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INTERVAL-TYPE THEOREMS
CONCERNING QUASI-ARITHMETIC MEANS

PAWEL PASTECZKA

(Communicated by M. Praljak)

Abstract. Family of quasi-arithmetic means has a natural, partial order (point-wise order) Al <
Alel if and only if AlY] (v) <Al (v) for all admissible vectors v ( f, g and, later, & are continuous,
monotone and defined on a common interval).

Therefore one can introduce the notion of interval-type sets (sets .# such that whenever
AT < Al < Alé) for some AV), Alel € .7 then Al € 7 to0).

Our aim is to give examples of interval-type sets involving vary smoothness assumptions
of generating functions.

1. Introduction

In a recent paper [7] author introduced a new definition concerning means. A
family .# of means (functions) defined on a common domain is embedded in a natural
partial order, that is for every M,N € .# we have

M <N < M(x) <N(x) forall x.

In this setting we call .# C . to be an interval-type set in .# (briefly: interval-
type set or interval) if whenever P € .# and M < P < N for some M, N € .# then also
Pe.Js.

Many families of means are linearly ordered by this process. For example one
of the most classical result in a theory of means states that power means are linearly
ordered, that is if we denote by &2, the p-th power mean, then ({2} ,cr, <) is iso-
morphic to (R, <) under the natural isomorphism &7, — p. In particular all intervals
in this family could be trivially described.

Situation becomes much more interesting if there appear means which are not
comparable among each other. Perhaps the most famous family of this type are quasi-
arithmetic means. They were introduced in series of nearly simultaneous papers in a
beginning of 1930s [1, 3, 5] as a generalization of already mentioned family of power
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means. For a continuous and strictly monotone function f: I — R (/ is an interval)
and a vector a = (ay,ay,...,a,) € I", n € N we define

Alf] = f1 (f(a1)+f(az)+---+f(an)).

n

It is easy to verify that for / =R and f = m,, where 7,(x) :=x” if p# 0 and
mo(x) := Inx, the mean AV] coincides with &, (this fact had been already noticed by
Knopp [2] before quasi-arithmetic means were formally introduced).

Then, whenever f and g are defined on a common interval I, we get

AV < Alelif and only if AVl (a) < AE!(a) foralla e | 1",

n=1

As we do not define comparability of means defined on two different intervals, through-
out all quasi-arithmetic means are considered on an arbitrary, but common, interval
(from now on denoted by 7). We will be dealing with interval-type sets in a family
of quasi-arithmetic means defined on / (we will call them briefly interval-type sets or
intervals).

Let us recall some simple, however important, results from our previous paper [7].
It could be proved that interval-type sets inherit many properties of regular intervals in
R. For example intersection of any number of intervals are again an interval, increasing
sum of intervals are again an interval and so on — proofs of this facts are elementary
and omitted here; for detailed discussion we refer the reader to [7]. Moreover, if D C
Up—I" and L, U: D — R are arbitrary functions then both

[L,+e) := {AV]: L(v) <AV(v) forall v € D},
L,+oo) := {A/): L(v) < AV)(v) for all v € D}

—~

are intervals. Similarly we can define all possible intervals of this type involving —oo.
Having this we define bounded intervals of this type as an intersection; for example
[L,U) := [L,+e0) N (—oo,U) etc.

Furthermore, as we have only a partial order, it is reasonable to define, for every
family .# of quasi-arithmetic means, the smallest interval-type set containing .% . We
will denote such a set by

[(Z)]:==({~: # isaninterval and F C .7 }.

In a special case when each pair of elements in .% has both the lower and the upper
bound in .# we obtain
7= U X.v]. (1)

XYes
X<y

Proof of this equality is elementary and we omit it.
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2. Comparability among quasi-arithmetic means

It could happen that two intervals has a non-empty intersection although its sum is
not an interval. Indeed, the family

[A[f]}* — (_oo’A[f]} U [A[f]7_,_°o)

is a family of all quasi-arithmetic means which are comparable with A/, Investigating
properties of this set is somehow outside the scope of the present paper, as it is not
an interval. Let us just notice that for arithmetic mean [Al™]]* is a family of quasi-
arithmetic means generated by either convex functions or concave functions, which is
the classical application of Jensen inequality.

In fact Jensen inequality is closely related with comparability of quasi-arithmetic
means. In what follows we will present a number of equivalent conditions in a series of
propositions. They will be uniquely numerated, as we will refer to each of them just by
mentioning its identifier.

PROPOSITION 1. Let f,g: I — R be a continuous and monotone functions. Then
AT < Alé] if and only if

i. g isincreasing and go f~' is convex or g is decreasing and go f~' is concave,

1 1

ii. f isincreasing and fog~" is concave or f is decreasing and fog~" is convex.

In fact this proposition possess a lot of symmetries as we have the well-known
equality condition (cf. [5])

2

AV alel s < there exists o, B € R with o0 # 0) .

such that f = ot- g+ 3

It is easy to observe that go f~! is continuous, so its convexity, ¢-convexity for
given ¢ € [0,1], Jensen convexity (1/2-convexity) are all equivalent. Therefore we
obtain a number of conditions which provide comparability of quasi-arithmetic means.
This is a folk result in a theory of means

PROPOSITION 2. Let f,g: I — R be a continuous and monotone functions. Then
the following conditions are equivalent to A1 < Alé]

iii. Afl(a) <Al (a) forall a e\ >, I";
iv. Al(a) < AlEl(a) for some k € N and all a € I*;

V. Ag](a) SAE”}(a) forsome & € (0,1) and all a € I?, where Ag](a) =Y Ef(ar)
+(1=8)f(a2));

Vi A[g](a) SA[E’] (a) forall £ €(0,1) and all a € I*.

Additionally we have a condition, in the spirit of Péles [8] (see also [6])
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T =1  gl)—elx)
fx) = g 4

BERE) forall x,y,z€l, x<y<z;

It is worth mentioning that the substitution (x, y, z) := (a2, A[g ] (a), a1) proves the equiv-
alence (vii) <= (vi). Furthermore, we know that a differentiable function is con-
vex/concave if and only if its derivative is non-decreasing/non-increasing. Applying
this we get next comparability conditions.

PROPOSITION 3. Let f,g: I — R be a monotone and differentiable functions with
f'-g #0. Then AT < AL if and only if one of the following conditions is satisfied

viii. f and g are of the same monotonicity (both increasing or both decreasing) and
f'/¢g" is non-increasing (equivalently g'/ ' is non-decreasing)

viii’. f and g are of the converse monotonicity (one increasing, second decreasing)
and f'/g" is non-decreasing (equivalently g'/ ' is non-increasing).

Now we turn into the result of Mikusiriski [4]. He, and independently L.ojasiewicz
(compare [4, footnote 2]), expressed handy tool to compare quasi-arithmetic means
in terms of operator f +— f”/f’ (the negative of this operator is used to be called an
Arrow-Pratt index). More precisely their result reads

PROPOSITION 4. Let I be an interval, f,g e €*(I), f'-g' #0 on I. Then Al <
Alél if and only if

o W) ')
X g S g forallxel.

Using this result we immediately obtain some “Mikusinski-type intervals”

- 0 [ is twice continuously differentiable in some
M (x0,U) := ¢ AV ) ' (x0) )
neighborhood of xy, f"(xo) # 0, WXOO) eU
where xo € I and U C R is an interval. Nevertheless .# (x0,U) is usually not an
interval-type set, therefore we extend this set to an interval in the way that was described
in the introduction

//(XQ,U) = [[//Z(X(),U)]] .

This lead us to the following problem. A family .# (xo,U) contains only %
functions around xo with f”(xp) # 0. But what about .# (xo,U)?
By (1) we know that for all A" € . (xy,U) we have

AT < Al < Als (3)
for some f, g € €*(V), f'-¢ #0 and open interval V > xg.

In fact it does not imply that the second derivative of & at x( exists, which can be
illustrated in a simple example
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EXAMPLE 1. Let I = (0,2), f(x) =x, g(x) =x%, xo =1,

h(x):{x x€(0,1],

i ye(1,2).

Then, by (viii) , assertion (3) holds but /4 is %! only.

Despiting this drawback, it can be proved that if f, g € ©%(I) with nonvanishing
derivative and (3) holds, then # is continuously differentiable for all x € U and also A’
is nowhere vanishing.

Nevertheless to obtain an interval-type set assumption on f, g, and & have to be
the same. Thus we want to prove that if f and g are continuously differentiable with
nonvanishing derivative, then so is &. Equivalently, family of quasi-arithmetic means
generated by ¢! functions with nonvanishing derivative is an interval (it will be done
in Theorem 9).

3. Interval-type sets in a family quasi-arithmetic means

In the following section we will prove a number of examples of interval-type sets
involving vary smoothness assumptions of generating functions. Let us first prove some
abstract theorem.

THEOREM 5. Let I be a compact interval, xo € I, fo: I — R with fy(xo) = 0.
Let .7 C € (I) be an interval such that .F C o(fy) in a right/left neighborhood of xy.
Then the family

Alo+7] .~ {A[ﬁ’*f]: f€.F and fy+ f is strictly monotone on I}.

is an interval.

Proof. We want to bind the cases where xq is in the interior of the interval and is
the endpoint. In the proof we will concern right neighborhood of the point, therefore
we have xy # sup/. Second case is completely analogous. Similarly assume that f is
increasing.

Take any x; € I such that x; >xo. Let r|,r, € % and f:= fo+r1, g:=fo+71.
By the definition there holds f(xp) = g(xo) = 0. Denote

S-S0 S0 ) sl sl
TO = =)~ 7o) 2 sy sCw)  sCn)

Let us consider an arbitrary function /: I — R satisfying

Al < Al < Alsl,

By (2), there exists a unique function 4 such that i(xg) =0, h(x;) =1, and Al = Al
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Then, by (vii) , we get g(x) < h(x) < f(x) for all x € (xp,x;). Thus
(

g(x) f(x)
g <M S Py S o)
heref
P AW AW
<0 foy o TR
Th
en fo(X)+ 1 .r2(x)<h(x)<f0(x>+ 1 1 (x) 4)
(v gln) ST f) o fa)
It implies

1 1 1 1
( - xl)fo(x)<f(xl)ﬂ(x)—m'rz(x)

But ﬁrl (x) — )1(1 r2(x) € o(fp) in aright neighborhood of x(. Thus

1 1
s o S

Consequently g(x1) > f(x1). As x; was an arbitrary number greater than xy, we obtain
g(x) = f(x) for x > xo. Thus

r2(x) = ry(x) forx > xo. %)
Now observe that

0y < 50

for x > xy.

f(xl) = g(xl)
fO(X)+Vl(x) fO(x)‘f'rz(x)
Solx1)+ri(x1) h(x <mf0rx>xl,

Denote
rg=B-)n+2-B)neFz, PBecll,2]

Then there exists f3(x,x;) € [1,2] such that

Jo(x) +7g(xx,) (%)
Jo(x1) + 7 () (x1)

For x; > x¢ and x > xp we have

h(x) = for x > xj.

F(x) 2 11(x) < 1g(en) (X) < 12(x) € F (x).

Thus 7g(y,)(x) € F(x) (it means that .7 is considered as variable of x). Similarly
TB(x.x) (*1) € F (x1). Furthermore, by Taylor’s theorem, o7 Vij(x) = I%+0(x—x0). Thus,
for x > xq,

fO( )+rﬁ (x.x1) ( )
hx) = ~p e PSS = (o) + 7t (09) - (o ol =)

1
Jo(x1)
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Recall that x; was fixed but arbitrary, so we can substitute x; < s, where s > xq.
Furthermore we can consider hg(x) := fo(s) - h(x), as their generate the same quasi-
arithetic mean. Then, for x > s > x,

() = o(0) - () + s (09) (5 + s =)
= (fo(x) + 1) (X)) - (1 + fo(s) - o(s — x0))
= (fo(x) +rp (x5 (X)) - (L+0(fo(s) - (s —x0))).
Thus we get a family of functions .7 = {hy(x) } s>y,
() = (fo ) + ey () - (14 0(fols) - (s = 30)))s > 5 > o
By the definition of 8 we have

h(@) 2 (folx) +ri(x)) - (1+0(fols) - (s —x0))), x> 5 > xp:
he(x) < (fox) +r2(x)) - (1+0(fo(s) - (s = %0)))s x > 5 > x0.

We can now pass s — x( and obtain

hyy (x) := lim hy(x) € [fo(x) +r1(x), fo(x) +r2(x)], x > xo.

S—X0

Therefore hy, € fo+.7 . Furthermore, as A"l = Al"s! for all s > x, then, applying (vii)
, Aol = Al Finally Al = Al = Aol € Alf+7] O

This theorem has a very useful corollary

COROLLARY 6. Let I be an interval, xo € I. The family of quasi-arithmetic
means generated by right-(left-)sided differentiable function at xo with [ (xg) =0
(f"(x0) = 0) is an interval-type set.

Proof. Let Afl < AlM < Alsl. Suppose f(xp) = g(xg) = 1. We know that

fx)=1+0(x—xp) and gx)=14o0(x—xy) forx> xp.

Take fo =1 and .# = o(x — xp). Then the pair fy, .7 satisfies all conditions of
Theorem 5. Furthermore f,g € fo+ .7, therefore we get

he fo+.F =1+40(x—xp) for x > xg.

It implies that /', (xp) exists and 4/, (xo) =0. O

3.1. Interval-type sets involving smoothness assumptions

In the following section we are going to present some interval-type sets in a family
of quasi-arithmetic means involving smoothness assumptions of their generating func-
tions. Recall that all means are considered on a common interval 7.

First result will concern existence of one-sided derivative at certain point
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THEOREM 7. Let xo € intl and f: I — R be a continuous and monotone func-
tions which has a right-(left-)sided differentiable function at xo with f_(xo) #0 [f’ (x0)
#£0]. If Al8 € [AUN* for some g: I — R then g is right-(left-)sided differentiable at
xo 100 and g', (xo) # 0 [g" (x0) # 0].

Proof. By (2) we may assume f(xg) = g(xo) = 0. Then we have

_ —1
lim g(x) —g(xo) I g_lf y)
x~>xar X — X0 y_’0+f (y)—)C()
i gof ') lim y
y—0t Y y—0t fH(y) —xo
—1
= 800 L )
y—0+t y xﬁxgx_xo

But go f1(0) = g(xo) = 0. Moreover, as Al8) is comparable with AVl we know that
go f~! is either convex or concave (see i and ii). In particular there exists a one-side
derivative (go f~1),(0). Moreover, as go f~! is strictly monotone and convex or
concave in some neighborhood of 0, we get (go f~1).(0) # 0. Furthermore f (xo)
exists and is nonzero.

Finally we obtain that there exists g’, (xo) and

g (x0) = (g0 f 1) (0)- fi(x0) #0. O
Having this already proved we have an immediate corollary

COROLLARY 8. Quasi-arithmetic means generated by functions which are right-
(left-)sided differentiable functions at certain point xo € I with f (xo) #0 [f’ (x0) # 0]
is an interval.

This result can be somehow improved. Namely if both derivatives f(xg) and
g (xo) exists, are nonzero and (3) holds, then it is also the case in /. In can be formally
expressed in term of the following

THEOREM 9. Quasi-arithmetic means generated by a functions differentiable at
certain point xo € I with f'(xo) # 0 is an interval.

Proof. Let f, g, and h be strictly increasing, and A/T < Al < A8l If £, ¢
are differentiable at xo and f”(x0)g’(xo) # O then, by Corollary 8, we know that both
I’ (xp) and A’ (xp) exists and are nonzero. Now, by ii, A is convex with respect to f.
Thus /' (xg) < K (x0).

Similarly, by i, & is concave with respect to g and, consequently, i’ (xo) >
W,(x). O

Furthermore, this result could be rearrange in the case of continuous derivative
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PROPOSITION 10. Quasi-arithmetic means generated by a functions belonging to
€' (I) with nowhere vanishing derivative is an interval.

Proof. Suppose that f, g, h are increasing, f,g € €'(I), f'-g # 0 and Al <
Al < Al8l Then, by Theorem 9, 4 is differentiable and 4’ # 0. Moreover, by (viii) ,
we know that 7’/ f’ is non-decreasing and 4’/g’ is non-increasing.

Let xo € I. We can take affine transformations such that f(xo) = g(xo) =h(xp) =0
and f’(xo) = g'(x0) = K (xo) = 1. Thus (by (viii)) f'(x) <h'(x) < g'(x) forall x > xo.
Similarly g'(x) </ (x) < f/(x) for x < xo. Therefore

l:=min(f,¢') <K <max(f,g) =

But /(xo) = u(xp) = 1 and both [ and u are continuous so 4’ is continuous at the point
xo. But xo was arbitrary so h € €1(I). O

We are now heading toward one-sided differentiability in certain point (without
vanishing or nonvanishing assumptions). First we will prove a very useful lemma.

LEMMA 11. If g,h: I — R are right-(left-)sided differentiable at xy € intl with
¢/ (x0) =0 and I (x0) # 0 (g'_(x0) = 0 and h'_(x0) # 0) then A8l is not comparable
with Al

Proof. Take € > 0 such that xo + € € I. There exist affine transformations ¢ and
h of g and h, respectively, such that

o §(x0) = h(xo) =0,
o hxo+e)=1,
o S(xpt+e)=2.

We obviously have //(xo) >0 and g'(xo) = 0. It implies that g(x) < A(x) is some right
neighborhood of xo. Let & > xo be the smallest number such that ¢(&) = h(&). Now,
as g(x) < h(x) forall x € (xp,&) we obtain

g7 '(y)>h™(y) forally € (0,8(£)).

in particular, for y := ¢(&)/2 we get

A (x0,8) = A, (x0,8) = 271 (2(6)/2) = 27" ()

> i) =t (HRLEHEY 4 .) = Al (x0.)

Therefore Al¢! £ A" To obtain the converse we can adapt this proof assuming € < 0
(regarding we will consider maximal & and some sings will be changed). [

Having this already proved we can skip the assumption about nonvanishing one-
sided derivative and obtain



518

P. PASTECZKA

THEOREM 12. The family of quasi-arithmetic means generated by functions dif-

ferentiable at some point xq € intl is an interval-type set.

Al

Proof. Suppose that f and g are differentiable at xo and A/l < AW < AlSl As
and Al¢l are comparable, by Lemma 11 we get that either f(xo) = g'(x0) = 0 or

f'(x0) - &' (x0) # 0. In the first case we can use Corollary 6 to obtain differentiability of

h at

Xo, while in the second case we use Theorem 9. [

In the case when [ is open we can take an intersection of these interval-type sets

over all xg € I to obtain

COROLLARY 13. The family of quasi-arithmetic means defined on an open inter-

val I generated by differentiable functions is an interval-type set.

[1]
[2]
[3]
[4]

[5]
[6]

[7]
[8]

REFERENCES

B. DE FINETTI, Sul concetto di media, Giornale dell’ Instituto, Italiano degli Attuarii 2, 1 (1931),
369-396.

K. KNopp, Uber Reihen mit positiven Gliedern, J. London Math. Soc. 3, 1 (1928), 205-211.

A. N. KOLMOGOROV, Sur la notion de la moyenne, Rend. Accad. dei Lincei 12, 6 (1930), 388-391.
J. G. MIKUSINSKI, Sur les moyennes de la forme w~'[Yqy(x)], Studia Mathematica 10, 1 (1948),
90-96.

M. NAGUMO, Uber eine Klasse der Mittelwerte, Jap. Jour. of Math. 7, 1 (1930), 71-79.

P. PASTECZKA, A new estimate of the difference among quasi-arithmetic means, Math. Inequal. Appl.
18, 4 (2015), 1321-1327.

P. PASTECZKA, Interval-type theorems concerning means, Ann. Univ. Paedagog. Crac. Stud. Math.
17, 1 (2018), 37-43.

ZS. PALES, On the convergence of means, J. Math. Anal. Appl. 156, 1 (1991), 52-60.

(Received October 31, 2017) Pawet Pasteczka

Institute of Mathematics

Pedagogical University of Cracow
Podchorgzych str. 2, 30-084 Krakow, Poland
e-mail: pawel .pasteczka@up.krakow.pl

Mathematical Inequalities & Applications

ele-math.com

mia@ele-math.com



