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LANDAU-KOLMOGOROYV TYPE INEQUALITIES
FOR CURVES ON RIEMANNIAN MANIFOLDS
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(Communicated by J. Pecari¢)

Abstract. We obtain Landau-Kolmogorov type inequalities for mappings defined on the whole
real axis and taking values in Riemannian manifolds. In terms of an auxiliary convex function,
we find conditions under which the boundedness of covariant derivative along the curve under
consideration ensures the boundedness of the corresponding tangent vector field. We use the
square of the distance function as the auxiliary one to establish counterparts of the Landau —
Hadamard and the Landau-Kolmogorov inequalities where the norms of higher order derivatives
of mapping are replaced, respectively, by the Chebyshev radius of curve and the corresponding
iterates of covariant derivative along the curve.

1. Introducton

Let / C R be an interval and let for some n € N a function f(-) € C"(I—R)
satisfies the inequalities

7 Olleg =suplf @] <=, [/, <=

oo, ]
There is a vast literature concerning inequalities between H f (k)(~)HI (1 <k<n),
£l and Hf(")(-)HI (see, e.g., [0, 15] and references therein). The classical

Landau — Hadamard inequality reads

17Oy < C2a O\ Ol 17Vl

with the best possible constants C; ; (Ry) =2 [14] and C1(R) = V2 [8]. A. N. Kol-
mogorov [12] determined the best constants C, x(R) for inequalities

1—k/n

Hf(")('>Hm,, <Gk 1FO)leas Hk/n

0|
oo, [
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Further results on Landau-Kolmogorov type inequalities and their generalizations, in-
cluding inequalities for vector space valued functions, can be found in [1, 2, 3, 4, 5, 9,
11, 13, 18, 19, 20].

In the present paper, we aim to obtain Landau-Kolmogorov type inequalities for
mappings taking values in Riemannian manifolds. In what follows, we deal only with
the case where / = R and use the simplified notation |-||,, instead of |||, -

Let (M, g=(-,-)) be a smooth complete Riemannian manifold with the metric
tensor g, and let V be the Levi-Civita connection with respect to g. We denote by
p(y) : Mx M +— R, the corresponding distance function, and by |[|-|| the norm asso-
ciated with the inner product (-,-) on tangent spaces T,9, x € M.

For a given smooth mapping x(-) : I — 9t and for a smooth vector field &(-) : 1 —
TN along x(-), denote by V;&(¢) the covariant derivative of &(-) along the tangent
vector k(1) € Ty, t €1, and by VX the k-th iterate of V. Here TN = | |,con TN
stands for the total space of the tangent bundle with natural projection () : 790t — 9.

Now we ask the question: is it true that the boundedness of x(R) and ||Vx(-)||.
yields the boundedness of ||(+)||..? Such a question naturally arises, e.g., in studying
the existence problem for bounded solutions of Newtonian equation

Vxx = F(X,X)

on Riemnnian manifold [16]. It turns out that generally the answer is negative.
To see this, consider the following example.

EXAMPLE 1. Let J be the symplectic unit operator in Euclidean space E*" =

(R2m7<.,.>):
(Jx,9) = — (¢, Jy), Jx=-—x V{xy} CE™

For any unit vector xo € [E?" define the curve R > ¢ +— x() := ™ xq lying on the unite
sphere S 1 := {x € E*": (x,x) = 1}. The sphere S*"~! is endowed with induced
Riemannian metric and Levi-Civita connection V. Let 1 : S?"~! - E>” be the natural
isometric embedding. In what follows it will not lead to confusion if we write x and
% instead of 1(x) and 1.(x), respectively for any x € S*"~!, x € T,S*"~!. Since
(x(1),x(t)) =0 and (k(z),%(r)) + (¥(¢),x(r)) =0, then
Vik(r) = x(t) — (¥(0),x(1)) x(1) = £(2) + (2(2),%(1)) x(2).

But

x(t) = 2e™ xy, i) = 2 xo — 4% xq,

(x(t),x(t)) = 4 <Je[2JX0,Je’2Jxo> =41, V(1) = ZJetzjxo.

Hence, ||x(1)|| =1, ||Vix(2)|| =2, and ||x(r)]| =2 |t| — oo when [t| — eo.
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Thus, one must impose additional conditions to ensure the boundedness of ||%(-)]|..
One of the main goals of the present paper is to obtain the inequality

()l < K\/Xieng’gT 1P (e, (Do VX ()l

and find the constant K > 0. Itis not hard to see that in the case where x(IR) is bounded,
the function sup,cp p (-, x(¢)) : M — R is lower semi-continuous and attains its mini-
mum at least at one point x. € 9 (Chebyshev center of the curve x(-)). Hence,

minsupp (x, (1)) = supp (x.,x(1)) == Rx()].
xeS reR teR

The number R[x(+)] is called the Chebyshev radius of the curve x(-).

2. Landau type inequality and convex functions
For a smooth function U(-) : 9t — R denote by VU (x) € T, and by Hy (x) :
M — T,9N, respectively, the gradient vector and the Hesse form of U (+) at point x.'

We obtain the following estimate for x(-) in terms of an auxiliary function U(-) and
the covariant derivative Vx(-) (see also [17]).

THEOREM 1. Let x(-) : R — 9 be a smooth mapping such that
ry = [[Vex(:) oo <ee.
Suppose that there exists a smooth function U(-) : I — R satisfying the inequalities

supUox(t) <o, 0<rp:=|[[VUox(-)., <eo,

teR
and
A= infmin {([Hy ox(0)].6) : & € Ty M, €] =1} > 0.
Then

ri = |%()]|. < C/rora /A

where the constant C does not exceed the positive root of the polynomial {3 —3¢ — 1.
In particular, C < 1.87939.

Proof. Introduce the notations
u(t):=Uox(t), v(t):=u(t)=(VUox(t),x(t)).

'Recall that by the definition, (Hy (x)&,1) = (Ve VU (x),n) for any x € 9 and any &, € T.IM).
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Since |v(2)| < ro||X(7)||, then
v(t) = ([Hy ox(1)]x(1),x(t)) + (VU o x(1), Vi (t))

. A
> A 3@)])* — ror> > r—zvz(t) —rora.
0

Let us show that v?(z) < rgrz /A for all + € R. In fact, if there exists 7y such that
v(to) > \/r3r2/A, then v(r) increases for ¢ > ty, and V(t) > Av2(t9)/rd — rora > 0.
Thus v(¢) — +oo and we arrive at contradiction: u(t) — oo as t — +oo. Now suppose

that there exists 7o such that v(tg) < —y/r3r»/A. Then v(z) increases for ¢ <, and
we obtain

v(t) <v(tg) <0, v(t) = A2 (10)/rs —rora >0 Vi <to.
This yields

0]

/ $(s)ds = [Av2(10) /73 — rora] (10 — 1)

t

and, as a consequence,

v(t) < v(t) + [vz(to)/r(z) — rorz] (t—1ty) — —o0, t— —oo,

u(t) = u(t) — / v(s)ds > u(to) — v(to) (fo — 1) — +eo, 1 — —oo.

t

We again arrive at contradiction.
Observe that if for some & > 0 there exists a segment [t1,7,] where ||%(7)]]
(rora+€) /A, then v(¢) > €, and the inequality v(t;) > v(r;) + €(tp — t1) yields

_ 21/r(3)r2/7t.
€

2
2

h—1 <

Hence, for any € > 0 and any T > O there exists fe < —7T such that |lx(r¢)||* <
(ror2+€)/A. Now it remains to estimate |(z)| on the segment [f1,7,] such that
F(t) 1> = (ror2 +€) /2 and |£(1)|* > (ror2+€) /A forall 1 € (11,12).

On account of

200 |20 | 0| = 21650, 9sst0) < 22 o)

on any interval where x(r) # 0, we obtain

djx(z
‘%‘ < Vit € (ll,t2)~
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Set z(#) := ||%(1)]|, ze := \/(ror2+¢€)/A. Then

i(0) > 1[Il = rors/2] > 2 [20)— 23],

and thus,
dz(t
[22(t) — 22] % <n[20) -7 < %v(t) Vi € (11,1)
If we define ; ;
Z 27
1)=75 - so+ =5,

then one can rewrite (1) in the form

d

.
_ = <
Av(t) Sodr

From this it follows that

25022/ R /A3 = [ (tz)—V(tl)}

_n
—A/V(s)ds 7L ds—|—l/

= [ Sortelsas— /  as))ds = 21(:(0)).

1(z(1)) < ;L—Zv(t) VI € (11,10).

Hence,

3 3
(1) 5 2z,

<z Ve (n,n).

Introducing the new variable { = z/z¢, we obtain

C)=3L0)—1<0 Ve (t,n),

and finally, by letting € tend to zero,

1) < C/ror /A Vi€ (t1,n). O

437

ey

REMARK 1. If M=K := (R?, (-,-)) and U (x) := ||x||* /2, then A = 1 and The-
orem 1 leads to the Landau inequality with the constant C somewhat greater then the
best one C 1 = /2 obtained for the case d = 1 in [8]. At the same time, observe that
C < 2 and does not depend on d. Thus, in the case of Hilbert space, our approach
makes it possible to obtain the Landau inequality with somewhat better constant then

in[1, 2].
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3. Landau type inequality for curves on the unit sphere

Let M :=S9, d >2, and let 1 : S? — E?*! be the natural isometric embedding.
Consider a curve x(-) € C? (R+S"). Introduce the coordinates (xi,...,xg;) in E*!
in such a way that x, := (1,0,...,0,0) =: ¢; stands for a Chebyshev center of x(-).
(Recall that we have agreed to identify x € S? and 1(x) € E4*!))

Define U(x) := p* (x,,x)/2. It is not hard to see that p (x.,x) = arccosx; g, -
Observe that if F(-) € C' (E9"!+—R) then the gradient of restriction F(-) }Sd at x € S¢
is

VF(x) = F'(x) = (F'(x),x)x, (F’(x) - (Fx’l( oo L, (x )))

Hence, we can identify Vp (x,,x) with (1 —x%)fl/2 (x1x —ey), x; # £1. Obviously,
[Vp(x,x)|| = 1. In the same way, we identify VU (x) with arccosx; (1—x})" 12,
(x1x—ey) and find |[VU (x)|| = p(x.,x). Observe that arccos’x; is analytic at x; = I,
and thus, U(-) is smooth on S?\ {—e;}.

Next, in order to calculate A from Theorem 1, observe that for any & € T, S9,
€]l =1, we have

d2
(Hu(x)&.8) = 15| Uov(r:g)
t=0

where y(-;&) : [0,1] = S¢ is the naturally parametrized geodesic such that y(0,&) = x,
7(0,&) = &. One can identify y(-,&) with the solution of the initial problem

i+ (k%) x=0, x(0)=x, x(0)=E¢.
Since ||y(#;&)|| =1, then
(Hy(x)8,8) = (U"(0)8,) +(U'(x),7(0,8)) = (U"(x)€,&) — (U'(x),x),

or

X2 _
\/ 1 =Xy arccos(xl)xléz arccos(x; x1 arccos(x; x1

(1_x%)3/2 1/1_)61 \/l—xl

The function in the right hand side monotonically icreases from 0 to 1 on [0,1]. The
above reasoning together with Theorem | proves the following assertion.

(Hy(x)§,8) =

THEOREM 2. Let r € (0,w/2). Denote by S, the class of mappings x(-) €
C? (R—S%) whose Chebyshev radius R[x(-)] does not exceed r. Then

[EIO] M Rx()]IVix()ll..  Vx() € &,

C
yVreotr

where C is defined in Theorem 1.
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REMARK 2. Basing on Examplel one can show that C* (R—S9) \ U,(0.z/2) S
contains mappings for which boundedness of V() does not ensures the boundedness
of x(-).

4. Main theorems

Let now 91 be an arbitrary smooth complete Riemannian manifold of dimension
d > 2. Basing on the results of Section 2, we intend to construct an appropriate auxiliary
function U(-) by means of the square of distance function. For this purpose, we need
to recall a few facts from Riemannian geometry (see, e.g., [7, 10] for details). For a
fixed point x, € 91, denote by ir(x,) its injectivity radius. Define the set

A(x.) :=exp, ({§ € T M (|G <ir(x.)})
and the diffeomorphism
h(-) = expy ! () 1 Blxs) = {€ € T M [|E]| <ir(x)}
Then
[0,1] 5 s+ exp,, (sh(x)) =: g(s,x«,X)
is the shortest geodesic connecting x, with x, and
1) = p(x:, %) =2 0(x).

Next, let & € .9, ||&]| =1, and let y(;x) : (—€,€) be the naturally paramatrized

geodesic such that y(0;x) = x, 7(0;x) = &, where 7(r;x) := %y(r,x). If we define the

two parameter family of vector fields along the mapping g(-,x., ¥(-;x)) by
X(s,t;x) := 9 (8,25, Y(t5x))
I L asg I *’Y ’
and the Jacobi vector field Y (-) along g(-,x.,x) satisfying ¥ (0) =0, Y(1) =& by

Y(S) ::E

8(s,x4, Y(t:x)),
t=0

then the Hesse form for the function U (-) := 6%(-)/2 at x # x, can be computed in the
standard way:

2
(o (2. 8) = 53 o

1
/HX(s,t;x)||2dt
0

t=0

= (EVeX(L60) | =IV().Y ().

t=



440 1. PARASYUK

Here [ is the index form of geodesic g. Observe that if 7 is the natural parameter and
X(1,0;x) || &, then

o (Y(1:x)) = p(x, Y(1:x)) = p (xs,x) + p(x, Y(1:x)) = 0(x) +1.
Besides, by the Gauss lemma we have (see [7, Sect. 5.2, Rem. (ii)] for details)
Vo (y(t:x)) = y(t;x).
Now it is not hard to see that
VeVU(x) = Ve [o(x)Vo(x)] = E.

Hence the pair (1,£) represents eigenvalue and eigenvector for Hy (x). All the other
eigenvalues of Hy(x) are expressed as A;(x) = o(x)k;(x) where K (x),...,Ks—1(x)
are the principal curvatures of the second fundamental form [(&,n) := <V5 o(x),n),
&,n L Vo(x), for the “sphere” {y € M: o(y) = o(x)} at the point x. Finally, define

Ae(0) = min {124 (5)-oo Aa-1 (9}

Note that since U(-) is smooth in Z(x.), then the value A.(x.) is correctly defined
by the continuity. It is known [10, p. 203], that if the maximal sectional curvature in
P(x,) does not exceed » > 0 and o(x) < 0.57//3, then

Au(x) = V/5p (x) - cot(v/z¢p (x)).

DEFINITION 1. Let 4 € (0,1]. A mapping x(-) € C? (R %) is said to be of
class €, if the set x(R) has a Chebyshev center x, such that

x(R) C{xe B(xi) : L(x) = A}.

DEFINITION 2. Let 5 >0, 0 < r < 0.57/y/3. A mapping x(-) € C? (R )
is said to be of class €., , if the set x(R) has a Chebyshev center x, such that R[x(-)] <
r < ir(x,) and the maximal sectional curvature in %(x,) does no exceed .

The foregoing facts together with Theorem 1 allow us to obtain the following
generalization of Theorem 2.

THEOREM 3. Let x(-) € €, UC,., and ||Vix(-)||.. < eo. Then
RE()][[Viex()ll. ifx(-) € &,

W R[x()} ”Vxx()Hoo lfx() € cz,r

where C is defined in Theorem 1.

()l <

Now we aim to obtain the counterpart of Landau — Kolmogorov inequalities in-
volving iterates of covariant derivatives.
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LEMMA 1. Let £(-) : R — TN be a smooth vector field along a smooth mapping
x(+) : R— 9 and let n > 2 be a natural number. Suppose that

1S ()l < ooy [VES()]loe < oo

Then for any natural k < n there holds the inequality
—k/n k/n
| OIS IviE (1Y

where C, i are the Kolmogorov constants for mappings f(-) € C" (RHR‘I) .

V0| <o

Proof. Denote by € : T ()9 = TN the cocycle of parallel transport along
x(+), and define the mapping f(-) : R +— Ty )M ~ RY by f(t) := QY (t). Then

Ve () = lim 1[0 &(r+5) ~ £()] = lim < [0, Q7 (1+5) ~ Qf(0)]
= Qlim (1 +-9) — £(0)) = /'),

and thus, VA& (1) = Q% £ (r). Now it remains only to observe that the parallel transport
preserves the inner product. [

THEOREM 4. Let 0 <k < n and let x(-) € (€, UE,,,)NC" (R—IM). Define

Kl()::

)

{C/ﬂ ifx(-) € ¢,
C/\//zrcot(\/zr) ifx(-)€C,,.’

n—k
._ 2 il
K1 ges1 2= Cuge (K7 0Cr1) "™

I [VEx()l.. < oo, and ()

Proof. Set lo =InR[x(-)], I :=In|%()|., he1 =In||VE()||, c10=InKyp,
cnk =1InCpy for n >k >1,and §(-) =x(-). If [} < oo, then by Lemma 1

< oo or || Vix()|l.. < oo, then

||oo

k+1

—ktl n.. n+1
VAS()|| < Kot (RGO V() 27

k

k
liy1 < (1 - Z) I+ ZZ"H ‘e k21, 2

in particular, /5 < eo, and now by Theorem 3

1 1
L <=1 =1 . 3
1 20+22+C1,0 3)
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If [ < oo, then first we get (3), and then (2). In the both cases, the last two inequalities
yield

1 1 1 1
h<zlo+= [(1 - Z) ll+;ln+1+cn,1:| +c10,

2 2
and thus,
n 1 n(2cio+cn)
I < lo+——1I, _—.
e L
Finally, returning to (2), we arrive at the inequality
k+1 k+1 (n—k)(2cr1o+cn1)
1 < | 1-— l In : :
ket ( n—|—1) 0+n—|—1 +l n+1 +Cnk

which, after taking exponentials of both sides, completes the proof. [

Concluding Remark. There is still an open problem whether Theorem 4 remains
true if we omit the boundedness requirements for ||x(-)]|., or ||Vix(+)

||oo ||oo'
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