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DUAL COMPLEMENTS FOR DOMAINS OF C"

LEV AIZENBERG, ELIJAH LIFLYAND AND ALES NEKVINDA

(Communicated by I. Peric)

Abstract. Let Q C C" be a bounded, strictly convex domain and Q be its dual complement.
Very few such domains with fully described dual complements have been known. We present
new types of domains for which their dual complements can be completely described.

1. Introduction

In the Grothendieck-Kothe-da Silva duality theory for the spaces of holomorphic
functions defined in a convex domain € C C" containing the origin 0 € C" the notion
of dual domain is one of the important basic facts.

If 0 € Q, then its dual complement (or generalized complement, in [3], [4] it is
called the conjugate set of Q)

ﬁz{wGC":wlzl—i—...—f—wnzn#1,169}

is the set of hyperplanes that do not intersect the domain €2. Thus 0 €. Q. Itisalsoa
known fact that for the domain € the dual complement of its closure € is the interior

of the set £~2, that is, Q = int(ﬁ). In particular, when Q has a smooth (%) boundary
then Q = int () UdQ. Furthermore, if the bounded domain Q is convex and 0 € Q,
then AQ C Q, forevery 0 < A < 1. Thus the closed domain € and the open domain

Q are starlike ([3]). In general, it is not an easy task to describe the dual complement of
the domain €, however for the case of Reinhardt domains with center at the origin we
have very precise results. Recall that an open subset Q of C” is called Reinhardt do-
main if (zy,...,z,) € Q implies (e%1zy,...,¢%z,) € Q for all real numbers 6y, ...,6,.
Actually, if Q is a Reinhardt domain centered at the origin, then F(Q) C R" , where
R" = {(x1,x2,...,%,) ER": x; >0}, F(z1,22,---,2n) = (lz1],]22],--,|2n|). For any
B C R, its inverse image by F~! is defined to be the set F~'(B) = {(z1,22,...,24) €
C":F(z1,22---,21) € B}. It is straightforward to verify that domain Q C C” is Rein-
hardt if and only if Q = F~!(F(Q)). Hence, any Reinhardt domain Q is determined
completely by its absolute image F(Q). Thus we have the following definition
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DEFINITION 1. Let Q C C" be a Reinhardt domain centered at the origin 0 € C".
—_~— n

We say that the point (yi,...,y,) € F(Q) C R if and only if ¥, x;y; < 1 for every
i=1

(x1,%2,...,%,) € F(Q). Then the dual complement of  is the set Q = F‘l(l*:(\a)).

The most recent example of the dual domain is given in the following statement
[5, Lemma 1.1].

LEMMA 1. For r >0, p>1 and ks € R, \ {0}, i = 1,2,...,n, fixed numbers,
let

Q:{zecn:iki\zi|p<r”}, (D
i=1

be a Reinhardt domain centered at the origin. Then, for g = % ,

G={cec: Y kTrIGl <~ @)
i=1
Recall that the known cases of k; =1, (i=1,...,n) to be found in ([2, 3]). The
appropriate case where p = 1 corresponds to that where € is a hypercone, whose dual
complement Q is the closed polydisk. When p = 2, the appropriate domain € is a ball
about the origin of radius r, whose dual complement is the closed ball about the origin
of radius % In the case p = oo, the dual complement € is the closed hypercone. So
the above lemma gave new results for 1 < p < oo and p # 2, or for all p, with some
ki # 1.
Our goal is to seriously extend the collection of domains for which certain descrip-
tion of their dual complements is possible. What is of additional interest is that not only
convex or linearly convex (which is the same for Reinhardt domains) are considered.

2. General norms

Say that || - || is a Reinhardt type norm on C" if there exists a norm || - ||; on R”
such that ||z|| = || Iz] |l1, z= (z1,22,---,20) € C", |z| = (lz1],|z2],---,|z0]) € R". In
general, a domain generated by such a norm need not be Reinhardt, say take all z; to
be real. However, for r > 0, denote

Q,={zeC":|z| <r}.

Evidently, Q is a Reinhardt domain. Define a dual (associate, see [8]) norm || - |* by

n
Il * = sup{| X ziwi : 1l < 1
k=1

and set
G ={zeC":|z||" <r}.

Recall some well-known facts on norms.
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LEMMA 2. Let z,w € C". Then the Hilder inequality

n
>, zoe| < llall ]
k=1

holds. Moreover, this inequality is saturated, i.e., for the v € C" there exists a u € C"
with ||u|| = 1 such that

vl =

n
2 UV ‘ .
k=1

Proof. The Holder inequality is an easy consequence of the definition of the dual
norm. Indeed,

n n n
Tk
| Xz = lall| Y, ome| < lelisup{ Y comeslell < 1} = 2] i)
h—1 k=1 HZH k=1

Now assume v € C". By the definition of the dual norm we have

vl = SUP{’ Z UVi
k=1

which can be easily rewritten as

n
I = sup {| 3% weve
k=1

ul < 1}

ul =1},

From the definition of supremum we can find a sequence ulm = (u(lm Uy Uy ) €
C*,m=1,2,... with ||u| =1 and

lv]]* — L < ) i u,(cm)vk).
mo =
Choose a subsequence (") of 1™ such that u]({ms) — wg. Then |lw|| =1 and

n
Il < | D wev
k=1

b

which finishes the proof. [

THEOREM 1. Let ||- || be a Reinhardt type norm and r > 0. Then Q, =G, .

~I—

Proof. Prove first G1 C (7, Let w € G1 . Then for each z € Q,, we have, by the
Holder inequality,

n

1
Y zowe| < il Il << = 1,
k=1 r
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therefore w € Q,..
Let us now prove the converse inequality. Suppose w ¢ G . Rewriting it we

have [|w||* > 1.1t follows from the saturation of the Holder inequality that there exists
a € C" with |la|| =1 and

n
3 o] = vl
k=1

ck=pag, k=1,2,....n. Then ||c||=p < rand

)_

- HWH*

[lwl[* = 1.

‘ 1
[Iwll*
Find 0 < ¢ < 27 with
. n
e“p = ECka.
k=1
Define by = e ¢y for k= 1,2,...,n. Then ||b| = ||c|| < r and b € Q,. Moreover,

n n
2 biwy =¢e'? 2 cwg =¢ %' =1
=1 k=1

and so, w ¢ @v, We have proved an implication w ¢ G; = w ¢ ﬁv,, which, in turn,

proves @v, C G and thus completes the proof of the theorem. [

3. Variable powers case

We are going to consider domains, more general than those in (1), generated by
a variable exponent norm. We refer to the book [7] or its textbook embodiment [&],
though we deal not with functions or sequences but with a simpler finite-dimensional
case. The needed prerequisites are as follows.

For a = (ay,...,a,) and p(-) = (p1,...,pn), With 1 < pp <oo, k=1,2,....n, its
variable Luxemburg norm is

lallp) = ialf{?t >0 Z (ak|> <1}

For b = (by,...,b,), its dual norm is

2 akbk

k=

||b||;(.) = sup

llall )<t

3)

Obviously, ||a||,(.) is a Reinhardt type norm. Therefore, we are in a position to
establish a new variety of dual domains.
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THEOREM 2. For r>0and p(-) = (p1,...,pn), with 1 < pp <eo, k=1,2,...,n,
let

Q={zeC": |zl <}, )

be a Reinhardt domain centered at the origin. Then,
1
= c": < —}. 5
{cec:gly, < )

REMARK 1. Of course, for p and g constant, Lemma 1 follows from Theorem 2
as a particular case.

In the general case, we would like to express the dual complement via the || - ||,
norm, with ¢(-) = (q1..-,4n), qx = 745, k=1,2,...,n. We have

4k
(3
k=1 A

if and only if A > ||b]|,(.). This also means that

qr—1

Iy ! :
el < 1Bl

M:

On the other hand, for the same 7L

qr—1
since for a with q; = (%—"‘) " we obtain |al[ () < 1. This leads to
Hqu() < ||b||2()7 (6)

and, in accordance with this, we cannot in general replace || ||Z(_) by [[Cl[4(.) in the

definition of Q in (5).
All these are well illustrated by the following example.

EXAMPLE 1. Let p; = %3 and p, = 3. Correspondingly, g; =3 and ¢, = % If
r=1,then Q= {(z1,22) : |z1]|2 + |22|> < 1}. However, for r # 1, we have to calculate
the norm A from the equation

3
X\ 2 y>3
z =) =1,
(7)+(

with x = |z;| and y = |z3|. Solving the corresponding quadratic equation, we arrive at

3
3 X2 x3
A2 =" — 43,
2+\/4+y
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which allows us to write

(1IN

|z1 |Z1|

2

Q={(z1,22) : + +]z < r%}.

It follows from the symmetry of the exponents that

¢‘§2| +‘C|3

We calculate the norm || H;(.) as a solution of the extremal problem sup(xu + yv),

_m%

HCII2

where the sup is taken over (x,y) such that X2+ y? = 1. Equivalently, we are search-

ing for sup((1 — y3)%u +yv) as a function of y. Routine calculations again lead to a
quadratic equation with the solution

3 v VY0 +32u33
16w leud

By this,

3 6 3 3 %
={(01,8): <1+ 16§2§| 5 VG| 1+63§2§1| 18| ) al

&P VISP +32]G PGP <L
+<16cl|3+ i >c| A

Taking Cg =0, we arrive at the comparison of the inequalities |{;| < - for Q and
3

|C1] < = for the Luxemburg g(-) norm. Taking, say, r = 8 gives for |{;| two different

1ntervals. [0, Z] for Q and the wider interval [0, L] for the Luxemburg ¢(-) norm.
43

4. Weighted anisotropic case

Let p = (p1,p2,---spPn)> L < pi <oo,and w = (wy,wy,...,wy), w; > 0. Define
for z=(z1,22,...,2,) € C" asequence Ay, k=1,2,...,n—1, by

1
A(z) = (lz1[twr) 71,

1
Ari1(z) = (A£k+l(z) |zt [P Wy ) PRt

and set
”Z”p,w = An(Z)~
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THEOREM 3. Let p= (p1,p2,...,pn) and w= (w1,wa,...,wy) be given. Define

‘\

1
1 )[)’17

~

Aj(z) = (lza 1w,

/
Prr1 1

A;_H(Z) = ((A;(Z))P;cﬂ + 71 ‘p;‘“Wk_:{‘H )’7k+_1

Then |1l = A} (2).

Proof. Prove first by mathematical induction for 1 < k < n an inequality

k
‘ Eu,-v,-
i=1

S Ap(w)AL(v).

Since

/
1 P
urvi] = ([ur[Pwr) P (v [Prwy ") 7 = A ()AL (v),

the inequality holds for k = 1. Assume that the inequality holds for k — 1. Then we
have, by the Holder inequality for sequences,

k k=1 k=1
‘Zuivi) = ‘ Zuivi-i—ukvk‘ < ‘ zuivi) + [ug | [vi|
i=1 i=1 i=1

1

1
<A1 (W)Af_ (v) + wivie] = [Ak—1 () AR (v) + wgw [ vew ™ P |

I’;C 1
7
k

1py * / ! Tk
< (AR () + Jag[Powg) P (A= )P (0) + e Prwy ™) 7k = A(u) AR (v).

A special case k =n gives

n
> uivi
i=1

SAALY) = [lullpwllVI] -

Now, we prove that [|v|[}, , = sup{>X_, u;v; : ||ufl p.w < 1}. To see this it suffices to
find a vector u for a given vector v with

zn:u,-v,- =A,(u)A5(v). (7)
i=1

Assume that v € R" be fixed. Set for j € {1,2,...,n}

= (A30)) L je {23, n—1},

o, =1
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and define
n / /
_ pi=t 1=p;
wj=(TLes)vy w; ™.
It is easy to see

. / P 1-p /
o (A5 ()" v = (AT () (®)

We now wish to prove that for 1 <k <n
k n ,
Y ws = (o) (430)"™, ©)
j=1 s=k
and again mathematical induction comes to play. Let k = 1. Then
u1v1:<HO¢s> - lw; (Hm)vl wi 7l
1/p,—1 _ / n . /
= (TTew) w7 = (TTew) a7 = (TT ) (470"
s=1 s=1 s=1

and (9) holds for k = 1. Let us prove an induction step. Assume that (9) holds for
1<k<n—1.Then

k+1 k
Z ujvj= Z UjVj~+ Uy 1 Vi1
j=1
. / I 1 1-p
= (o) (i) (TT eyt
s=k s=k+1
= . L Pt 1P\ ® [ T . A
= (1 o) (ow(@im)™ 5w ) 2 (T o) (A ()00
s=k+1 s=k+1
Setting k = n in (9), we obtain
D uvi= (AL ()™ (10)
Jj=1
Now, prove for 1 <k<n
Pk - Pk s N\ Pk
(Ax@)™ = (TTow) "™ (4i(1)™, (1)
s=k

again by the mathematical induction. Let k = 1. Then

(Al(u)) =ul'w; = ((H%) P lwi P1>1’1Wl
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(ﬁas)’” Wil (Has) (Ai )"

and hence (11) is satisfied for k = 1. Let us prove an induction step. It is easy to
calculate

Pipkﬂ
e

= (Phy1 — PO (Prs1 — 1)+ prra (P — 1)

= D1 (Prr1 = 1) = Pi(prs1 = ) + (prs1 = D (pr— 1)+ (p— 1)

= (Pks1 = V(o1 = )+ (pe— 1) = ppe. (12)
Assume that (9) holds for 1 <k <n—1. Then

(Ak+1(u))l7k+1 — (Ak(u))PkH +u£i+llwk+l

Pi+1 PkPkH n » 1 1717,' Pk+1
- HOQ) (AZ(v)) [T <H O‘s>kal Wk+lk+l Wert

(Pt — i) (Prs1 — 1) +

<s=k s=k+1
n » PiP+1 -
:< H a5> k1 (a,f“'(Ak(V)) i +VPA+1 k+i’k+l>
s=k+1
n » B PPt 1 —y
=< I Ots> o (ak%fkﬂ HAi ) +VPHI k+fk+l>
s=k+1
- Pit * (Pror =P (Prr1=1) ( 4% PiPi1 Pt 1 =P
= (IT o)™ (e (4i0) (A0) e )
s=k+1
n P ) k’Hl 1—p/
= (TT a)"™" (on (i) rhon oD g vk

P ! ; 1
ay) k+1 (ak(AZ(V))pk 4 v£k+lwk+i7k+l>

n p /
@( 1 a) A ()

s=k+1

Setting k =n in (11), we obtain

which yields with (10)

iWF@MW=WW”%M
2

(Ph—1

pn(Pp—1)
= (An(w) 7 AL(Y) = An(w)A5(v)
which proves (7). This finishes the proof of the theorem. [

Using Theorem 1, we readily derive from Theorem 3 the following application.
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THEOREM 4. Let p = (p1,p2,-.-,Pn) and w = (wy,wa,...,wy) be given and
0<r<eco Let Q ={z€C":|z][pw <r}. Then Q, ={z€ C": [|z[|;,, < 13

5. The Orlicz case

Considering Orlicz spaces for sequences apparently goes back to J. Lindenstrauss
and L. Tsafriri [11]. As above, our case is somewhat simpler, since it is finite-dimensional.

An Orlicz function is a function M : [0,0) — [0,°0), which is continuous, non-
decreasing and convex, M(0) =0 and M(z) >0 if t >0, and M (1) — oo as t — eo. Its
conjugate can be defined by

N(u) = suplru — M(t)].
>0

For a = (ay,...,ay), its belonging to the Orlicz space generated by M can be

defined by the Luxemburg norm (with the convention that the infimum of the empty set

is infinite):
n
HaHM:inf{l >0: 2M<|a—k> < 1} < oo,
A k=1 A

We say that an Orlicz function M(r) satisfies the A condition (for small 7) if
for every a > 1 there exists a constant K(a) and a positive number #(a) such that
M(at) < K(a)M(t) for 0 < < t(a). The words "for small x” will be omitted in the
sequel.

We say that an Orlicz function M(r) satisfies the A, condition for large ¢ if there
exist such constants k£ > 0 and 7y > 0 that for r > 1,

M(2t) <kM(1).
It is easy to see that always k > 2. All these basics can be found in the classical book
[9]. However, for the properties of the sequence Orlicz spaces, a convenient source is
[10].
THEOREM 5. Let Q, = {z€ C": ||z||m < r}. Then

~ 1

0 ={zeC: |z} < ;}. (13)
Moreover; if M(t) satisfies the Ay condition and there are two constants | and ty such
that for t > 1o,

1
M) < z_lM(lt)’ (14)

then

ETr:{ZGC”:HzHNéé}. (15)
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Proof. The domain €2, is definitely defined by means of a Reinhardt type norm
|| - ||»- Lemma 2 takes place (cf. [10, Proposition 2.5]). By Theorem 1, (13) follows.

Now, if M(r) satisfies the A, condition and (14) holds, the associate N -norm co-
incides with the N -norm (see [9, Ch.I, §9, 5]). Therefore, (15) follows from (13). [

REMARK 2. In [18], a class of sequence spaces is studied that can be considered
as a mixture of the two cases from the last two sections. More precisely, we can study
the case where the norm is

- N lag| \ \
HaHMJ,(_):lalf{)L >0.k§1<M (T < 1}.

Dual complements of the Reinhardt type domains defined by means of such norms can
be described along the same lines as above. We omit the details.

6. Concluding remarks

L. Maligranda brought our attention to certain sources where the Kothe duality
of ideal function spaces was investigated by several authors. First of all variable /7"
spaces appeared in Orlicz’s paper [17], with some generalizations in [6]. A proof of the
generalized duality for Orlicz spaces and their generalizations can be found in the paper
[16, Thm. 4] and the book [16, Thm. 10.5]. For a simple proof of the duality for Orlicz
spaces and their generalizations, see [13, Thms. 1-3]. It is also worth mentioning that
a simple description of K&the duals of Nakano spaces for atomic and atomless measure
spaces can be found in [14]. An interesting article on the history of Nakano space and
about Nakano as mathematician is given in [15].
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