namely, for an appropriate class
of functions f, the periodic directional uncertainty product of its periodization tends to
the non-periodic directional uncertainty product of f as the period goes to infinity. This
connection is also established for the uncertainty product, that was suggested by Goh
and Goodman in [3]. We also study the dependence on the direction of the directional
uncertainty product for a fixed function (see Subsection 3.2). It is an optimization prob-
lem, one needs to find a direction along which the directional uncertainty product has
its minimum or maximum. For a class of symmetric functions the optimization problem
is solved analytically. Finally, by using the Fourier-Hermite series, we state for a class
of symmetric functions that the lower bound of the directional uncertainty product can
be improved (see Subsection 3.3). The proofs of all statements are given in Section 4.
Several examples illustrating the results of Subsection 3.2 are placed in Section 5.
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2. Basic notations and definitions

We use the standard multi-index notations. Let d € N, R? be the d-dimensional
Euclidean space, {e 1< j< d} be the standard basis in RY, 74 is the integer lat-
tice in RY, T¢ = R?/Z? be the d-dimensional torus. Let x = (x1,...,x;)T and y =
(v1,.-.,v4)T be column vectorsin R?. Then (x,y) :=x1y1 +...+x4y4, ||x]| := /{x,x).
We say that x >y, if x; > y; forall j=1,...,d, and we say that x >y, if x >y and
x#y. Z4 :={a€Z: o> 0}, where 0= (0,...,0) denotes the origin in R?.
For o = (au,...,04)" € Z4, denote || := 04 + ...+ 0. 1g(x) is the characteristic
(indicator) function of a set K C R¥.

For a smooth enough function f defined on R¢ and a multi-index a € Z¢,

o .. o, oy ololr
D" f denotes the derivative of f of order o and D”f = S5 = P LTE L 7r The

directional derivative of a smooth enough function f deﬁned on R along a vector
L=(Ly,...,.Lg) € R\ {0} is denoted by 5 o — =>4, Jaxj

For a function f € L,(T¢) its norm is denoted by Hf||12rd = Jpa |f(x)[>dx. The
Fourier coefficients of a function f € Ly(T%) are given by cx(f) = fra f(x)e 2Fk0 dx,
k € Z¢. For a function f € L,(RY) its norm is denoted by Hf||2 = [ga |f(x)[?dx. The
Fourier transform of a function f € L (RY)(Ly(RY) is f(&) = fpa f(x)e 2™ dx
and can be naturally extended to L,(R?). The Sobolev space H'(R?) consists of func-
tions in L,(R?) such that all its derivatives of the first order are also in L(R¢). Anal-
ogously we define H'!(T?). Note that

B = { e Lo [ IEIPTEPAE <)

Let . be a Hilbert space with inner product (-,-) and with norm ||- || := (-,-)/2.
Let &7, % be two linear operators with domains Z(<7), Z(%) C 7 and ranges in
2 . The variance of non-zero f € Z(«/) with respect to the operator <7 is defined to

be
af, )
O e
The commutator of <7 and 2 is defined by [/, B| := of B — B/ with domain
D(AB)YND(BA ).

An operator approach for the definition of the uncertainty principle for self-adjoint
operators was established by Folland in [2]. This approach was extended to two normal
or symmetric operators by Selig in [8] and Goh, Micchelli in [4]. For several operators
this approach was generalized by Goh and Goodman in [3].

THEOREM 1. [3, Theorem4.1] Let ,... %, $B1,... B, be symmetric or nor-
mal operators with domain and range in the same Hilbert space . Then for any

non-zero f in D(;B;) D (Bjj), j=1,....n,

2
= j= =
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If the commutator ([.<7j, A,|f, f) is non-zero for all j=1,...,n, then the uncer-
tainty product for f is defined as

-2

n n

U7 (f <ZA () ) (ZA(%J)) (2 <[«%’»93/}f,f>> .
J=1 J=1 Jj=1

The well-known Heisenberg uncertainty product for functions in L, (R) fits in this
operator approach, if n =1 and the two operators are as follows .o/ f(x) = 2mxf(x),
Bf(x) = 2i ?1:()6)' Their commutator is [¢/, %] = —i.#, where .# is the identity
operator. Both operators are self-adjoint on their domains. The Heisenberg uncertainty
product characterizes the time-frequency localization of a function and the uncertainty
principle states that any function cannot have arbitrary good localization in both time
and frequency domain. It is known that the Heisenberg uncertainty product attains its
minimum when f is the Gaussian function.

The Breitenberger uncertainty product is defined for the s?ace of periodic func-
tions L(T). In this case, /" f(x) = &> f(x), A" f(x) = 5 clx(x)

There were several attempts to define the uncertainty product for the multivari-
ate periodic and non-periodic cases. For instance, Goh and Goodman in [3] suggested
to take a collection of operators, where each operator is responsible for one coordi-
nate (or variable). For the non-periodic case, these operators are o7; f(x) = 27x; f(x),

Bif(x) = 5 gxf( ), the commutator is [}, %] = —i.# j=1,...,d, x € R%. The
corresponding uncertainty product is defined as

d
UPgg(f) : d2||fH4 2 A, f) Y, AP f) (1)
=1

and it attains its minimum at the multivariate Gaussian function f(x) = ae~lbx=cl?
a,b € R4\ {0}, c € R?. Also, some other approaches were suggested by Ozawa and
Yuasa in [6].

In fact, the above approaches for the definition of the uncertainty product do not
deal with a new phenomenon, that appears in the multidimensional case, namely, the
localization of a function along a particular direction. We suggest an approach that
allows to include this directionality into the definition.

The directional uncertainty product for R¢ along a direction L € RY we define
using two operators
i df
A f(x) =2n(L,x)f(x), Brf(x)= 5=

Znﬁ(x)'

Note that the domains of these operators are

() ={f € L(RY): /Rd lell?1£(x)Pdx < oo} = {f € Lo(RY) : f € H' (RY)},
and 2(%;) = H'(RY). Both operators are self-adjoint. The commutator is [.<%,, %] =
—i||L||>.#. Hence, for any non-zero f € P(o/.%5)\2(BLL)

M )AL f) 1
VR = "L *
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The uncertainty principle is valid automatically, due to the operator approach. Clearly,
UPL(f) is well-defined for the wider class of functions f € (7)1 Z(%L) and by
density arguments also UPL(f) > % , since the variances are continuous functionals on
their domains.

The main purpose of this paper is to study the properties of the directional uncer-
tainty product.

3. Properties of the directional uncertainty product

First of all, we note that modifications of a function like shifts, modulations, scal-
ing and replacing the function by its Fourier transform do not change UP;. The direc-
tional uncertainty product of a rotated function is equal to the uncertainty product of
the initial function along a rotated directional vector.

LEMMA 1. Let f € D(a) P (AL). Then

1. if g(x) = ae®™Wx) f(bx — xo), where a,b € R, xo,W € R?, or g = f, then
UPL(g) = UPL(f).

2. if U € R s q unitary matrix and g(x) := f(Ux) then

A(L,8) = NAyLf), APBL.g)=ABuL.f).

The proof can be done by straightforward computations.
Next, we establish the set of optimal functions f for UP;, i.e. UPL(f) = 1.

LEMMA 2. Let LER?, ||L|| =1, u € R\ {0}. For a function f defined by

2

2 2
) = T D(Lyx) — Lixy, Lax) — Lixs, ..., Lyx) — Lixg),

where @ is an arbitrary continuously differentiable function (such that UPL(f) makes

sense), it is valid that UP(f) = %f.

3.1. Connection between periodic and non-periodic case

In this subsection, we establish a connection between the directional uncertainty
products in periodic and non-periodic cases. In the univariate case, this connection
between the Heisenberg and Breitenberger uncertainty products was stated in [7].

The counterpart of the directional uncertainty product for the periodic case was
introduced in [5]. It is defined using the operators

d ; d i df
ﬂ'[[‘ _ e2m<L,x) {@T _ )
L f(x) f()C), L (.X) o aL(x)a
L€ 7%\ {0}. The domains of these operators are _@(%Td) = L, (T%), 9(%’2‘1) =
H'(T?) and & is normal, 27" is self-adjoint. The commutator for f € H'(T9)
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is [%T"@E"} f= ||L||2,5a7LTd f- Thus, the directional uncertainty product for a function
f € H'(T9) such that &7 f # 0 is defined as

y 1 1114 |28 F120 | BE £ )
UpT _ T _1 ™ %L o f)r
LU= e <|<%T"f,f>wz )( 171, 712,

_ varp (vaik (f)
7 E—

3)

where vary(f) is the angular directional variance and var} (f) is the frequency direc-
tional variance. Also, we introduce the notion of admissible functions, for which the
connection will be valid.

DEFINITION 1. A non-zero function f € L,(R?) is called admissible if f is con-
tinuously differentiable up to order one, f € H'(RY), f € H'(R?) and

C 4
|f(x)| < ==, forallxeR?,
[[x[
0 C
—fx <—2_ forallxeR?, j=1,....d,
9x; [x[|P

where C; > 0 and C; > 0 are some constants, § > d, 7> max{% +1,d}.

For an admissible function f and a parameter A€R, we denote f3 (x):=V A4 f(Ax).
The function f) is also admissible. Consider the periodized version of a scaled admis-
sible function, namely

A0 = VA Y FAHR) = Y fu(x+k).

kezd kezd

. . i . . .
In Section 4 it is proved that f} and 52 are continuous functions in L, (T¢). For

admissible functions we can state a connection between UPEd and UP;.
THEOREM 2. Let f be admissible, L € Z¢\ {0} and A > 0. Then

. d
lim UP" (/) = UPL().

For the space Lz(’]I‘d) of multivariate periodic functions, Goh and Goodman in [3]
suggested to take the operators as follows Jz{de f(x) = e f(x), %}rd flx)= ﬁ gTC (x),
j=1,...,d. Note that the domains of these operators are ﬂ?zl @(djw) = L,(T9),

?: 9 (%’}Td) = H'(T?). Operators Jz{de are normal, %’}Td are self-adjoint. The com-
mutators for f € H'(T?) are [%Td,ﬁ?d]f = ;a{,»Tdf. If forany j=1,...,d the com-

mutator <[%Td,%?d] f,f) is non-zero, then the uncertainty product for f is defined
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as

M=

d -2
UPEs(f) = ( AT, ) (zA «%’}Td,f)> (-21 <[%Td7%’}rd}f,f>>

j=1

d
%Td d d
A ff”)i 1T 1B 1T f 1P
: A\ IR
S 1.
= vargg (f)vargg (f)- e

. . . . d
In these terms, the uncertainty principle says that the uncertainty product UPTGG (f)
cannot be smaller than % for any appropriate function f. In this case, the connection

between UPgi} and UPgg is also valid.
THEOREM 3. Let f be admissible, L € Z¢ and A > 0. Then

lim UPEG(/2") = UPsa(f).

3.2. Dependence of a localization on the direction for a fixed function

In this subsection, we fix a function f € Z(«7 ) 2(%.) and study how the un-
certainty product of this function depends on a direction L € R¢. Denote

<JZ{Lf7f> <‘@Lf7f>
1715 I£15

so time and frequency variances take the form

A, f) = | fI3— o (HPIFIB, AR, f) = Bufl3 — 1B 13-

Without loss of generality we set || f]|> = 1 and ||L|| = 1. In the next theorem we give
a complete analytic solution for the following extremal problems miny;—; UPL(f) and
max| LH:IUPL( f), as the function f satisfies a special type of symmetry relations (see
formulas (5) below).

oL(f) = s Bu(f) =

THEOREM 4. Let f € D()2(%L), ||fll2=1, and
[y Xiy X)) | = 1Oy =Xy -5 Xa) ]

~

\f(xl,...,xk,...,xn)\ =11, =Xty Xg)| (5)
forall k=1,...,d. Denote

M= @) [ @R and M= [ @I70Pax
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Let A be a d x d matrix whose elements are (Mk]l//l\j +Mj]T/I\k)/2, jok=1,....d. Let

.jg be a submatrix, cut down from A by removing its ji-th, ..., jq-throw and j -
th, ..., jq-thcolumn, g=1,....,d—1. Denote A the set of all those matrices Ajh....,jq
whose determinant is not equal to zero, and all the coordinates of the vector A;ll is
are nonnegative, E = (1,...,1) € R79. Then

e, UPU) = g UPLLS) - and s OPLf) = g UPL ).

and & is a set of all vectors L € R? such that ||L|| =1, v:=(L3,...,L2), and v =
B~ 'E/||B~'E||,, where B € A, and |B~'E||, is the 1| -norm of the vector B~'E.,

In the proof we will show that . is a finite nonempty set, namely 1 < #.Z <
d!'>¢_ (k1)~!'. So, Theorem 4 reduces the extremal problems to calculate UP(f) for
a finite number of vectors L.

If the function f does not meet relations (5) then UPy, is not a quadratic form
anymore and finding its extremal values is a complicated problem allowing numerical
solutions only. On the other hand, it turns out that as in the one-dimensional case the
inequalities

(Mo, PN, 1) > SCUFR and (2m) 2A(, )+ Q)AL 1) > CI I

are equivalent. Indeed, the first inequality implies the second one because of the ele-
mentary inequality 2ab < a® + b*. Conversely, substituting the function /2 f(c) for
f in the second inequality, we get

(2m) 2c2A(eL, f) + 2P A( 2. f) > CIIf I3
and as ¢ = (A(szL,f))l/4 (A(%’L,f))fl/4 the last inequality takes the form

2 (AM(tr, f)NBL, )2 = C| 13

that has to be proved.
So the functional (27)~2A(<, f) + (2m)>A(Zy, f) can also be used as a measure
for a localization of a function. In contrast to UPy, the functional (27) 2A(e7, f) +
(27m)>A(Zy, f) is always a quadratic form with respect to the coordinates of vector L.
We still fix a function f € 2(.)2(%L). | fll2 =1 and solve the minimization
and maximization problems for the new functional in the next theorem.

THEOREM 5. Let f € D()\2(ABL), ||fll2=1. The values

(AL f) A, )
Ig“;( (2n)? +(2”)2A(@L7f)> and Hl}l“a:xl (W-k@n)zA(%L,f))
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are equal to the minimal and the maximal eigenvalues of the matrix M = (Mg )in=1....4
respectively, where

M= [ sl (0P e+ m? [ x| o ds

~(fwtroras [ wiswras) - (on [ sifcras [ sifeofas)
(6)

The minimum and the maximum are attained by eigenvectors corresponding to these
eigenvalues.

REMARK 1. It follows from Theorem 5 that (27) 2A(7, f) + (27)*A(%L, f)
does not depend on L if and only if the matrix M has a unique eigenvalue with multi-
plicity d, that, since the matrix M is symmetric, is equivalent to M = AI, where [ is
the identity d x d matrix and A is the eigenvalue.

3.3. Time and frequency variances in terms of the Hermite functions

In [1], de Bruijn gives an expression for time and frequency variances in terms
of the Fourier-Hermite coefficients. In this subsection we generalize this idea to the
multivariate case and variances A(<7, f), A(%L,f). Without loss of generality, by
Lemma 1, we assume

<~Q7Lf7f> = 07 <=%Lfaf> =0. (7)

So,
Ay, f)=|l#fl5 and AP, f)=|BLf]3-

The d-dimensional Hermite functions are products of one-dimensional ones

ho(x) = hoy (x1)hey (x2) .. he,(x2), @€ Z‘fr,

where for k € N, y € R we choose the Hermite function in the form (see [2])
VZ
() = (— ¥ (2% /7) " 2es Dre ™.

THEOREM 6. Let f € Z() (2 (%L) and let a function f be expanded in the
Fourier-Hermite series f = 2a€Zi cohg. Then

|13 2 2
———< 4+ (2 B,
AL 1 (ol
d 2 d 2 (8)
= 2 2 L,y OnCay...on—1...04| + 2 L/ o + 1Cal...a,1+l...ad ,
OCEZ‘i n=1 n=1
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A 113121113

UP =
0=
2
(\/ 0yCoy...op—1...0y T +1coy..oap+1..0 )
4||L||4||fuéa§d 21 " ’ " ‘
4 2
X Z ZLn (\/ OnCay...an—1..0qy — \ On + lcal...a,ﬂrl...ad) )
aezd |n=1
4
9
where we put co, . .¢p—1..0, =0 for (0,....;0,—1,...,04) ¢ Zi.

One can deduce the inequality (27) 2|7 f|13 + (27)?|| BLf113 > |IL||1*||f]|3 and,
therefore, the uncertainty principle UP.(f) > 1/4 from (8). Indeed,

2 2
d
Z ZL}’L V ancal...an—l...ocd oy + 1CO£1...OC,1+1...OCd
aczd \ |n=1
d 2 d 2
2 Z ZL}’L V ancal...ocn—l...ocd - ZL}’L V an+10a1...a,,+l...ad
ani n=1 n=1
d d
= 2 2 Lgan|ca1...a,fl...ad ‘2 - Z Z Lg(an + 1)|Coc1...an+l...ad ‘2
aczd n=1 aczd n=1
+ +
P> 2 Lyleal| = ILIIIF11Z-
aezd n=

Equality (8) can also be used to improve the inequality

(2m) 2 f113 + (2m)*| 213 = ILIPIF15

and, in the end, the uncertainty principle UP.(f) > 1/4 for functions with some kind
of symmetry.

LEMMA 3. Let f € 2(a1)\2(AL) and

f(xl,...,xk7...,xd) = —f(xh...,—xk,...,xd) (10)
fork=1,....d, xR, Then

UPL(f) >

EN )
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4. Proof of statements

Proof of Lemma 2. Due to Theorem 3.1 in [8] the equality in the uncertainty
principle is attained if and only if there exist constants cy,cz,d;,d> € C with (|c;] +
|di])(Jc2| + |d2|) > O such that

(o —a)f=d\(BL—b)f, and (L —a)f=dr(B;—b)f  (11)

and, either at least one of the constants is zero, or % = —‘Cl—j. Here a = %;ﬂ’zf ) and
2
_ (BLfS)
1713

In our case, since <77 and %, are self-adjoint, then a and b are real. Therefore,
condition (11) is equivalent to

ci(e—a)f =d\(BL—-D)f, (12)

for some cl,d 1 €C, ||+ 1|d1] > 0, and, either at least one of the constants is zero, or

dl =—¢ . Ifc;=0o0rd; =0, relation (12) implies that (#.—b)f =0 or (#.—a)f =
O In any case f should be zero function. Assume that ¢; # 0 and d; # 0 and denote
iu = a,and u e R\ {0}. So

(e, —a)f =ip(BL — b)f.

Due to Lemma 1 the value of the uncertainty product does not change, if we replace the
function f with the following g(x) = e*™ P f(x + o), where (o, L) =a, (B,L) =b
But for this function
(g8 _ o (Prg.8)
lgl13 lgl13

Thus, without loss of generality, assume that « =0 and b = 0. Now, we need to solve
the following equation

=0.

AL () = 1 2E (0,

which is a linear partial differential equation. Let us rewrite it in another form

472

d
g /axj 7<L7x>f(x)~

Using the standard methods of solving such partial differential equation, we combine
the additional system of equations

da _do  _dy _ pdf
L L, Ly 4m2(L,x) f (x)

and find its d independent first integrals

Lox) —Lix; =Cy, Laxi —Lixs=Cy, ..., Lgxy —Lixg = Cyy
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and the last integral can be computed from the following considerations. Since ||L|| =1,

udf d udf
4m2(L,x) f(x) Z

So,
df  4n (Lx)?
fo w2

Therefore, the last first integral is given by

712
Fx) = Cye (L0,

Since the function f appears only in one first integral, then the general solution can be
written as

2
f(x) =e H {Lx) q)(Lle —Lixp,L3xy — Lix3,...,Laxy —led),

where @ is an arbitrary continuously differentiable function (such that UP.(f) makes

sense). For this class of functions UP.(f) =1. O

In order to prove Theorems 2 and 3 we need some additional statements and no-
tations. For an admissible function f and a parameter A € R, we denote f; (x) :=
VA4 f(Ax). The function f; is also admissible. Although, f; is not periodic, we
will use notations || f3 12, := fpa |f2|* and (f1,&)pa = [pa f28. assuming that T =
[~1/2,1/2), where g is in L,(T“) or also is an admissible function.

Now, we rewrite (%Td f,f)pa for an admissible function f. Define two function-

als
1

KL(f):E i

L 2 Lo 2m(L,x
Q2milL) 1‘ |f(x)\2dx:z/w s1n2¥|f(x)‘2dx

ML(f):% Td(ez”“L”C)—1)(6_2’““”‘>+1)\]‘(36)Izdx=i Tdsin(2ﬂ<L,x>)|f(x)|2dx

From
20\ f1P =2 Ze(( ™ £ f)pa) = /Td(2 — ) — o720 | () P = 2Ky (f)

it follows that Ze((</]" f, f)pa) = || |3, — Ki(f). Also,
Im(( A f,f)ra) = 211/ (Y — 1) (e MY 4 1)| £ (x) P = —iML(f),

since e27‘ri<L,x) _ ef2n'i<L,x> _ (e2ni<L,x> _ 1)(ef2n'i<L,x) + 1) . Thus,

o frpal = (1120 = Ke(f))? = ME(F).
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The directional angular variance can be written as follows

1% = (150 — KGO +ME(S) 201 f 117K (f) = Kf(f)+Mf(f)'

(15 = K2 =Mz (1) (If 17— Ke()? = ME(f)
13)

varp (f) =

LEMMA 4. Let f be an admissible function and A >0, L € Z¢. Then

) .1 2 2
)EIE:OHfl”qzrd = |I£1I3, Jlim | L llra = | BL1

Jim <%Lf,1,f,1>w (BLfS) -

Additionally,

lim 2A%K(f2) = | fl3 N AML(f3) = <L . f).

The proof can be given by straightforward computations following the proof of the
analogous results in [7].

Now, we study the behavior of the periodized version of a scaled admissible func-
tion, i.e. 3 (x) = Xyeza fa (x+k).

LEMMA 5. Let f be an admissible function, L € 7Z¢ and A > 0. Then fper and

per
fL are continuous functions in Ly(T?).

Proof. For x € T¢, we get the following estimate for a big enough N € N, using
the admissibility of f,

S ha+)— Y LG+ < S VAR (x+k)

kezd [|&[[<N [&I=N

C1V Clld/z v Clld/ziy

< — < < —0, N — oo,
HkH>N|M(x+k)||y \kH>N HkH ||xH) HkH>N(”k” \/_/2)

The last expression is independent of x. Since f; is continuous and the convergence
of the series ¥4 f3 (x+k) is uniform, f}*" is also continuous. The same estimate

. . . .0 e .
is valid for the continuous function a‘—ff, and therefore, —=2— is a continuous func-

) oL
tion. U

Now, we study the limit behavior of the directional angular and frequency vari-
ances of f}°.
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LEMMA 6. Let f be admissible, L € Z¢ and A > 0. Then

cr A‘%?
varF(fp ):%
2

li
zlin 7L2

Proof. Using the admissibility of f, for k # 0 we get
C27Ld C2xd—2y
Ak :ld/ Ax+k))[Pdx < e / e
||f)L( )H’]I‘d Td‘f( (.X ))‘ Td ||A,()C+k)||2’y Td HX"’ksz
For big enough k (||k|| > v/d/2),
1 1 1
2y < 2y S 2
[+ &[12Y = UKL= NIl (Il — v /2)

Therefore, we can state that S(y) :== 3 (Jqu Hx+kH’27dx)1/2 < o and
k20

dx 1/2
k) ||lra S CLAYRTY / —— ) =qAY*Trs 0, A — oo
I;)Hfl( + k)| a 1 kgb T [Jx+ k|2 1 () —0,

Analogously, we can estimate the derivatives D¢ f, , j=1,...,d. Namely,
1D (4R B = [ 1D e+ R P =A722 [ 1D (k)P
/ C%/ld+2—2/3
T

d - |lx+ k|2
Therefore,
If d , [ Cadta2
k ||D¢ k ———— dx.
2 csn) < SBR[, T
Hence,
Py ) d 1/2
2 fl H < G||L)AY? ’32 (/ 72,3>
k70 d iZ0 \JT¢ ||x + k]|

= G||L|A*Ps(B) — 0,
as A — oo. Now, consider,

I e = 1Al < (IR pe = Nl [+ 1Al pe = 11121

The first term can be estimated as follows

A e = 1 llpe| = ||| 2+ 2 A CHR)| = I fallpa
k#0 Td
D ACHR| <D IACHDE =0, A — o
70 SR 1)
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The second term tends to zero as A — e by Lemma 4. Thus, we get
. per 2 _ 2
Jim 113 Ml = 117112

Analogously, it can be stated that

per

1
1133012 H
Furthermore,
8fper er 1 a
A< ,f§> = fl (40, Y £l +z>
keZd lezd Td
1 8f;L > 1 <8f;L
Y 7f7L + o Z 7f7L( )
T2 )Llezd#o aL T4
1 a1
> Z<8L<+k>m >>W.

keZd k£01€74

With the Cauchy-Bunyakovsky-Schwarz inequality and above considerations, we esti-
mate the last two terms as

% > <(32311( >

1€74 140

DG+l =0, A — e,
T 140

H a1

since Lemma 4 states that - H H o H < oo, and

=D MO LTS >>W

keZd k40174

> AaC+Dpe —0, A—0,
T4 je7d

3 s

kezd k;éO

since by [[fa[lza = [[f]|2 <. Thus,

I per f
thlj< o >Td_< ’f>

Combining all the limits together and noting that

2 . 1 d .per per
=lBufly. Jim 2 (BT = (Bt )

2
Td ,per
%L f)L Td

1
hfloﬁ H Td
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we get
d .per per
el ()
lim —varf (f7) = lim = Ll
A—oo 2’2 A A—oo Hf;erHTd ||f)lier||]rd
A(A
/113

Now we consider the directional angular variance.

LEMMA 7. Let f be admissible, L € 7Z¢ and A > 0. Then there exists a A, >0,
such that vary (ffer) is finite for all A > Ay and

At f)

hm kzvarA(fper) =~
2

Proof. We will use the representation of the directional angular variance (13).

Let us consider Kz (f1") first. Since sin? 2”<2—Lx> >0 and sin’ 2”<2—Lx> =0 on a set of

measure zero, /Ky (-) is actually a weighted L, norm. This allows to proceed as
follows. Note that

K+ R) =2 [ sint 20y (P

<2 [ 1+ 0 Px =20 ()R
By the admissibility of fj and the estimates in Lemma 6, we obtain

V2L Y VKL (4K0) <24 Y (4 B)llpa < 2C242TTS(7) 0, A — e,

k20 0

since ¥ > d/2+ 1. Using the triangle inequality for the weighted norm, we get

\/_l‘\/ fper —/KL(f) \/_)LZ Ki(fo (- +k))
* k£0
Now, it can be stated that
Jim 242K (f7) = |3 (14)

Indeed, since

|f 22\ KL () — L fll| <

‘f}t K (f2) = V2A/EKL(f3)
+|[VAVEL) ~ 1|,
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where the first term goes to zero as A — oo by the above inequality, the second one by
Lemma 4.

Now, we establish that limy .. AM. (1) =i(«.f, f). Again, we start from the
following estimate

|AML(fY") =i Lf, f)] < |AML(F) = AML(f3)| + [AML(f2) — i f, f)].

By Lemma 4 the second term tends to zero since limy .. AML(f3) =1{(#Lf,f). Thus,
it is sufficient to prove, that

hm A,ML(fper) AML(f)L)
Recall that for some admissible g

Mi(g) =i [ sin(2n(Lx)lg(0) d.

So, /My (-) is not a weighted norm. But it is possible to split the area of integration as
follows. Let

t = {xeT9 sin(2nL,x) >0}, P~ ={xeT sin(2nL,x) <0}

and

M ()= [ sinn(Lo)le()Pdr, My (g)= [ (~sin2n(lx)lg(x)Pdx

Then, M. (g) =i(M; (g) —Mj (g)). Thus, \/M; (-) is a weighted norm on L,(P"),
M, (-) is a weighted norm on L, (P~). Therefore, it is sufficient to prove that

Jim n AM;(F3) =AM (), lim AM, (f) =AML (f)-

Hence,

M My (25 = VM (f)] <

V| M <2fz('+k)>

0

/12 M (f(-+k)).
20

Consider the following estimates
M (f(+k) = /P+ sin(27(L,x)) | f2 (k) Pdx < || f2 (- +K) 7

VA M (F(+E8) SVA Y £ +8) |l <2CAY2FV27TS5(9) 0, A — oo
k#0 k£0
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and their counterparts for M; . Thus,
11m JLML(fper) gL f, f). (15)

Recall that .,
" fo fpal® = (113 = KL(f))? = ML(f).

Therefore,

. d .
Jim (A 7 12 ) pal? = Tim (L3 = KL (F)* = MECE) = 1112 > 0,

since ML(f}"") and K.(f}*") should tend to zero as A — oo by (14) and (15). Also,
there exists big enough Ay, such that forany A > 4y, (|| /713 — K. (/3))? — ME(f2)
> 0. Thus,

202N KL () = APKE () + APME(f7)

2 pery
hm A VarA(f ) = }L_IEQ (Hf};zerH KL(fper)) Mz(fper)
_ WBIASB— (AL S _ M)
1713 1713

The last equality is valid since <7, is self-adjoint and therefore, (<7 f, f) isreal. [

Proof of Theorem 2. To prove the connection between UPLd and UP;, which are

defined in (3) and (2), we apply Lemmas 6, 7 to (3) and get that UPT" (f77) — UPL(f)
as A — +oo. [

Proof of Theorem 3. To prove the connection between UPgi} and UPgg which
are defined in (1) and (4) we can use Lemmas 6 and 7 with L = ¢;. Namely, it is
straightforward to see by Lemma 6 that

1 N
hm 312 per 2 j?f
A—e j=1 Hf||2

Also by the proof of Lemma 7 it can be shown that

d
S (A2 = A2 A 1 )
Jim APvard (fF) = lim &=

A—soo

2
d d per per
(.21|<42ﬂfp p>1rd>
j:

d d
ZlIIJ‘HiHﬂf.ffllﬁ—<~ijf,f>2 ZIA(%,J‘)
j= Jj=

a2||f |4 ETE
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T / rper
Therefore, UPGG™ (f; ) — UPgg(f) as A — +e. [

Proof of Theorem 4. Writing the time variance in detail we obtain

A, f) = || 9113 — \<~Qfo,f>\2

= 47172/ ZLJXJ

ra /=1

16
e e [3Lmrwra) o

ra /=1

Similarly, using the property of the Fourier transform we get for the frequency
variance

ANBr.f) = | Bf} - ‘<=@Lfaf>|2
B i 8f
/27t8L

RrRd

2
18f —
B 2n8L (x) dx

7)

Z Ljx;

Jj=

e /Zaav IR

Ra /=1

Since |f| and |f] are even with respect to each variable (see (5)), then for all k, j =
od, k#

0= [ wlr@lde= [ wxlrlde= [ nlflde= [ wlfeo]ds

So, UP; takes the form

d d
UP, =Y LM Y LMy = v" Av,
k=1 k=1
where A is a d X d matrix whose elements are (Mkﬂ//zf +M./'M\k)/27 Jjok=1,...,d,and
vi=(L3,....L2).
Therefore, to find minz - UP.(f) and max)—UPL(f) we derive at the fol-
lowing extremal problem with respect to the vector v for the quadratic form vTAv

yTAy — extr,
Vit ... +vg=1, VJ'ZO, j=1,....d.

Since the restriction set V := {v € R v 4., 4vy = 1,v;>0,j=1,...,d} is com-
pact, it follows that the solution for the extremal problem exists. It remains to follow
the well-known classical scheme for a solution of such problems. According to this
scheme, extremal points lay on the boundary of the restriction set V or they are con-
tained among the solutions of the systems of equations

3 (vAvT—l(vl—i— +vg)) =0, j=1....d, LR
Vi
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The last system is rewritten in the form 2Av = AE, where E = (1,...,1) € R, Thus,
v=A/2A7'E, and the Lagrange parameter A is chosen to meet the condition v{ +
..+vg = 1. If extremal points lay on the boundary of the set V then we come to

the analogous system of equations, however the matrix A is replaced by the matrix
|

Proof of Theorem 5. Starting with formulas (16) and (17) we obtain the following
quadratic form

(2m) 2A(et, )+ 2r)*A(BL, f) = LTML,

where the matrix M is defined by (6). So, the statement of the theorem is a well-known
fact of linear algebra. [J

Proof of Theorem 6. Using the recurrent formula (see [2])

\/Exnhan (Xn) = VO + 1he,. (Xn) +VCho,  (xn), n=1,....d,

we obtain

d
(277:)_1@7Lf= Z Ca ZL,,x,,hal (x1)hey (x2) .. hey (xg)

aczd  n=l

2 Ca EL (V O + han+l x" \/a_nhan—l(xn)>

and n=

X hm (xl)...han l(xn_l)hanﬂ(an)...had(xd)

2 he(x EL (\/ancal ay—l..oy T+ +1co..optl.. ocd>

and

Here we set /g (x) =0 and co =0 for o ¢ Z%. Thus, due to orthonormality of the
Hermite functions, we obtain

2

@n) 2| fl} =5 2

and

ZL <\/ancoc1 =10y T an+lca1...an+1...ad>

n=

Using the property of Hermite functions fig, (&) = (—i)!%(27)%/2hy (27E), we get
analogously

(2m)?||BLf 3

:(2”)2/Rd’ Y colLl.ihg)
aczd

2
> ()% eq(Lxha)| dx
aczd

2
dx:/
Rd
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1 2
:5 e ( |0£\ lh ZL <\/(XnCa1 =10y — V an+lca1...an+l...ad> dx
aczZd
2
:— 2 ZL (\/(XnCal oy—1..og =V O‘n+lca1...an+1...ad>
and n=1

Now, formula (9) immediately follows from above expressions for (277)~2||.7.f||3 and
(27)?|| BLf||3- To get (8) we write

(ZE)‘zllﬁfoH% +(2n)* | BLflz

2
=z Z Z L, (\/ OnCoy...on—1...04 T + lcoy..on11.. ocd>
and n=
d 2
+ Z Ln (\/ (chal...a,,—l...ad —\V 0y + 1Coc1...ocn+l...ocd>
n=1
d 2 d 2

= Z Z Ly Opca,..op—1...04| + Z Ly\/ O+ 1oy op+1..04 U

ani n=1 n=1

Proof of Lemma 3. The symmetry relations (10) mean that cq,..¢,—1...0,Coty...op—1...04
=0fork+#n, kkn=1,....d.
So, (8) is rewritten as

(2m) (|l fll3 + 2m)* | 2o f |3

d d
Z (Z Lﬁan |Ca1...a,171...ad }2 + Z Lﬁ(an +1) |Coc1...oc,,+1...ocd|2>
n=1

aeczd \n=l
=y ELz 204, + 1) |cal?
aezd n=
2 2 2 2
>3 ) ZLn|CO£| = 3|ILII"IIf1Iz-
aczd n=1

Since the function cf(c-) keeps the symmetry, it follows that
322
1121 fll2 = SILITIAAL-

Finally, by (7), we obtain UP.(f) > O

EN )
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5. Examples
We give a couple of examples to illustrate the results of Subsection 3.2, namely,
the dependence of localization on a direction L.

EXAMPLE 1. We illustrate Remark 1. Let d =2, L = (a,b), where a,b € R and
a? +b% = 1. Consider the function

3x
fx,y) = Ty ]1[71,1]2()6, y)-

Note that || f|l =1,

3m(ay+ bx)

of =3n(ax+by)xy, BLf = )

Since oy (f) = BL(f) =0, it follows that
(2m) 2A(, )+ 1AM B, f) = 21) 2|l f (53 + 2n)* | Bif |13
=3(a®+b%)/5+3 (> +b*) = 18/5.
So (27) 72| A(, f)|I> + (27)?||A(ZL, f)||? is constant and does not depend on L.
EXAMPLE 2. Let d =2, L = (a,b), where a,b € R and a® 4 b*> = 1. Consider

the function
V213

flxy) = — Ly p(x )

Note that || f|l =1,

A f = V21 (ax+by)X’y, Brf = m(3ax y+bx).
Since oy (f) = BL(f) =0, it follows that
(2m) A, f) + (27 A(BL.f) = 2m) 2| L |3+ 2n)* | BLf |5
= (ga%%bz) - (258 a*+ 3b2)
Bk R Uk

So, (2m)2A(e, f) + (2m)*A(Zy, f) is a quadratic function of @ and its maximum
and minimum is attained on a =1 (b =0) and a =0 (b = 1) respectively.

EXAMPLE 3. We illustrate Theorem 5. Consider a function
folx) == /)4 - .. ag) Ve (@3THFaed)

where x € R? and ay,...,a; > 0. Let L€ R?, and ||L|| = 1. The Fourier transform of
the function fj is

~

Folrtyxa) = @) ay - .- ag) e G @+t aa)
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Since fp is even with respect to every variable xi, k=1,...,d, it follows that M, ; =0
fork#n,nk=1,....d.
So, the matrix M is diagonal and for the k-th diagonal element we obtain

Mk :/ ) e+ (27)? / ] F ()P dx
Rd Rd
= 2/m)ay ...az)"? / ettt g
R
+(ZE)d/2+2(almad)—l/z/dx]%e—QHZ(X%/a1+...+xg/ad)dx
R

= — + .
4ak - k
Therefore, eigenvectors of M coincide with the standard basis {e;}¢_, and correspond-
ing eigenvalues are equal to My ;. Thus, by Theorem 5

Hﬂifl ((2”)72A(%L»f) + (2”)2A(=@L»f)) = kffi?,de’k’

max (@m)?A(, f) + (1) A B 1)) = max M.

The case of a function
d 5d g s
f(x) = 2/m) Y ay...ag)" e Tim1 Zim i

ajj >0, i,j=1...,d, reduces to the case of the function fy. Indeed, by suitable
shifts and rotations the function f transforms to fy. Then by Lemma 1, we con-
clude that these transformations do not change the maximum and the minimum of
(2m)*A(L, f) + (21 A( %L f).

EXAMPLE 4. We illustrate Theorem 4. Consider the same function f; as in Ex-
ample 3. The moments are
o= n? [ A@iae=", = [ g17E)E= 5
= X X = —, = = —F.
¢ R ay £ Ja o 4m?
So, the elements of the matrix A are equal to A, = 1/8 (ax/a, +an/ax).

It turns out that determinants of the matrix A and all the matrices Aj, j, are
equal to zero for g =1,...,d —2. According to Theorem 4, it means that the set of
all extremal vectors v consists of the vectors with at least d — 2 nonzero coordinates.
So, these are vectors of the type v* := (0,...,0,1,0...,0,v,,0,...,0), n,k=1,....d,
where v; # 0, v, # 0, and vectors e, k=1,...,d, of the standard basis in R, The
vectors V¥ satisfy the equation

 Carfanraa ™2 () =2 (1)

Since the parameter A is chosen to satisfy the condition v| +...+ v, = 1, it follows
that vy = v, = 1/2. Therefore, the corresponding extremal directional vector L% has
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two nonzero coordinates L, = Ly = 1/+/2. Calculating and comparing the values of
UP,(f) for the vectors L™ and e; we obtain

(an + az)?

1
max|jz)j =1 UPL(f) = maxusi... aUPpu(f) = JemaXngi..a—,— @

16
minHLH:IUPL(f) = UPek(f) = 411
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