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ON THE CONCENTRATION OF A FUNCTION
AND ITS LAGUERRE-BESSEL TRANSFORM

SELMA NEGZAOUI* AND SAMI REBHI

(Communicated by I. Peric)

Abstract. This paper deals with uncertainty principle related to Laguerre-Bessel transform in-
voking smallness of the support. In particular, we obtain a Benedichs-Amrein-Berthier type
theorem related to Laguerre-Bessel transform. As a consequence, we get a global uncertainty
inequality and a Heisenberg uncertainty inequality for Laguerre-Bessel transform. Furthermore,
invoking essential support, we prove analogous of Donoho-Stark theorem in L!(K) and L?(K),
where K = [0, +o0) X [0,4-c0).

1. Introduction

Several works have been interested in the uncertainty principle in different occur-
rences. The most known is due to Heisenberg [11] in 1927. His famous inequality,
appearing in Weyl paper [16] who credits to Pauli, states as follows

(/Rx2|f(x)2dx) (/R(§2|f(§)|2d§> > % (/R f(X)|2dx>2,

In quantum mechanics, this means that we cannot simultaneously and precisely localize
the values of the position and the momentum of a particle. Its equivalent in signal
theory deals with time frequency localization. It tells us about the loss of the precision
of frequency of a signal observed for a finite period of time.

Another approach of this physical idea is to consider the concentration measured
with smallness of the support: Benedicks [2], Amrein and Berthier [1] proved the cor-
responding result for classical Fourier transform which states that for finite supports
S and X, any function f € L?>(R) vanishes as soon as f is supported in S and f is
supported in X.

Recently, Ghobber S. and Jaming Ph. have given a generalization of this result for
Bessel transform in [9] and for an integral operator with a bounded kernel and defined
on the Euclidean space R verifying Plancherel formula in [7].

A quantitative version of the uncertainty principle was given by Donoho and Stark
[5] when they have replaced the exact support by the essential support. Note that a
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measurable subset S is considered as the essential support of f if f is €-concentrated
onS.ie

(o rPax) =l =xsfle < el
RIS

where g is the characteristic function of the set E.
When € =0, S is the exact support of f.

Donoho and Stark’s theorem states that if Ji of unit L, norm is &7 -concentrated
on a measurable set 7" and its Fourier transform f is &y -concentrated on a measurable
set W, then

WIIT| > (1—er —ew)*.

Here |T| is the Lebesgue measure of the set 7. A generalization of this theorem has
been proven in other settings, one can cite [3, 4, 14, 15].

In this paper, we extend a Benedicks-Amrein-Berthier theorem and a Donoho-
Stark theorem for Laguerre-Bessel transform denoted .%;p. It is already known that
Fourier Bessel or Hankel transform is obtained by considering Fourier transform of
radial functions on Euclidean group. Its analogue for Heisenberg group is the Laguerre
transform %y . (One can see [6] for more details). %y p is a compound of these two
transforms (cf. [12]). It is related to the Laguerre-Bessel system of partial differential
operators given by, for all (x,7) € K = [0,+e0) x [0,+e0) and o >0,

22 2ad
D
F L
o+
D, = + 4D
ox2 x  ox

Equipped with the convolution %, K has the structure of a hypergroup in the sense of
Jewett [ 13] with the involution the identity and the Haar measure defined by

x2a+1t2a
d 1) = dxdt. 1
Hel ) = F G Dar )™ )

The translation operator, given by

(O(xs) *a O(y5)) (f) = Tt f (0,5) (2)

has the integral form : for o¢ =0,

T f(v,s) 2/ (V/x2+y2 +2xycos 0, (—1)t + (—1) s+ xysin 0) d6
1/ 0

and, for o« > 0,

l
5 =7)2 ! (B0 685 (X, xysin 0)ave (v 0)

where

Ag(x,y) = VX2 +y2 +2xyrcos® , X =Ayl(1,s)
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and
dve(E,v,0) = (sin&)2* ! (siny)>* L (sin 0)**dE dy db. (3)

The convolution product of two functions is given by

(f*ag)(x.1) / S (05)8(y,8) de (y, s). 4)

The outline of the content of the paper is given as follows :
Section 2 is devoted to give some useful relations about the Fourier Laguerre Bessel
transform .%rp. In section 3, we consider two orthogonal projections Pr and Py ;
we prove analogous of Benedicks-Amrein-Berthier theorem for the Laguerre-Bessel
transform. Consequently we show that: for 7 C K, W C K a pair of measurable
subsets of finite measure, there exists a constant C(T, W) such that for all f € L*(K),

118 e < €T W) (I 2

2 2
2 e 1 7 1w B g, )

We say that the pair (7,W) is strongly annihilating. The analog of Donoho-Stark’s
theorems in L?(KK) and L!(K) are given in section 4.

2. Preliminaries

We denote K = [0, +0) x N. For (A,m) € K, the initial problem

Diu=—Au,
Dyu = —ala|m+ 21,
1(0,0)= 1, 2%0,0) = 20,0y = 0
dx Jr
has a unique solution ¢, ,, given by
V) €K, @unnt) = o1 (ALY (A), (5)

N

where j, is the spherical Bessel function given by

Ja(x) =T(a+1) f (—DFE)*

ST (o +k+1) ©

and .,2”,5,‘1) is the Laguerre function defined on R by

s L (x)

(@)
Ln ' (x)=e 2 a0’

(7)

where LY is the Laguerre polynomial of degree m and order .
0y, 1s called Laguerre-Bessel kernel and verfies the following property

V(A,m) eRxN,  sup [z ,(x,7)]=1. (8)
(x,r)eK
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The Fourier Laguerre Bessel transform of a suitable function is given by

Fipf(h,m) = /K FOE) @ (5.1l (35,1). ©)

From [12], the Fourier Laguerre Bessel transform can be inverted to

Fig fer) = [ FRm) @ (1) dfa(2m) (10

where
7L3°‘+1

diig(A,m) =L3(0)8, ® =————
.uoc( am) m( ) ®220‘_1r(06+%)

(11)

Denote, for 1 < p < 4o, LP(K) = LP(K,dly) the space of measurable functions
f : K — C such that

e = ([ 17 Pae))” <+

and
([ lleo,0 = S;l(p\f(m)\

We introduce L”(K) the space of measurable function g : K — C which checks

1
p
el = ( [ leChmlPaiatam ) <-4

and
gl g = suplg(A,m).
K

The Laguerre-Bessel transform is well defined on L' (K) and verifies

|- ZLBS oo iy < IS0 - 12)

Furthermore it can be extended to an isometric isomorphism checking the following
Plancherel formula (cf. [12])

|- Z18f 200 = 1 £112,10- (13)

Throughout all this paper, we consider for T € K and W C K two measurable
subsets. We define the orthogonal projections on L?>(K) Pr and Py by

Prf=yxrf and  Pyf=Z5 (xwZisf),

where Y7 and yw are the characteristic functions of 7 and W.
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3. Weak and strong annihilating pairs

In this paragraph, we proceed in a similar way as in [1] and [7] to prove that if T C
K and W C K are two measurable subsets such that {1y (T) < +o0 and flo (W) < +oo
then the pair (T,W) is weakly annihilating. This means that we can not find a nonzero
function supported on 7 and its Fourier Laguerre Bessel transform supported on W'.
As a consequence, we deduce that (7,W) is strong annihilating pair. In other words
there exists a constant C as follows :

171 < ST W) (117

2 2
2 e 1 7 1w B g,)
With respect to the homogenous measure on K, we introduce the dilated of (x,7) in K

by &,(x,) = (rx,r*t) and the dilated of (A,m) in K by &/(A,m) = (rPA,m).
If we denote f,(x,1) = r~©*t4) £(§, (x,7)) then we have

/ Folt )bt (1) = / £l 1) dpt (x,) (14)
K K

Consider D, f = r~3%+2) £(§, (x,1)). By a change of variables, we get

~1=

F18Drf =D\ F1p f, (15)

where

Df(A,m) = r~C%F2 (81 (A, m)). (16)

LEMMA 1. Let T C K and W C K be two measurable subsets with finite measure
i.e. Ug(T) < +oo and fig (W) < +oo. Then the Hilbert-Schmidt norm of Py Pr is finite
and we have

1w Prllzzs < Ha(T) o (W) (17)
Proof. From relation (10),

B Prf () = [ s (hm) ZuaPrf (m) g (1) dfla (2. m).
Denote
g(x’,t’)(zﬂm) = XW(A’am) (P7L7m(x/7t/)
and
Y, x,t) = xr(X,1) ﬁL}Ig(x/J/)(xJ).

By Fubini’s theorem, we have

Py Prf(x1) = /K PO ) dpta (4 1).
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Y is called the kernel of the integral operator Py Pr and the Hilbert Schmidt norm of
this operator is given by

2 2
| PwPrlgs = H‘PHLz(K)@Lz(K)-
Furthermore,

nqﬂﬁqKWMqK)=04;xT@2ﬂn2(/Lzgzgg&quﬁnzduaaﬁy)dua@xﬂy

From Plancherel formula, we obtain

Frerzi = |, (100 R onm . Paia(im) ) el )
< Po(T) fra(W).
Which gives the wanted result. [

LEMMA 2. Let f be a function in L*(K) with finite support. Then {D; f} -0
the dilates of f, are linearly independent.

REMARK 1. Lemma 3.4 in [7] does’nt allow us to deduce Lemma 2 since the
delated of (x,7) in K has not the same form as in the Euclidean case. Nevertheless, we
give here an interesting proof which could be used while considering the case of several
variables.

Proof. Assume that we have a vanishing linear combinations of dilates of f

Y, oifi(x,t) =0

finite

We denote f3; = ociri_(a+2) and () = fo(5;,0) then

ZM%FO

finite
Applying the Euclidean Fourier we get
2 ﬁirifg(rix) = O

finite

Since g € L'(R) then .#g € Cy. Invoking [9, lemma 2.1], one can see that .% g has
linearly independent dilates. Therefore f8; = 0 so that o; = 0, which proves that f; are
linearly independent. [J

Now, we are able to announce analogous of Benedicks-Amrein-Berthier theorem
for the Laguerre-Bessel transform.

THEOREM 1. Let f € L*(K), T C K and W C K be two measurable subsets. If
supp(f) CT, supp(FLf) CW and Ug(T), flg(W) < +eo then f=0.
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Proof. Assume that there exists a function fy # 0 such as supp(fy) = Ty and
Wo = supp(Z1pfo) have both finite measure i.e 0 < g (7o), fla(Wo) < -oo.
Let T (resp W, ) be a measurable subset of K (resp K) of finite measure 0 < Ua(Ty) <
+oo (resp 0 < flg(W)) < +o0) such that Ty C Ty (resp Wo C Wy).
We have, for r > 0,

2
Ha(T1 U6 To) = | x5 — X1 1200+ < X6.100 X1 > 11 -

The function : r — Uy (T} U 6,Tp) is continuous on (0,+o0). The same holds for
s r— (1, (W) U8/ Wp) . This allows us to build an infinite sequence of distinct numbers
(ri)7y C (0,4-e0) with rg = 1, as follows

Mo (T) < 2Ua(To) and Qo (W) < 2f1(Wo),

+oo oo
where T = J 8,Ty and W = | ] 87 Wj.
i=0 i=0 "1

Let f; = Dy, fo, then supp(fi) = 8, Ty C T. Relation (15) allows us to see that
supp(Fpf;) = 8 Wo C W. Consequently, Lemma 2 implies that dim(Im(Pr) N Im(Py))

= oo which contrad1cts Lemma 1 since

dim(Im(Pr) N Im(Pw)) = ||Pr 0P ll3zs < ||Pr Pwlljs-

This proves Theorem 1. [

THEOREM 2. Let T C K, W C K be a pair of measurable subsets of finite mea-
sures U (T), o (W) < +eo. Then there exists a constant C(T,W) such that, for all
fe*(K),

118 < T W) (I

3o+ | Zn 2w B, ) - (18)

Proof. Since |@; ,(x,1)| <1 then the .#1p of a function with finite support is
bounded. Therefore, we find similarly as in [7, Corollary 3.7] the wanted result. [
Now consider the homogeneous norm on K defined, for all (x,7) € K, by

(o)l = (o + 4% (19)
and the quasinorm, defined on K by

1
(Gl =41l m+ E=). 20)

We can deduce the following Heisenberg type enequality :

COROLLARY 1. Let s, B > 0. Then

N\‘m

vieLMK), | IGnlkf “jfa 1(A,m)| 2 7 BfHﬁ*,fa CllflZp,, @D

where C is a constant which depends on s, 3 and o.
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Proof. Applying Theorem 2 on unitary balls in K and K for the function D, f,
we get

15113 e <€ (1D 05113

Therefore, from relation (15), we have

e T FLBDr f B¢ 13, ua>

B
101 By < € (1) Dt B, + 1) £y s 25115, )

B
C{ Gen)i Drf113 g + 11(A,m) 2Dy LBfII%,,:la)-

Which implies

B
1713, <C (rzfn )13 e+ P11 () Hgfmfniﬁa) .

By optimizing in r > 0, we obtain the desired result. [J
Remark that, for s = , we get the same inequality established by S. Hamam and L.
Kamoun using heat functions in [10].

4. Donoho-Stark theorem for Laguerre-Bessel transform

4.1. I?*-version of Donoho-Stark theorem

In this section we will extend the Donoho-Stark uncertainty principle to the
Laguerre-Bessel transform in the space L?>(K). We say that f is er -concentrated on a
set T if and only if

If = Prfllap, <er (22)

We say also that f is &y -bandlimited or .#1pf is &y -concentrated on a set W if and
only if

o < EW (23)
The operator Pr is bounded from L”(K), 1 < p < oo into it self and we have
1Prfllpe < fllpser [ € L7 (K). (24)
The same result holds for Py and we have
1P Nl popter S N lpopias € L7 (K) (25)

THEOREM 3. Let T C K, W C K be measurable sets and suppose that | f||2.u, =
= 1. Assume that 672~ + 8‘%, <1, f is er-concentrated on T and Fpf is
ew concentrated on W. Then

2
U (T) e (W) = (1 - \/6%—1—8‘%,) . (26)
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Proof. Since || floue = |-Z18fll2.0, = 1 and € + &}, < 1, the measures of T
and W must both be non-zero. Indeed, if not, then the &7 -concentration of f implies
that ||f —Prfll2.uq = IIf]l2,0, = 1 < €r, which contradicts with &7 < 1, likewise for
Z18(f)-

We have two cases : if Uy (T)fiq,(W) > 1 then, in this case, relation (26) is obvious.
If uo(T)0e(W) < 1 then relations (24) and (25) allow to conclude that

1Pw Prl| = [|PwPrl| 2 )~ 2x) < 1.
Furthermore, from Lemma 1, since ||PyPr|| < ||PwPr||us, we get in this case that
1Pw Prl| = [|PwPrl| 2 )~ 2x) < 1.

According to Lemma 3.1 in [7], we have

VP eK), IR < (=B (12 B, + 1 e fawe B, )
Then by Lemma 1, we obtain
VFEXEK),  IfI3u, < (1= VitaDEW) (1 L)

Therefore if f is er-concentrated on T and .Fypf is ey -concentrated on W then we
get easily relation (26). [

%,pa +||ZLaf xwel

REMARK 2. Theorem 3 improves the analog of Donoho-Stark theorem which
could be stated as

THEOREM 4. Let T C K, W C K be measurable sets and suppose that | f||2,u, =
|-F1Bf |2, = 1. Assume that er +&w < 1, f is er-concentrated on T and Frgf is
ew concentrated on W. Then

Ha(T)a(W) > (1 —er —ew)’.

4.2. L!-version of Donoho-Stark theorem

In the following we shall consider the case of f € L!(K).
As in the L?(K) case, we say that f € L'(K) is &7 -concentrated to T if

1f = Prflliue < erllflliu- @7

Let By, 1(W) denote the subspace of L!'(K) which consists of all g € L!(K) where
Pyg = g. We say that f is &y -bandlimited on W if thereis a g € By,,1 (W) with

If—g 1o (28)

Here we denote by ||Pr||;w the operator norm of

1, ug g SW”f

PT . Bua,l(W) — Ll#a'

We have the following lemma :
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LEMMA 3.
|Pr

IRV Ue(T) Lo, (W). (29)
Proof. Let f € By, 1(W). We can notice that
=705 ewFLsf)
Then by Fubini’s theorem, we get
7050) = L1009 [ 0-2.m0:5)08 500 2) ) )

According to relation (8), we have

1 lloo e < e (WIS

Lo -

Therefore
1P A = [, 17e0) ()
< Ha(T )| fleo. e
< UalT) e (W) £t -
Thus

Prfl,
IPrlliw= " sup w

S Ua(T)fg(W). O
fGBpa,l(W) ”f

LUo

THEOREM 5. Let T C K, W C K be measurable sets and f € L'(K). If f is
er -concentratedto T and ey -bandlimited to W in L' (K) then

. l—er—ew
T wy> ———. 30
Po(T ) e (W) T+ en (30)
Proof. Let f € L'(K), we have
1Prfllvpe 2 1 Mo = 1 = Prfll g

Since f is er-concentrated on T then

1Prfllpe = (1—er)llf

Moreover, f is &y -bandlimited, there is a g € B, 1 (W) with

Lle

llg— Flliue < &wllfll1ue-

Therefore, it follows that

Lo 2 1Prfllpe = 1Pr(g = F)ll1 e
> (L—er —ew)|fll1uq

|Prg
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and

lelse < Ifl11ue + 118 = fll1 o

(L4 &w )|/ 1|1 -

Consequently,
I1Prellip, - 1—er—ew

8111 T ltew
which implies that
‘ 1— ET — Ew
1+ew

Using Lemma 3 we obtain the L'-version of Donoho-Stark’s theorem for Laguerre-
Bessel transform. [
4.3. An uncertainty principle for L! (K) N L?(K)

Notice that the L' N L*-version of Donoho-Stark uncertainty principle was first
proved in [8]. In this paper we give similarly the result : L!'(K) N L*(K)-version of
Donoho-Stark theorem for Laguerre-Bessel transform.

THEOREM 6. Let f € L'(K)NL*(K). If [ is er-concentrated to T in L'(K)
and Frp(f) is &w -concentrated to W in L*(K) then

o (T)fla(W) = (1—er)*(1—ew)*. 31)

Proof. Assume that g (T) < oo and Uy (W) < oo.
Let f € L'(K)NL*(K). Since Z15(f) is &w -concentrated to W in L?(KK) then

1

ew || f1l2
ewll f

Using relation (12), we obtain

2 2+ ([ | Zua0) )Pl

20 TV Ho (W HJLBf”oopa

<
<

(1= &)l fll2pe < A/ Ha W11t (32)

On the other hand, since f is &7 -concentrated to T in L' (K) we get

I1f

1t <STHle,ua+/T\f(/l)\dua(7t)
Then, from Cauchy-Schwartz inequality, we get

(I—er)lfl, Mo SV Uo(T)|| f1l2 2, U - (33)

Combining (32) and (33) we obtain the result of this theorem. [
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suggestions.
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