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Abstract. We consider the boundedness of fractional integral operators with rough kernel from
Morrey spaces LP* to L4* . Our main concern is proving the boundedness property for p < A
as an extension of Adams inequality on some special subsets of the operator’s domain namely
classes of A, simple function, and radial function respectively. For radial function, we prove
the boundedness on local Morrey spaces. We also prove the boundedness property for 1 > 4
as well as the special case of g < p. It is interesting on its own term since the operator is not
bounded from L” to L9 if ¢ < p. We also establish necessary conditions for boundedness. Our
proposed condition for boundedness includes the sufficient conditions for both Adams inequality
and Spanne inequality.

1. Introduction

Let Q be a homogeneous function of degree zero on R” . For 0 < o < n, fractional
integral operator with rough kernel Tg ¢ is defined as

Toof(x) =/ Qx—y)

R — [

f(y)dy. (1)

For Q =1, the operator T ¢ is the fractional integral operator Iy [2, 6].

Let B(x,r) be an open ball on R”, centered at x, and with radius r > 0. For
1 < p<eo, 0< A <n, Morrey spaces LP* and local Morrey spaces LP*(0) are
defined respectively as follows.

If(y)l”dy> ol

)

h =S Elf s = s (i [

xER >0 r)

240 =S Bl s =sop (7 [ r0)pay) " <o

0,r
One of important issue in the study of operators is their boundedness. Spanne and
Adams proved the following boundedness properties.
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n—»A

o and

THEOREM A. [6, Theorem 5.4.] (Spanne inequality) Suppose 1 < p <

L_1_ 2 Thep,
g p n

HIOtfHLqJ»q/P 5 ||fHLp>ll~

n—=>A
o

THEOREM B. [2, Theorem 3.1.] (Adams inequality) Suppose 1 < p < and

1 _1_  «
7= =1 Then,

”Iaf”LqJL fs ”fHLﬁl
s(n—p)

By Holder inequality, one can observe that: if 8 < §, and t = =/ —* > s, then
LB < 159 (this inclusion property is proper, see [3]). Therefore, Adams inequality is
stronger than Spanne inequality. Certainly, Adams inequality is the strongest bounded-
ness property for I, on Morrey spaces (see [7, Theorem 9.], [10, Proposition 4.2.]).

Our concern is proving the boundedness of Tq o from LP* to L9* . From differ-
ent point of views of Adams and Spanne, we let the parameter u to be arbitrary but
controlled by the necessary condition for boundedness (see Theorem 2.1).

By classical method, we prove the boundedness of operator Tg o from LP* to
L% where i > A (see Theorem 3.3). Theorem 3.3 is a stronger version of Proposition
1in [8]. For u > A, we have a special case of g < p (see Corollary 3.4). It is interesting
on its own term due to the operator Tg, , can not be bounded from L? to L7 for g < p.

Our main concern is investigating the behavior of T , for the case of p < A, as
an extension of Adams inequality. In the discussion, we restrict the domain of Tg 4
into subset of LP* such that A p-condition holds (see Theorem 4.1), simple function
(see Theorem 4.5), or radial function (see Theorem 4.7). For radial function, the bound-
edness property takes place from LP*(0) to L% (0). The reader can find Adams and
Spanne type result for boundedness of I, on local Morrey spaces in [9].

The discussion of this paper is delivered in 3 sections. We elaborate the necessary
conditions for boundedness of Tq  in Section 2. We prove the boundedness of Tg o
from LP* to L4 for W > A in Section 3, and for u < A in Section 4.

2. Necessary conditions for boundedness

In order to have a better idea on the boundedness of Tg o from LP* to L9 it is
essential to know the necessary condition first.

THEOREM 2.1. Let 1 < p<oo, 1 < g<oo, and 0 <A, U < n. If the operator
Ta.q is bounded from LP* to L* (or from LP*(0) to L9(0)) then

n_'u:n_k—(x )
q p

and

n—~»A n—A>A

The symbol a < b means that there is ¢ > 0 essentially independent of @ and b such that a < cb.
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Proof. Lett >0 and & f(x) = f(tx). Hence,

n—

To,of (x) =t%To,a (6 f)(x/t), and || & f||pa =1 7

A
Hf”uwl-

Let Tq o is bounded from LP* to L9H | then

_u n—p
r i\ Toafll a0 <%0 | T (8f) | Low
n—p np_pi
SO S Nppr 17T - )

Because ¢ > 0 is arbitrary, the exponent of ¢ in inequality (4) should be zero. Hence,
identity (2) holds and it follows that p < n—2  Since g > 1, by inequality (2)

o

Ogn_”_u:n_”+a_u. 5)
q p

Thus, inequality (3) holds.
The necessary condition for boundedness of T, o from LP*(0) to L9(0) follows
by the same argument since

_n=A
||5tfHLp~l(o) =t 7 Hf”U’JL(O)' 0

Note that, identity (2) is the sufficient condition in Spanne inequality (Theorem
A.) and Adams inequality (Theorem B.) if t = A¢g/p and p = A respectively.

3. Adams inequality and its weaker version

In this section, we prove the boundedness of Tq o from LP* to L9H for u=A.
We use the classical method by Adams [2] that involve a maximal operator.
For 0 < a0 < n, maximal operator Mg , is defined by

Maaf () =supr™ [| (00 )lf )]y ©

r>0 B(x,
From the definition in (1) and (6), it is clear that Mg o f < Tjq|«|f| where a # 0.

The following is obtained by boundedness properties of Tg , on Lebesgue spaces [,
Theorem 2] and the application of rotation method [4, Chapter 5, Section 3].

1 _ ~1\2
THOEREM C. Letl<p<oo,;1— — %, and Qe L*(S" )" If0< oo <n and

s > 5, then

1
P

IMa.af o S (1€ s (sn-1) 1 f 1o

We have the following estimation of T, , in term of maximal operator.

2Set 8! = {x € R";|x| = 1} is the unit sphere on R”
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ap

(Maof (x)'~n-7. 7

|TQ~,OCf( )‘ <( Qn lf( ))n‘if’x

Proof. If f or Q are identical to zero, then inequality (7) holds. Now assume f
n—~A
and Q are notidentical to zero. Fix x € R" and choose R 7 =M, »-1 f(x)/Mqof(x).
TP
Then

=

Toaf()| < Y (277'R)* QL= )IIf ()ldy

~/B(x72jR)\B(x,2j*1R)
0

SR Moof(x) Y, 2% +RYT M, Mg o fx )i i(o="7)

Jj=—o0 j=1

5 (MQ7%JC(X))%(MQ,Of()C))li,,Oi%. -

In preparation to prove the boundedness of Tg o from LP* to L4H for the case of
u > A, let us prove the following lemma first.

LEMMA 3.2. Let 0 < A,u < n, inequality (3) holds, and Q € L*(S"~') where
s > p' 3. Let identity (2) holds. Then for any z € R" and r > 0,

1 Tovo(F e c20) () S 72 1R sy 1l ®)

Proof. If x € B(z,r), then B¢(z,2r) C B°(x,r)*. Hence, by Holder inequality the
following holds.

QG —x)|

c(er) [y — ]

< Z (Zj_lr)ai

Tao e can)@) < | £O)lay

Qy — d
/N (R IO

_n=A i 'a—u
< Qg [l 32T, ©)

J=1

The summation in inequality (9) converges. Since s > p’, we have the inequality
HQHLp’(Sﬂ—l) ,S ||Q||Ls(sn—1). Thus,

a—n=h
P 1€ s s [1 £l o
1| s (o) 1l iz B3

1 Teo(f 520 laBiery S rar”
I3
4

Now, we are ready to prove the boundedness of Tg o from LP* to L9* for the
caseof u>A.

3For 1 < p < o, we have p’:p’T’l.

“The set B°(x,r) is R"\ B(x,r).
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THEOREM 3.3. Let 0 <A < U < n, inequality (3) holds, and Q € LS(S”_l) where
s > p'. Identity (2) holds if and only if

1Ta.of e < HQHLS(S"’I)”JCHLPJ'

Proof. (<) holds by Theorem 2.1.
(=)For convenience, let || f||,,. = 1. By Holder inequality, for any x € R”

2
Mg%f(x) <@l ;UI())R P f e eer)) < NI g1y (10)
>

Fix B(z,r). Define fi = fxp( 2, and fo = f — fi. Then,

1To.0fllLaBr) < 1Toafillzaeern) + 1 Taf2llLaBer)- (an

By Lemma 3.2, we can handle || T o f2[|z4((z,)) - Now, letus handle ||Tq o f1 || 48z, -
By Theorem 3.1 and inequality (10),

1o fillaen) < 1R 51 | (M) oz (12)

where u = 1 — =25 We note that ug = p(n—p)/(n—A) < p. By Holder inequality
with order p/ug, and by Theorem C.

n n

U

ITeafilliamen S 7 IR Maofillzs

5VTT’HQHLS(SH)||fHZp(B(z2r Sr qHQHU sy 13)

From inequality (11), inequality (13), and Lemma 3.2, we conclude

‘5:

—B
r 0 | Taef @) < 1L Lsse1)- (14)

The theorem is proved by taking supremum over r > 0 and x € R" on both side of
inequality (14). O

REMARK 1. Proposition 1 in [8] is similar to Theorem 3.3. However, Proposition
1 in [8] holds for Q € L*(S"~!) where s > p’. Meanwhile, Theorem 3.3 holds for
Qe LV (s"1). Since L¥(S"') c LP'(§"") for s > p/, Theorem 3.3 is a stronger
version of Proposition 1 in [8].

Let identity (2) and inequality (3) holds. Then, p/qg < (n—A4)/(n—u). As the
consequence, if i > A, we can consider the special case of ¢ < p. In this special case,
the following holds.

n—u n—pg U—A

0< - = —a. (15)
q p p
If 0 < a < u — A, then by inequality (15) and inequality (3),
L Ry et A ety (16)
n—u+a o o

Therefore, Theorem 3.3 validates the following corollary.
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COROLLARY 3.4. Let 0< A <pu<n, 1<q<p,and 1 <p. Let Q€ L*(S"})
where s > p'. If identity (2) holds, and 0 < o < |1 — A, then the operator Tq ¢ is
bounded from LP* 1o LIH .

4. Beyond Adams inequality

In this section, we consider proving the boundedness of Tg , from LP* to L9H
where 1 < A . The condition i < A implies that inequality (3) always has the following
form.

1< p =t
P a
Let identity (2) holds and let us recall the inequality (7),

Toaf (@) S Mg pa f () (Moo f (x))"

where u =1— -2 If yu < A, then ug = p(n—p)/(n—A) > p. Hence, we can’t use
the method in the proof of Theorem 3.3.

The idea to handle this problem is by restricting the Tg o domain into class of
functions such that reverse Holder inequality holds (Subsection 4.1). Another idea is
by reducing the value of u into v such that vg < p (Subsection 4.2 and 4.3). In order
to reduce the value of u, we involve the parameter y > A .

4.1. The A, -condition

A nonnegative measurable function f is said to be in A, if for any ball B C R"

(% /B f(x)dx> (% /B f(x)l—z”dx)p_1 <1,

where |B| is the Lebesgue measure of B. In this case, we have the following reverse
Holder inequality.

THEOREM D. [4, Theorem 7.4.] If f € A,, then there exist €* > 0, such that for
any small 0 < € < €*, and any ball B C R"

(151 fprtea) " (i1 7o)

A—n
Let g(x) = |x| 7 , then g € LP* and |g|’ € A,. From this fact, the following
makes sense.

THEOREM 4.1. Let 0 <A <n, 1 <p< ";A, and Q € L*(S"') where s > p'.

If | f|? € Ap, then there exist 0 < 1 < A such that identity (2) holds and

1Tacuf o S 1€ s (g1 1F 1l -
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Proof. Fix p, A and . Since |f|” € A,, by Theorem D. there exist 0 < u < A
such that

A—u

n—A

<¢g*

and for any ball B C R”

(ﬁ/lgv(x)p(l%)dx) v S (%/Bf(xﬂpdx)- a7

For any be choosen u, we can always find g such that identity (2) holds due to

n—A»A o
< ————<
pln—u) n—u
Let [|f|l,p» =1 and fix B(z,r). Define fi = fxp( 2, and fo = f— fi. Since
1o, ¢ 1s a linear operator, then

| Ta.ofllLaBr) < 1Taafilliaeern) + 1 Taaf2llLaser)- (18)

By Lemma 3.2, we can handle [|Tq o.f2 | 4(8(z,r)) -
Let us handle the first term of the right hand side of inequality (18). By the point-
wise estimation from inequality (7) and inequality (10),

1To,afillgen) < ||Q||;;—(§'n*1) [(Ma,0/0)" | a(B(z.r))»

o
n

where u =1— T’}L . We note that qu = p(1 + €). By Theorem C. and inequality (17),

q

Taafilenn 5 1920y ([ 1O 0ay)

B(z,2r)

I+e

Sl (70D [ ropay)
~ ( ) B(z,2r)

un

n_ Au K
<A Qe = 77 19, (19)

Finally, we conclude our proof by inequality (18), inequality (19), and Lemma 3.2. [J

4.2. The simple function

We define a class of special simple functions as follows.

DEFINITION 1. Let K € N. The set .#X contains any functions f that can be
written as

K
f=2cixs
=1

where c; is a positive constant, and B; = B(x;,r;).
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Forany f € .7, we can find D > 1 such that max;{r;} < Dmin;{r;}.

DEFINITION 2. Let D > 1. The set .#X contains any functions f € X such
that max;{r;} < Dmin;{r;}.

Let’s start the discussion by investigating the case of K = 1.

LEMMA 4.2. Let B=B(xp,1p). Let 1 <p < ";’1 and Q € L*(S"1) where s >
p'. If identity (2) holds, then

17008l Lan S 1€ s (o) 1 281 - (20)

Proof. For u > A, inequality (20) holds by Theorem 3.3.
For u < A. Since identity (2) holds, we can choose p* = p(n—u)/(n—21) > p

such that
n—u :n—u_a

q 8
We also have s > p’ > (p*)’. Hence, by Theorem 3.3

1To,exsllLon S (19l Lssn1) X8 o 21
We also note that .
[ Y n—A

HXB”LPW N rbp = ’"hp S HXBHU’JL' (22)

As the consequence of inequality (21) and inequality (22), inequality (20) holds. [J

Let us continue the discussion by investigating the case of K > 1. We recall the
inequality (7) as
Ta.of ()] < (Mg e f ()" (Moo f (x))"

where u = 1 — -2 If identity (2) holds and yt < A, then ug = p(n—p)/(n—21) > p.
Hence, we can’t use Holder inequality as in the proof of Theorem 3.3. For that reason,
we reduce the value of u into v=1-— n‘% where ¥ > A such that vg < p. Suppose

p <=L, by Theorem 3.1

1—v

Toaf ()] S (Maof ()" (Mg 2 f() 23)

At this moment, we need to estimate M, »—y f as in the following lemma.
5

LEMMA 4.3. Let x € B(z,r), f € FX, d=min{min;{r;},r} and y> 1. If
Qe L*(S" ") where s > p', then

Ay
Mg -t (f23(0n) () S KA T Qllsgsn) [l 2 (24)
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Proof. By Holder inequality,

==

Mg vy (fxB2r) () S IIQIIL-r(sn—n>;uro>(gx(R)) (25)
4 >

where

=k [ O 0y

We use the following obvious observation. Let J € N, @; > 0 for any i, and b > 1,

then
17 7 7 b
S B
=1 i=1 i=1

Since f € .7 by inequality (26)

K
_ RV /
B(x,R) Jfl

Z CjXB;NB(z.2r) )
K
<KP Z R—V/

p
dy

)CJXB_/QB(z,Zr) ) ‘p dy

j=1 B(xj,R)
X p
< K? 2 Suptiy/ ‘CjXBjﬁB(er) (y)‘ dy' 27)
j=11>0 B(xj.1)

Since the value inside the supremum in inequality (27) is increasing for 7 € (0, min{r;,r})
and decreasing for ¢ > 2r, then

K
, p
g(R) < K" sup 1 V/B( ) ‘CjXBjﬁB(er)(y)‘ dy

j=lmin{r; r}<r<2r s
P

K
<KP  sup t"’/ > cix ()| dy
d<t<2rxeRn? (x1) j=1
< Kpdl ’y”fHLpl (28)

By inequality (28) and (25), we obtain inequality (24). O

We need the following lemma to deal with the term d in Lemma 4.3.

LEMMA 4.4. Suppose [ € F}y. Then

A A
|7 0is(otc2 < KD min{r;} 5 ]
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Proof. Since f € 7K, we have max;{r;} < Dmin;{r;}. By inequality (26)
mwzy<ﬂz/ e, )7y

<K Xy [ s 0
j=1 i

K
<D7“mjin{rj}Asz sup ¢+ /B( ., lcjxm; (v)|Pdy

j=11>0xeR”

il

P
< D* min{r;}*K? sup t_l/
J ' (x

t>0,xeR”

K
> cjxs; ()
t) j=1

<D mm{r,}*K”HfH (29)

LA
Raising by the power of 1/p for both side of inequality (29), we conclude the proof. ]

THEOREM 4.5. Let O < u <A <y<n,

SN I NS LLE ) 0
(Y= u)(@) Yo
y=1- "L 7 and Q € L (") where s > p'. If identity (2) holds and f € FK, then

VA
1To.0f o S KD P (|8 s sn-1) [ f [l -

Proof. Since 0 < u <A <7, then (A —pu)/(y—u) < A/y. Hence the existence
of parameter p in inequality (30) is confirmed. Moreover, by the first inequality in (30)
and identity (2), we note that

aly—u) A-u ( a 1 1) (n—p)
0 — = — _— — | = — . 31
<y p (n—p) ey 71 o (p—vq). (1)

Hence, vg < p.
Let [|f|l;p» =1 and fix B(z,r). Define fi = fxp(.2 and fo = f— fi. Since
Tq,q s a linear operator, then

1To.0f L) < 1Taafillzaeern) + 1 Toaf2llLa@er)- (32)

By Lemma 3.2, we can handle ||Tq of2(|z4(8(z,r) -
Now, let us handle the |7 afillze(s(r))- By inequality (23), Lemma 4.3, the
following is true.

A v
1 To.afillope) SK'd ||Q||La -1y | (Moo /)"l Laa(z.n)-
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By Holder inequality with order p/vq, and Theorem C,

1—v A=pd-v) n_mw v
1To.afillLamer <K 'd 7 ri 7 |Q o1 11 (32 (33)
Since D > 1, If d = r, inequality (33) become

A=NU-v) n_w Au

A
1To,afillia@ery SKDPr 7 ra rre Qe

vA
<KD7 e Qs 1)- (34)

By the second inequality in (30) we note that

n—y p p n=Y

(A —7yo _'_& _ A Yo (35)

If d # r, by Lemma 4.4 and inequality (35), the following follows from inequality (33).

vA G-y dv n_m
|To.afillaBn) <KD? mjm{rj} T ||Q fyenny

vA |
g KDvrra ||Q||Ls(snfl)~ (36)

By inequality (32), inequality (34), inequality (36), and Lemma 3.2, the theorem is
proved. [

Apart from being dependent on K and D, the boundedness properties in Theorem
4.5 is independent of the function value.

4.3. The radial function and local Morrey spaces

If f is a radial function on R” (with f(x) = fo(]x])), then we have the following
elementary observation for r < |x| (see [5, Lemma 1.1.]).

1 [x|+r
L roldy et [T g (7
B(xr) el—r

X|—

In this section, we prove the boundedness of Tq , on local Morrey spaces. Let us
estimate operator Tg 4 as in inequality (23). Now, we need to estimate Mg, ny f for
5

radial functions f as follows.

LEMMA 4.6. Let x € B(0,r)\ {0}. If Q€ L*(S"" 1) where s> p/, A <y<n-—1
and f be radial function, then

Aoy
P

Y
Mo 2 f3) S 19 s 7 1 o
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Proof. By Holder inequality,

1
Mg n—vf(x) S IIQIIL-r(sn—1>;uI(>)(hx(R)) p (38)
>

J2
=R / y)[Pdy.

For R > I)zc—l,wehave |x| < |x|+R <R and

where

WR SR [ Oy < M 39

For R < |’2€—| , by inequality (37), the value of /,(R) is bounded by

3| 3| 3|

R[S pOPa < [ @ra s [ o
o /B(O,z\x\)| FONy S D (40)

By inequality (39), inequality (40), and inequality (38), the lemma is valid. [J

Acquiring the estimation of M, »-x f, let us prove the following theorem.
Tp

THEOREM 4.7. Let 0 <pu <A <y<n-—1,

n(A—p)(n—7y) n—y
max{l’(nk—uuw—unxa)} SPETe @b

and Q € L*(S"~') where s > p'. If identity (2) holds and f is a radial function, then

1Toaf Il < 120551120

Proof. As the consequence of A < v, we obtain

n(A —p) <nA—pA+py—np <n(y—p). (42)

The first inequality in (42) confirms the existence of parameter p in inequality (41) and
the second inequality in (42) gives us

A-—p)n-y)
p>—r—
(y—u)(a)
Letv=1— %. By inequality (31), it is confirmed that vg < p.
Let || fll;pa() =1, and fix B(O,r). We define the function fi = fxp(0.,) and
fa=f—/fi. Then

| Ta.af a0, < 1 Ta.efillao.r) + 1 Ta.afallLaso,)- 43)
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Let us handle ||7q,a.f1|49(8(0,)) first. By inequality (23), Lemma 4.6,
G YS!
I T.0f1 | a(B(0,r) HQHD o1y ||[(Maofi(-)'[- |7 :
L4(B(0,r))
Lett = By Holder inequality with order p/vq =1t', and Theorem C
1
q
ITeefillaao.0) < 1905501y 11l : (44)
L(B(0,r))
By the first inequality in (41),
— (1 — — — —
(A =7 V)qH—n: npq ((nl PA+py—nu)o A u) 5 0.
p (p—qv)(n—n) n(n—7y) p
Hence,
1
H TR (/ R an-ly, )q < SEEY L 4s)

By inequality (45) and inequality (44),

A=va  n_nw
HTQ,aleLq(B(o,r Sroer i ”Q”U sn=1) 1 A1llZ \”HQHLS(SH)~ (46)

Now, we treat ||To.of2 a0, If x € B(0,r) then B°(0,2r) C B°(x,r) and
B(x,2/r) C B(0,2/*1r). By Holder inequality,

Q0 — )|

T < Lk 24 |

Toafalr) /Bfw) [y =l

<3
J=1
< - j—1 Otfn/ _

<2 @) BmyﬂJg@ [ ()ldy

j=1
S” 1 2

Since the summation in inequality (47) converges,

[f(v)ldy

Qy— d
/N R I

<

(47)

u
1To,afallaso.)) < 77N Ls(sn1y (48)

By inequality (46) and inequality (48), Theorem 4.7 is verified. [J
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