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QUANTITATIVE WEIGHTED L” BOUNDS
FOR THE MARCINKIEWICZ INTEGRAL

GUOEN HU AND MENG QU *

(Communicated by Ivan Peric¢)

Abstract. Let Q be homogeneous of degree zero, have mean value zero and integrable on the

unit sphere, and Uq be the higher-dimensional Marcinkiewicz integral associated with Q. In

this paper, the authors proved that if Q € L9(S"~1) for some g € (1, o], then for p € (¢’, =)
max{ 1, —L }max{1, i }

and w € A,(R"), the bound of g on LP(R", w) is less than C[w], /12 = =

prla

1. Introduction

We will work on R", n > 2. Let M be the Hardy-Littlewood maximal operator,
and A,(R") (p € (1,0)) be the weight function class of Muckenhoupt, that is,

Ap(R") = {w is nonnegative and locally integrable in R" : [w]s, < oo}
(see [12, Chapter 9] for the properties of A p(Rn) ), where and in what follows,

1
I

b = ) o [ )

which is called the A, constant of w. In the remarkable work, Buckley [4] proved that
if pe(1,) and w € A,(R"), then

1

IMfller @) Snp IR 1A o n, - (1.1)

Moreover, the estimate (1.1) is sharp since the exponent 1/(p — 1) can not be replaced
by a smaller one. Since then, the sharp dependence of the weighted estimates of sin-
gular integral operators in terms of the A,(IR") constant has been considered by many
authors. Petermichl [22, 23] solved this question for Hilbert transform and Riesz trans-
form. Hytonen [13] proved that for a Calderén-Zygmund operator 7 and w € A, (R"),

T fllz2 gy S DWlas 1l z2 g ) - (1.2)
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This solved the so-called A, conjecture. Lerner [17, 18] gave two simple proofs of the
A, conjecture by controlling the Calderén-Zygmund operator using sparse operators.

Recently, considerable attention has been paid to the weighted bounds for rough
singular integral operators. Hytonen, Roncal and Tapiola [16] considered the weighted
bounds of rough homogeneous singular integral operators defined by

Q) e y)dy = i H) / Q(y)

Tof(x) =p flx—y)dy,

e [y e<i—y|<k [y["

where Q is homogeneous of degree zero, integrable on the unit sphere $"~! and has
mean value zero. For w € U,~1A,(R"), [u]a. is the A. constant of u, defined by

oo

= s 2 [tz
QCRd u(

see [28]. By a quantitative weighted estimate for the Calderén-Zygmund operators
satisfying a Dini-condition, approximation to the identity and interpolation with change
of measures, Hytonen, Roncal and Tapiola (see Theorem 1.4 in [16]) proved that

THEOREM 1.1. Let Q be homogeneous of degree zero, have mean value zero on
SV and Q € L*(S""). Then for p € (1,) and w € A,(R"),

1T f e @, w) S 19 =1y {w}ta, W)a, [ fllr e, w) (1.3)

where and in the following, for p € (1, o),
1 i, L 1
{wha, = Wiy max{{wli_, [w "]} },
and

(W)a, = max{[w]a_, ' "]a_}.

Conde-Alonso, Culiuc, Di Plinio and Ou [6] proved that for bounded function f and
g,and p € (1,),

Taf W@ < p'sup 3. (Ifhollshe.lCl (1.4)

S Qe

where the supremum is taken over all sparse family of cubes (see definition in Sec-
tion 2), (|f|)o denotes the mean value of |f| on Q, and for r € (0,e0), (|f|)o.r =

«lf |’>Q)1/ ". By (1.4) Conde-Alonso et al recovered the conclusion in Theorem 1.1.
By some new estimates for sparse operators, Li, Pérez, Rivera-Rios and Roncal [21]
improved the estimate (1.3) proved that for p € (1, o) and w € A,(R"),

. -5
1T llr @, wy S €2l =(sn-1) {wha, min{[w]ac, w TP las I f e )
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Now we consider the Marcinkiewicz integral operator. For n > 2, let  be homo-
geneous of degree zero, integrable and have mean value zero on the unit sphere S"!.
Define the Marcinkiewicz integral operator o by

pa()e) = ([ 1o %) "

where

2629) fyay

for f € S (R"). Stein [24] proved that if Q € Lipy(S”_l) with y € (0, 1], then g
is bounded on L?(R") for p € (1,2]. Benedek, Calderén and Panzone [3] showed
that the L”(R") boundedness (p € (1,)) of ug holds true under the condition that
Qe C'($"1). Walsh [26] proved that for each p € (1, %), Q €
L(InL)"/"(InInL)2(1-2/7)(§7=1) is a sufficient condition such that pg is bounded on
LP(R"), where r = min{p, p'} and p’ = p/(p—1). Ding, Fan and Pan [7] proved
that if Q € H'(S"~!) (the Hardy space on §"~!), then ugq is bounded on L?(R") for
all p € (1,0); Al-Salman et al. [2] proved that Q € L(InL)'/2($"!) is a sufficient
condition such that g is bounded on L?(R") for all p € (1, «). Ding, Fan and Pan
[8] considered the boundedness on weighted LP(R") with A,(R") when Q € LI(S"!)
for some g € (1, «|. For more details about the operator Ug, one can see [1, 3, 7, 9]
and the related references therein.

The purpose of this paper is to establish an analogue of (1.3) for the Marcinkiewicz
integral operator with kernel Q € L9(S"~!) for some g € (1, eo]. We remark that in this
paper, we are very much motivated by [16] and some ideas from Lerner’s recent paper
[18]. For p,r € (1,00) and w € A,(R"), set

Fo,f(x) = /

R R

l,
s

{W}Ap,r;.\' = [W}A% max{[ } %)‘F, [Wl,p/}jm},

where and in what follows, (1 — %)JF =max{l -1 0} It is obvious that {w}a, p:1 =

{w}a, - Moreover, by the fact that

lae < Wy ' P Tae <P la, = IR T
we know that
max{l, }
(W)Ap < [W]AP p=T (1.5)

and
(1.6)

Our main result can be stated as follows.

THEOREM 1.2. Let Q be homogeneous of degree zero, have mean value zero on
S and Q € L1(S" 1) for some q € (1,]. Let p € (q', %) and w € A,y (R"). Then
() ler@ew) S 1Rl a1y iwha, g p2W)a,  1F e s -

r/d
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In particular (by (1.5) and (1.6)),

max{ % , ﬁ }+max{1

q }
o7
Ay PN S e e w) -

H.LLQ(f)HLI’(R",w) S ”QHLq(Sﬂ—l)[W}

REMARK 1.3. For € [1,2] and j € Z, set

; 1 Q
Ktj(x) = E%X{2j1t<xgzjt}(x). (17)
Let
~ 2 2 \1/2
Uo(f)(x) = Fif(x,t)| dt , (1.8)
a0 = (| 3 IR0
with

Fif(en)= [ Ka=re)dy

A trivial computation shows that
to(f)(x) = ta(f)(x)- (1.9)

REMARK 1.4. To prove Theorem 1.2, we will employ the scheme used in [16],
that is, approximating the operator [lg defined in (1.8) by certain operators { [}, }; with
smooth kernels, establishing the quantitative weighted bounds for {ﬁé}l and then using
interpolation with change of measures. An ingredient in the procedure of establishing
the refined weighted bounds for {ﬁé}l is a new grand maximal operator, which is a
variant of the grand maximal operator introduced by Lerner [18] and that is suitable for
square functions.

We make some conventions. In what follows, C always denotes a positive constant that
is independent of the main parameters involved but whose value may differ from line
to line. We use the symbol A < B to denote that there exists a positive constant C such
that A < CB. Foraset E C R", yg denotes its characteristic function.

2. Proof of Theorem 1.2
Recall that the standard dyadic grid in R" consists of all cubes of the form
2750, 1)+ j), ke Z, j€Z".

Denote the standard grid by Z.

As usual, by a general dyadic grid &, we mean a collection of cubes with the
following properties: (i) for any cube Q € 2, its side length ¢(Q) is of the form 2F
for some k € Z; (ii) for any cubes Q;, 0> € Z, 01N Oz € {01, 02, 0}; (iii) for each
k € 7, the cubes of side length 2% form a partition of R”.
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Let n € (0,1) and . be a family of cubes. We say that . is 1 -sparse, if for
each fixed Q € ., there exists a measurable subset Ey C Q, such that |[Eg| > 1|Q|
and {Ep} are pairwise disjoint. Associated with the sparse family . and r € (0, eo),
we define the sparse operator /7, by

510 ={ 3 (o) zetw} "

Qe

We use o7 to denote 7L, .
The following result was proved by Hytonen and Lacey [14], see also Hytonen
and Li [15].

LEMMA 2.1. Let p € (1,%) and r € (0,00), w € A,(R"). Then for a sparse
Sfamily ¥ C @ with 9 a dyadic grid,

- L (%_L) o1
175 Fli @y S 017, (1L 7 + 00 P12 ) 1 o -
’

Let Q be homogeneous of degree zero, integrable on §"~! and K,j be defined as
in (1.7). It was proved in [11], if Q € L9(8"~!) for some g € (1, o], then there exists a
constant & € (0, 1) such that for 7 € [1, 2] and & € R"\{0},

K7 ()] S 119l aggo-1y ming1, [276 [~} @.1)

Here and in what follows, for 7 € .%/(R"), T denotes the Fourier transform of h.
Moreover, if [ 1 Q(x')dx’ =0, then

K/ (&)] S 1|1 g1y min{ 1, [27E |} 2.2)

In what follows, we assume that [|Q|| 4(gr-1) = 1.

Let ¢ € C5(R") be a nonnegative function such that [, ¢ (x)dx =1, supp¢ C
{x:|x| <1/4}. For 1 € Z, let ¢;(y) =27"¢(27'y). Tt is easy to verify that for any
c€(0,1),

101(€) — 1| S minf1, [2/E[}. (2.3)
Let

Fif(n) = [ KD 0= 3)f ().

Define the operator [1, by

i =( [ S I nfa)”

JEZ
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By Fourier transform estimates (2.1), (2.2) and (2.3), and Plancherel’s theorem, we
have that for some positive constant 6 depending only on 7,

o (f) = B (N2 ) < /H(Z}sz o) L a2

L2(R")

=[S [ @RI -8 @) P Pagar

JEZ

201
S 27N A1 gy

LEMMA 2.2. Let Q be homogeneous of degree zero and belong to L4(S"1Y) for
some q € (1,], K/ be defined as in (1.7). Then for L€ N, R >0 and y € R" with
vl <R/4,

=21

» q
K * x4+ K/ xd: ;(x ) dx
2 (Lo, 28 (K7 + r-taes) =& 05109 a)

mln{l 2l 2 i }.

<
~ (2kR)/a 2R

Proof. We will employ the idea from [27]. It is obvious that for r € [1,e0),

||¢j*l( +y) - ¢/*l() HL’,(]R”) ,S 2(Zi‘i)n/rmin{1a Zlij‘y‘}

Observe that

sup [k +0y-1(0-42) — K/ +1(0)] < [ K@) or-aery =2 = 0p-sv—2)
te(l,2

with K/(z) = |2[7"[Q(2)[X{2i-2<|zj<2i+2} (2). Thus, by the fact suppK; * oj_1 C{xe
R : 2772 < |x| < 2/%2}, we deduce that

1

. ; 4. \q

D (/ sup sz*(bjfl(x+>’)—[<zj*¢ffl(x)) dx>q
jez N 2R <R e[, 2) .

Y IR e 01 +9) ~ 0Oy S QR min1, 2 2Ly
JEZ:2IA0kR

This completes the proof of Lemma 2.2. [
LEMMA 2.3. Let Q be homogeneous of degree zero and have mean value zero.

Suppose that Q € LI(S"~Y) for some q € (1,]. Then for any | € N, i}, is bounded
from L'Y(R") to LY (R") with bound Cl.
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Proof. The proof is fairly standard. For the sake of self-containedness, we present
the proof here. Our goal is to prove that for any A > 0,

[{xeR": FA(NE) > 2} SIS s oy 25)

For each fixed 4 > 0, applying the Calder6n-Zygmund decomposition to |f]| at level
A, we obtain a sequence of cubes {Q;} with disjoint interiors, such that

; /
< — dy <2"A,
and |f(y)| S A fora.e. y e R"\(U;Q;). Set

g() = ) armuig; (v +2 Foxoy
Zb , with bi(y) = (f(v) — (o) xo: ()

By (2.4) and the L*(R") boundedness of [Io, we know that [}, is also bounded on
L?(R") with bound independent of /. Therefore,

[{x eR": fig(9)(x) > /23 S A IR0l 2 ey S A7 IF I rny-

Let Ej = U;4nQ;. It is obvious that |E;| <A1 [ £l () - The proof of (2.5) is now
reduced to prove that

[{x e R\E; : fg(b)(x) > 2/2} S IAHIf 1 gy (2.6)

We now prove (2.6). For each fixed cube Q;, let y; be the center of Q;. For
x,y,z € R", set

Py, 2) = 1KY 9 1(x—y) — K % 051 (x—2)).

A trivial computation involving Minkowski’s inequality and vanishing moment of b;
gives us that for x € R",

1io(b / Z / 7 (v, 3i) |bily )\dy) dt)

JEZ

<x3/ / (80" ) ) 1)y

i jeZ

< 22/ sup S9! (x; v, vi)|bi(y)|dy.
i jez/R"i€[1,2]

On the other hand, we get from Lemma 2.2 that

sup S/ (x;y,yi)dx = / sup S/ (x1y,yi)dx
jE%/R "\Ej t€[1,2] 21;62 24200\ 1nQ; re1,2]

.l
+ / sup S (x; v, yi)dx < 1.
k%leZ 2k+2"Ql\2anQite[1,2] t i
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This in turn yields to that

Lo, B0 < T3 [ ] s G asib)ldy <1 [ 10y

i jeZ "\E), 1€(1,2]

Inequality (2.6) now follows directly. [J

LEMMA 2.4. Let Q be homogeneous of degree zero and have mean value zero.
Suppose that Q € L1(S"~1) for some q € (1,0]. Let ///% be the grand maximal

operator defined by

My f(x) = supsup [ (f xrm 30) (§)]-

03x&eQ

Then ///% is bounded from LY (R") to L9-=(R") with bound ClI.

Proof. Let x € R" and Q C R" be a cube containing x. Denote by By the closed
ball centered at x with radius 2diam Q. Then 3Q C B,. For each £ € Q, we can write

| (f 2k 30) (6] < B (f 2\ 8,) (&) — (S ot ,) ()]
L (f28,\30) ()] + [ (f xR 5,) ()

It is obvious that
86 (fxrm 5, (E) — B (fxrm5,) (x)]

/Z / Rl (x;3,8) ()an\Bx(y)dyﬂzdt)%,

JEZ

where ' ' '
Ry, &) = K %0 j(x—y) — K/ % 91— ;(& — ).

A trivial computation involving Holder’s inequality gives us that

sup Z

re(1,2] jeZ

1

< Rl (x1y,€)|7dy) / 7d
%;( /,{Bx\zk 200 R G )0an) ([, 0N ar)”
S My f(x), (2.7)

[ R (523 €00 250,00

where M, f(x) = {M(|f\ql)(x)}l/q,. For each fixed 7 € [1,2] and j € Z with 2/ ~
diamQ,

‘F;(fXBXBQ)(xv t)‘ < HKtJ * ¢’l—j||L‘1(R”) ||fXBx HLq’(Rn) 5 Mq’f(x)'
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Recall that suppK; * ¢; ; C {x € R" : 2772 < |x| < 272} It then follows that

1
2

" 2
(25,50 = ([ SIFj Um0 0) )

< 3 ([ Uzt ora)’ <M. @9

ji2/~diam Q

To estimate [i§(fxrn\p,)(x), write

_ _ z :
(2 5)(0) < B+ ([ 2 1F Uzm) (e 0) P

JEZ

1
- +/ S IEGam) o)
j:2) <4diam Q
1

S 2 x)+ / > |jl(fXR”\Bx)(x,f)‘2dt>j

j:2/ <4diam Q
—: 25(f) (¥) + Df (x).
For the case of g = o,

K] G- ()| S X" 22 (), £ € [1, 2. 2.9)

On the other hand, if g € (1, =), then we have that

SFP} K/ 01 (x—W)If)]dy S MyMf(x) S My f(x). (2.10)
re[1,2
Therefore,
Df(x) < > sup [ |K ¢y j(x— )| £ (v)ldy
JEZ: d1amQ/4<2/<4d1defe[1 2] /R"
< My f(x). (2.11)

Combining estimates (2.7), (2.8) and (2.11) yields that
My [(6) S My f(x) + o f (x).
The desired boundedness for Q///% , follows from the last inequality and Lemma2.3. [

LEMMA 2.5. Let Q be homogeneous of degree zero and have mean value zero.
Suppose that Q € L1(S"1) for some q € (1, «]. Then for p € (¢', =) and w € A,(R"),

1S Nere,wy S UWha, o 1 e e, w)-
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Proof. First, we claim that for each bounded function f with compact support,
there exists a sparse family of cubes .7, such that for almost everywhere x € R",

[Eh(N@))* S 23Ny x0)- 2.12)

Qe

If we can prove this estimate, then for p € (¢', ) and w € A, /7 (R"), we deduce from
Lemma 2.1 that .

1

B gy S S DN g SHDa 2

We now prove the estimate (2.12). We will employ the ideas of Lerner [17], via
a variant of the grand maximal operator ///% . Let Qo C R" be a cube. We define the

operator ///i‘ L 0, as

ML f(x)= sup
IJQ Qo ( ) 05x,0C0

b

: Ldi;
() 3 1rmaor ),
=3 17(0)
where and in what follows, for a cube Q C R", Jj is the integer such that 2/e~1 <

40(Q) < 2’2, and J}, € Z such that 207" < 16n(Q) <22 Let x € R", Q C Qy such
that x € Q. For each & € Q, write

. 5y
[ S 16 Um0 0P = 73 1 (ra)E 0P

t

j=io j=lg
J Hdt
[0S 1K) 0P
J=T
Applying estimates (2.9) and (2.10), we have that
dt 2
/ S, )60 L5 (My(Fr30,)0)*
=l
Note that for each 7 € [1, 2],
F{ (f130,)(E.1) = Flj(f%3Q0\3Q)(§ 1)

Therefore,

%Eé’Qof(x) Sz Mq’ (fx3Qo)(x) + ///ﬁsl) (fx3Qo)(x)' (2.13)

Let

E = {x€ Q0: B4(f1300) (%) > DI 300,04}
U{XG QO : %I;é)QOf( ) > Dl<|f|>3Q0,q’}7

=
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where D is a positive constant. By Lemma 2.3, Lemma 2.4 and (2.13), we have that

|E| < 2,,%\Qo\ if we choose D large enough. Now on the cube Qpy, we apply the

Calderén-Zygmund decomposition to yg at level 2,,%, and obtain pairwise disjoint

cubes {P;} C Z(Qy), such that
1 1
st |Pil S [N E| < S|P
and |E\ U; Pj| = 0. Observe that ¥; |P;| < %|QO|. Write

16 (F1300) (¥)* 20, (%) = o (F2300) (X) 200\, (%)
2 (=)
X3 ) 0P a0

m=Jpj
2
+2 < /

The facts that |E\ U; P;| = 0 implies that

Jp—1
S 1 (Frs0) (e )P ) 2, (0.

M=—o0

16/ 2300) () 2o0\0,p, (%) S P304 %00 (%)
Since P,NE # 0, we deduce that

2 oo
([ 5, 7m0 )2 5 00 2t

m:Jp/.

< PAfD3gy.q 200 (%)-

On the other hand, it is easy to verify that when 7 € [1, 2], x € P; and m < Jp, — 1,

F"(f2300\3p,) (%, 1) =0,

and

o Tp 1 dt _ 5
([ 3 1o 0P ) e o) < P (o 230, (0) 2, ()

m=—co

Thus, for almost everywhere x € Qy,

(Bo(F1300)(¥))* < CUf D30y 20 () + X ABLF157) ()} 2, (). (2.14)
J

By iterating (2.14), we immediately get that there exists a %— sparse family of cubes
F C 2(Qo) such that for almost everywhere x € Qp,

(T (F2300) () 200 () S 123 (1F1)30. 4 40 () (2.15)

QeF
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We can now conclude the proof of Lemma 2.5. In fact, as in [17], we decompose
R" by cubes {Q;}, such that suppf C 3Q; for each [, and Q;’s have disjoint interiors.
Then for each [, we have a % -sparse family of cubes .%; C Z(Qy), such that for almost
everywhere x € R",

~ 2
(Bo(F130) () 20, (0) ST Y (1 £130,4 2X0(0)-
QE:@[
Let .¥ = U {30 : O € .%;}. Summing over the last inequality yields (2.12). O
REMARK 2.6. Lerner [19] established the sharp weighted bounds for square func-

tions. Let y be an integrable function, have integral zero, and for some constant
ee€(0,1),

VOIS e [ W+ = Wl s i

Let RTM =R"x R, and Ty (x) = {(y, 1) € R ¢ [y—x| < o} Set yi (x) =1 "y (x/1).
Define the square function Sy y by

San(N@ = ([ m f*wﬂzfjfly)%

Lerner [19, Section 4] proved that for p € (1,0), w € A,(R") and o € [1, o),
[Se, y ()l rmn,w) < " sup 1% f |1 (&)

where the supremum is taken over all sparse family of cubes. Thus,

”Sohvl(f)HLP(R’Hw) < Cn.,w,pan{W}Ap,pﬁHf”U’(R'uwy (2.16)

Moreover, this estimate is sharp. Repeating the proof of Lemma 2.5, we can prove the
following result, which is new for the Marcinkiewicz integral.

THEOREM 2.7. Let Q be homogeneous of degree zero and have mean value zero.
Suppose that Q € Lip,, (S"1) for some o € (0, 1]. Then

(1) for bounded function f with compact support, there exists a sparse family of
cubes ., such that for almost everywhere x € R",

Ho(f)(x) < 5 f();
(2) for p € (1,00) and w € A,(R"),
o (O)llzr®e,w) S AWFappe2ll e @e,w)- (2.17)

Note that (2.17) is analogue to (2.16).
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Armed with the preceding results we are in the position to prove Theorem 1.2.

Proof of Theorem 1.2. Without loss of generality, we may assume that ||| ;4(gn-1) =
1. By (2.4), we know that

183 (f) — &

~2l+l

_po!
)HLZ(]R") S2 ” ||fHL2(R")7 (2.18)

and the series .
~ ~nl+1 ~nl
lo=(04 —05)+MHs
=1

converges in the L*(R") operator norm. Let p € (¢/, ) and w € A,y (R), by [2,
Corollary 3.16 and Corollary 3.17], we know that for € = ¢,/(w) A,y With ¢, a con-

stant depending only on n, w!*¢ € A »/d (R,

1+e < 1+e
e, S DL
and . ,
g T 7 L PR P e
Therefore,

1+¢ 1+¢
{w }Ap/q“P;2 S {W}A,,/qupﬁ'
Lemma 2.4 tells us that

||~2l ~2l+l }|LP(R},’7W1+E) 5 21{w1+8}A

/,p;2||fHLp(Rn,w1+5). (2.19)

p/q
On the other hand, by interpolating the estimates (2.18) and (2.19) with w =1, we
know that for some p = p, € (0, 1),

188 () = B& " ()l gy S 272 1 oy (220)

By interpolation with change of measures (see [25]), we deduce from (2.19) and (2.20)
that

~2I ~2/+l In— Lzl
|| HLI’(]R"?V.;) 522 Prie {W}Al,/qr,pﬂ”fHLP(R”,w)'

As in [16], a trivial computation involving the inequality e* > x?/2, now shows that

-2
222 s Y 24+ Y 2l(l+8) S Wa, -

12l<e! [:2l>g—1

We finally get that

1B (@) < IR o +2WWI 1 )| gz

S {W}Ap/th;2( )Ap/q/Hf”U(R",W)'
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This via (1.9) completes the proof of Theorem 1.2. [J
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