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(A,m)-SYMMETRIC COMMUTING TUPLES
OF OPERATORS ON A HILBERT SPACE

MUNEO CHO AND SID AHMED OULD AHMED MAHMOUD

(Communicated by M. S. Moslehian)

Abstract. Let T = (Ty,---,T;) and A be a commuting d -tuple of operators and a positive op-
erator on a complex Hilbert space, respectively. We introduce an (A,m)-symmetric commuting
tuple of operators and characterize the joint approximate point spectrum of (A,m)-symmetric
commuting tuple T. Next we introduce an (A,m)-expansive symmetric commuting tuple of
operators and show basic properties of (A,m)-expansive symmetric commuting tuple.

1. Introduction

Throughout this paper .77 stands for a complex separable Hilbert space with inner
product (- | -) and .Z(.¢) is the Banach algebra of all bounded linear operators on .77 .
L )+ is the cone of positive (semi-definite) operators, i.e.,

LAV ={Ac L(H): (Au|u) >0,V ue A}
For every T € Z(J€), we write 0,(T) and o,,(T) respectively, for the point spec-
trum and the approximate point spectrum of 7.

In 1970, J.W. Helton [11] initiated the study of operators T € .Z () which satisfies
an identity of the following form

Y (1t (’Z) kT, (L)

0<k<m

(See [1,2,4,12, 18]). Let R and S be in Z(s¢). In [15], the authors studied the
operator
C(R,S): L(H) — L ()

defined by C(R,S)(A) = RA —AS. Then
k i k ki
CRS =Y (-1 J(_)RJS /., (1.2)
0<j<k J
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In [15], the authors introduced the class of Hilton operators as follows: an operator
R € () is said to be in the nrh Helton class of S and write R € Helton,(S) if
C(R,S)"=0.

Let A € £ () be a positive operator and let m be a positive integer. An operator
T € £(J) is said an (A,m)-isometry if

3 (1t ('Z) T ATk — 0. (1.3)

0<k<m

If m =1, itis called A-isometry, that is, T is an A-isometry if T*AT = A. The class
of (A, m)-isometries has been introduced by Sid Ahmed and Saddi [16], and studied by
other authors. (See [3, 5, 19]).

In this paper, A will denote a positive operator.

The motivation for the present paper comes from the intensive study for consider-
able literature on tuples of commuting operators on infinite dimensional Hilbert space
J€ (referto [0, 7, 8, 10, 13, 17]). It is natural to look for the higher-dimensional analogs
of (A,m)-symmetric operators.

A commuting d-tuple of operators T = (T1,---,T;) of bounded linear operators on a
Hilbert space 7 is called an m-isometry (also called spherical m-isometry) if
i (m
DINCOE "(k)Q’%(I):O, (1.4)
0<k<m
where
. kY
Or(X)= Y T/XTj; (X ZL(H)) and Q5(I)= Y, T o
1<j<d o=k **

Note that o = (org,---,04) € N |a| = 0 +--- + 0y, T* = Tlal.---.Tda“ and T* =
(Ty,---,Tf). (See [7, 8, 10, 13]).

Recently, the authors [6] have introduced m-symmetric commuting tuple of operators
as follows: a tuple of operators T = (Ty,---,Ty) € L(H)! := L(H) x -+ x L(H)
is said to be an m-symmetric commuting tuple of operators if T satisfies

Y o~k (’Z) (17 +~~~+T;)’”"‘(T1 +~~~+Td)k =0.

0<ks<m

In this paper we are interested to the classes of tuple of commuting operators T =
(Ty,--+,Ty) € L ()¢, which satisfy the following equation

M= Y <_1>mk('”> (Tf 4+ T])" AT 4+ T)) = 0

0<ksm k

(resp. Af(T) < 0). Such operators are called (A,m)-symmetric commuting tuple
(resp. (A, m) -expansive symmetric commuting tuple). We give some basic properties
concerning these classes of operators.
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The outline of the paper is as follows. In Section 2, we investigate various structural
properties of the class of (A, m)-symmetric single operators. In particular, we prove
that the class of (A,m)-symmetric single operator is translation invariant and further
if T is (A,m)-symmetric operator then ¢! is (A,m)-isometric operator for ¢ € R. In
Section 3 and Section 4, we introduce the class of (A,m)-symmetric commuting tuple
of operators. Some of their algebraic and spectral properties are studied. The main
result in Section 4 is Theorem 4.1 which describes the structure of the joint approximate
spectrum of some (A,m)-symmetric commuting tuple. In Section 5, we introduce the
class of (A, m)-expansive symmetric commuting tuple of operators. We establish some
general facts about this class of tuple of operators.

2. (A,m)-symmetric operators

DEFINITION 2.1. For T € £(J¢), T is said to be an (A, m)-symmetric operator

MT) =Y (—1)’”"‘(’;';)T*'"—kAT"=0.

0<k<m

if

REMARK 2.1. If A =1 (the identity operator), every (I,m)-symmetric operator
is called m-symmetric operator ([18]).

THEOREM 2.1. For an operator T € £ (), if A > 0 is invertible and T is
(A,m)-symmetric, then o(T) C R.

Proof. Let A € 0,4,(T) and {x,} be a sequence of unit vectors such that (T —
A)xy, — 0 (n— e0). Then

O:lim(( Y (—1)'“"(’")T*m"AT")xnxn>:(x—I)m lim (Ax, |x,).
Nn—oo o<kem k Nn—soo

If lim (Ax, |x,) =0, then 0 € W(A), where W(A) denotes the numerical range of A.

Since A is positive, W(A) =coo(A), where coo(A) denotes the convex hull of 6(A).
Hence, 0 € o(A). Since A is invertible, it’s a contradiction. Therefore, A = 2 and 2
is a real number. Since the boundary of ¢(7) is includedin R, o(T) CR. O

We prepare a symbol. We define a polynomial {(x —y)"}, by

(= y)"}a = { Y (1 (’Z) ymkxk}a =3 ot (’]’:) 1k ask

0<k<m SKS
For T € £ () and A > 0, we define
) ym—k axk
y=T*x=T,a=A

(LB (e Jra= g oo

_ 2 (_1>m—k (m) T*m—kA Tk.
0<k<m k

>~ 3
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Then we have

Bher(D) = ({3710 ) (1 4) = (L= ({lx=3)") ) (7. )
= AA(T)T —T* AA(T).
Hence we have an equation
AL (T)=A0(T)T —T* AL(T). (2.1)

Therefore, if T is (A, m)-symmetric, then T is (A,n)-symmetric for every n (n > m).

The following theorem shows that the class of (A, m)-symmetric operators is translation
invariant.

THEOREM 2.2. If T € L () is (A,m)-symmetric and A > 0, then, for a real
number t, T —t is (A,m)-symmetric.

Proof. By the previous symbol since ({(x —y)m}a> (T, A) = A}(T) =0, the

proof follows from
({(<x—z> - <y—z>)’“}u) (7. 4) = ({(»c—y)m}a) (r.4). O

For T € () and t € R,

(i) 5 (it)’

2 3
T —J4+iaT+ L 2 T+ — 3 —T"+-
e (—ir)? (—ir)?
itT\* __ .k —it *2 —it *3
(") =1—uT"+ o T+ 3 T+
Hence

. . —it)?
(eth)*Aeth =A—it(T*A—AT) + % (T*ZA —2T*AT +AT2) +

— i)+ S )+ C w4

Therefore, if T is (A, m)-symmetric, then

(e"T)*Ae" = A—itAY(T) + (_it)zAg(T) ot (i AL (T).

Hence, in this case,
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(eitT)*kA (eitT)k _ (eiktT)*AeiktT
(—it)?
2!

(i)™ 1A

= A—ikeANT) + AN (T) + -+ Wk'" A (T).

THEOREM 2.3. If T € L () is (A,m)-symmetric and A > 0, then

(_l—)mflAA (T) 2 O

m—1

Proof. Let t be a real number. Then it holds

2
Lk —1it
e A" =A+(—it)Aff(T)+( 2") M (T)+--

(—it)m! (—it)™
(m—1)! A (T) + m!

+ AMT) -

Since T is (A,m)-symmetric, by equation (2.1) it holds A% (7)) = 0 for every n > m.
Hence we have

—itT* 4 T _ _\AA (=it)* 4 (i)™ " 4
e " A" =A+ (—in)AN(T) + T N(T)+---+ (m—l)'Am’l(T)'
Therefore it holds
(=)™ A bt
(m_ 1)'Am71(T) = 1""—716 Ae
1 , (—it)? (—it)m—2
— T (A+(—n)A/§(T)+ 5 AY(T) + +(m_2)! 4 (1)
1 o
Since, for t > 0, mje*”T Ae' >0 and
1 _ (—it)? (—it)m=2
pr (A+(—n)A/f(T)+ o AQ(T)+~~+W A (T)) — 0 (1 — o),
we have (—i)"1A2 (T)>0. O

For T € £ () and A > 0, we define BA(T) by

BAT):= ¥ (—1)"(’/’5) Tomk A mk,

0<k<m

Recall that T is said to be (A,m)-isometric if By, (T) =0 ([16]).
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THEOREM 2.4. ([16]) The following properties hold.
() If T € ZL(H) is (A,m)-isometric and A > 0, then B2 |(T) > 0.

(i) If T € £ () is (A,m)-isometric and T is invertible, then T~! is (A, m)-isometric.

THEOREM 2.5. If T € L() is (A,m)-isometric, m is even and T is invertible,
then T is (A,m— 1)-isometric.

Proof. By Theorem 2.4, it holds B2 | (T) >0 and BA (T~!) > 0. Hence it
holds
0< T*m_lB?n,I(T_l)Tm_l _ (—l)m_lB;‘qfl(T)-
Since m — 1 is an odd number, it holds B2 | (T) < 0. Therefore we have BA_(T) =
0. O

For the next result, we need the following lemma.

LEMMA 2.1. ([9]) Let m € N. Forevery j=0,1,....m—1, it holds

3 (—1)"(’2)1«/’ —o0.

0<k<m

THEOREM 2.6. If T € £ () is (A,m)-symmetric and A >0, then €T is (A,m)-
isometric for every t € R.

Proof. By the previous lemma, we have

s = 3 () Emrtaemyi= 3 Cor() A

0<k<m 0<k<m

:<0§<’n(_1)k<’2)>/§+ (—ir) (05@(—1)’6(’2) k)A;‘(T) +oe
s (3 o (e )

0<k<m

=(1—1)"A+ (=it)-0-ANT)+ -+ (—it)" 1 0-A%_|(T) =0.

m—1
So €T is (A,m)-isometric for every ¢ € R. It completes the proof. [
REMARK 2.2. Let T € .Z(). If T is (A,m)-symmetric and m is even, then

¢" is invertible (A,m)-isometric and m is even. Hence e’ is (A,m — 1)-isometric.
Therefore, " is (A,m — 1)-symmetric by Theorem 2.5.
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3. (A,m)-symmetric commuting tuple of operators

In this section, we give a basic result about (A,m)-symmetric tuple of commuting
operators.

Let T= (T}, -+, T;) € £ ()% be a commuting tuple of operators.
Set

A(T) = Y (=)™ * <m> (T +-+T))" AT+ +T,)" (3.1)

0<k<sm k

DEFINITION 3.1. Let T=(Tj,---,Ty) € Z()? be acommuting tuple of bounded
linear operators. T is said to be an (A,m)-symmetric tuple if

Y o~k (’Z) (T +---+ Td*)m_kA(Tl +o+T) =0
0<k<sm
or equivalently A2 (T) = 0.

REMARK 3.1. When A =1, Definition 3.1 coincides with [6, Definition 4.2].

REMARK 3.2. The following are trivial examples of (A,m)-symmetric commut-
ing tuple of operators.

(i) If A:=1, then T is an m-symmetric commuting tuple if and only if T is an
(A, m)-symmetric commuting tuple.

(ii) If A :=0, any commuting tuple of operators is an (A,m)-symmetric commuting
tuple.

EXAMPLE 1. Let S € £ () be an (A, m)-symmetric operator and let T =
(S,--,8) € ZL(A)?. Then T is an (A, m)-symmetric tuple.

In fact, a simple computation shows that

Z (_l)m—k<r]:l) (Tl*+'“+Td*)m_kA(T1+"'+Td)k

0<k<m

—am Y (—1)t ('Z) SMkASk = 0.

0<ksm
REMARK 3.3. Let T = (Ty,---,Ty) € Z(). Then
(i) T isan (A,1)-symmetric tuple if

A(Mi+ 4 Ta) = (T 4+ T7)A=0. (3-2)
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(ii) T isan (A,2)-symmetric tuple if

(T +- 4T A= 2(T 4+ THA(T -+ Ty) +A(Ti 4+ Ty) =0.
(3.3)

In the following proposition, we give a recursive formula for A% (T).

PROPOSITION 3.1. Let T = (Ty,---,Ty) € L(H)? be a commuting tuple of op-
erators. Then the following identity holds

AD (D) = AT (T + -+ Ty) — (Ty + -+ T AA(T). (3.4)

In particular, if T is an (A, m)-symmetric commuting tuple of operators, then T is an
(A, n)-symmetric commuting tuple of operators of all n > m.

Proof. By applying (3.1) we observe that

A1 (T)

= 3t (N e ) A )
0<k<m+1

m+1 m+1

= ()" T+ 4+ T)" T A+A(T + -+ TY)

+ ¥ (—1)'"“’“((75)+ (kT1>)(T1*+“-+Tj)mHkA(Tl-l-"'—f—Td)k

1<k<m

— ()" T 4+ ) T A AT 4T

+ 2 m+1k

2o
(

m) Ty 4+ T))" A+ 1)

T
k) vt

:AQ(T)(TI“F"'—FTd)—(Tl ++T;)AI;‘”(T)7

b

+ m+l k )m+1*k

AT+ +T)"

1<k<m

which completes the derivation of (3.4). Applying the preceding result to an (A,m)-
symmetric commuting tuple of operators T, we immediately obtain that T is an (A,m+
1) -symmetric commuting tuple of operators. [

REMARK 3.4. If T=(Ty,---,T;) € L ()% is an (A, m)-symmetric tuple of op-
erators, then for every integer k>0, AA | (T)(Ty+---+T)" = (7 +---+T;) A% _,(T).
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PROPOSITION 3.2. Let T=(Ty,---,Ty) € L ()" be an (A, m)-symmetric com-
muting tuple of operators. Then the operator S := (X 'T1X,--- X~'T;X) is an
(X*AX ,m)-symmetric commuting tuple of operators, where X € L () is an invert-
ible operator.

Proof. 1t is easy to see from (3.1) that

ASAX(S)

= 3 () (St S " ax (st

= k 1 d 1+---+5q
0<ksm

_ 2 (_l)mfk m (X’lTX —1 mk)

= X+ +XTITX) X*AX
0<k<sm k

k
<X1T1X+---+X1TdX>

k

> (_1)'"—’<<']?> (X‘l(T1+--~+Td)mkX)*X*AXX‘1<T1+--~+Td) X

0<k<m
® m—k [T * x\m—k k
:X( Y (-1 ( )(T1+~~~+Td) AT+ +Ty) )X
0<ksm k
=X*AA(T)Xx =0.

This completes the proof of the proposition. [J
Recall that the symbol {(x—y)"} .i.e.,

(o ={ S (P} =S () tar

k=0

Let T= (T, --,Ty) € Z()% and A > 0. We define ({(x—y)m}a> (T, A) by

(“x‘”m}a)@ A)i= 3 (-1t (’Z>ym—kaxk

k=0 y=T{++Tf x=Tj ++1;,a=A

m
= Y (1)t (’Z) (Tf + -+ T ATy + -+ Ty)k.
k=0

Then we have ({(x —y)m )(T, A) = A4(T). Since, for some constants & (k =

0,...,m(n—1)), it holds

n—1 oA m m(n—1)
(xn _yn)m _ ((x—y)( z ynl]x./)) _ 2 gkym(nfl)fk (x_y)mxk7
k=0

Jj=0
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we have
{w-ry} mz BV ()" )

and

m(n 1)

({(x”—y")m} )(T A=Y &I+ + )" DR (T (T + -+ Ty) .

k=0
(3.5)
By (3.5), we have
m(n 1)
Mt 4 ) = 3 G(I7 4 T VAT (T4 T0), (B6)
where & (k=0,...,m(n— 1)) are constants. Hence, by (3.6) we have the following

proposition.

PROPOSITION 3.3. If T = (Ty,---,T;) € L() be an (A,m)-symmetric com-
muting tuple of operators, then the operator (Ty + -+ Ty)" is (A,m)-symmetric for
any n € N.

PROPOSITION 3.4. Let T=(Ty,---,Ty) € L(H) and S= (Sy,---,S4) € L ()¢
be commuting d -tuples of operators such that T;Sy = S;T; forall j.k=1,---.d. If T is
an (A, m)-symmetric commuting tuple and S is an (A,n)-symmetric commuting tuple,
then ™ is an (A,m+n — 1)-isometric operator, where R = 2 (T;+5;) .

1<j<d

Proof. Since T is an (A,m)-symmetric commuting tuple and S is an (A,n)-
symmetric commuting tuple , it follows that A2 (T) = 0 and A2 (S) = 0. From which
we deduce that (7} +---+Ty) is an (A, m)-symmetric single operator and (S; + -+
Sy4) is an (A,n)-symmetric single operator. By Theorem 2.6 we have for all 1 € R,

eit(T1+-~-+Td) it (S14++54)

is an (A,m)-isometric operator and e is an (A,n)-isometric

operator.

Applying [3, Theorem 3], we obtain that B e ) B (Am+n—1)-
isometric operator. [

THEOREM 3.1. Let (T,, = (Tip,- -, Td"))n be a sequence of an (A,m)-symmetric
tuple of operators with A > 0 such that Tj, — T; foreach j=1,---,d as n — o in the
strong topology of £ (). Then T := (Ty,---,Ty) is an (A,m)-symmetric commuting
tuple.

Proof. Assume that (T,, = (Tip,-- '7Tdn))n is a sequence of an (A,m)-symmetric
commuting tuple of operators such that ||7j, — Tj|| — 0asn — o foreach j=1,---,d.

Set S, =Ty,+-+Ty,and S=T,+---+Ty.
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It is obvious that S, — S and adjoint operation is continuous, S; — §* in .2 ().
Also, as multiplication is jointly continuous, S — S* and S:* — §** in .2 (7).

Since (T, = (Tin,---,T4n)), is an (A,m)-symmetric tuple of operators, we get
IO =1 3 (-1 ()0 e+ ) AT e T
0<j<m J

= [|A%(T) — A5, (Tw) |

=y (_1)"11(';7)5;”%5,{— S (1 (".')S*'”"AS"

0<j<m 0<j<m J
<l 3 i ("srasi= 3 i (7)sirias
0<j<m J 0<j<m J
H 3 o (Msiasi- 3 iy (M)snias
0<j<m J 0<j<m J
m—j M *M— J j j
< Y (-1 J(j)sn ~’A<S~,’,—S1>||
0<j<m
+H Y (=nm (m) (S;;’“‘f —S*'“—f')ASf'H.
0<j<m J

Hence we conclude that A% (T) = 0 by taking n — oo, [

4. Spectral properties of (A,m)-symmetric commuting tuple of operators

For a commuting tuple of operators T = (T,---,T;) € L(H)?, 6;4(T) and
0jp(T) denote the joint approximate point spectrum and the joint point spectrum of
T, that is,

U= (U1,.... 4q) € 0jo(T) < I {x,} : unit vetors; (T; — W;)x, — 0 (n — o),

and
w= (... tq) € 0jp(T) <= Fx#0; (T, — u;)x=0,
forall j (j=1,---,d), respectively.

THEOREM 4.1. Let T = (Ty,---,T;) € L () be an (A,m)-symmetric com-
muting tuple of operators. If 0 ¢ 04,(A), then the following statements hold:

(i) 0ja(T) C {(p1, -, 1q) €CY: Im( 2 Hj) =0.

Ij<d

(ii) Gjp(T)C{(IJla"'nud)e(Cd: Im( Z ﬂ]) :0}.

1<j<d
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(iii) Eigenvectors u and v of T corresponding to two joint eigenvalues A = (A, -+, Aq)
and U= (U1, --,Uq) respectively such that Z (Aj— ;) # 0 satisfies
1<j<d
(Au|v)=0.

(iv) If A = (A1,---,Ag) and W = (Uy,---,lg) are two joint eigenvalues of T such
that Y, (Aj— ;) #0. If {un}n, {va}n are two sequences of unit vectors such

1<j<d
that
(Tj —Aj)up — 0 and (Tj— uj)v, — 0 (asn — +e) (j=1,---,d),
then we have

(Aup |vy) — 0 (asn — +oo).

Proof. (ii) and (iii) follow from (i) and (iv), respectively. So we show (i) and (iv).
(i) Let u = (U1, -+, Uq) € 0ja(T). Then there exists a sequence {z,}, of unit vec-
tors in .7 such that
(T)~ )2 — 0 (as n— o),

Since T is an (A, m)-symmetric tuple, it follows that

0= << > (1t ('Z) (17 +--+ 1) " A(T; +"'+Td)k)zn | 2n)

0<k<m

= 3 o () (A ) @) )

0<ksm

By taking n — oo we get

2 (_l)m—k (’:) (”1 +...+”d)k(m+...+m)m_k<Azn | z4) — 0,

0<k<m

or equivalently

Since 0 ¢ 0,p(A), it follows that (i + -+ pg) — (A1 + -+ g) =0 and so

that
Im( Z ‘LLJ) =0.

1<j<d
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@iv) Let A = (A1,---,A4) and p = (U1, -, Uq) bein 0jo(T) and satisfy
2 (Aj—uy) #0.

1<j<d
Let {u}n,{va}n C € be sequences of unit vectors such that
(Tk —lk)u,, — 0 and (Tk —[,Lk)vn —0 (n — 00).

By repeating the process as in the statement (iii) it holds that

0= lim (3 (—l)mk<m) AT+ T) un | (T +T)" )

e 0<k<m k

(3 @) fim a2,

1<j<d

which allows to conclude. [

PROPOSITION 4.1. Let T=(Ty,---,Ty) € L ()¢ be an (A, m)-symmetric com-
muting tuple of operators. If 0 ¢ 0,,(A), then the following statements hold.

(i) If p= (1, la) € Gja(T), then piy + -+ g € Ogp (T} +---+T;).
(ii) If = (1, 11q) € 0p(T), then py+ -+ g € 0y (T} +---+T).
Proof.

(i) Let u = (U1, -+, Uq) € 0ja(T). Then there exists a sequence {z,}, of unit vec-
tors in .7 such that

(Tj— )z — 0 (as n— o),
Since T is an (A,m)-symmetric tuple it follows that
m e
0= Z (—1)’"‘"( ) (Tl* N Tj) kA(T1 IS Td)an.
0<k<m k

Hence we obtain
m
OZJMlOHrP“+ud—(ﬁw~“+nﬂ>lﬂw

As 0 ¢ o04,(A) we obtain also that

T * * " AZn
oig&0m+m+m%%ﬂ+“+50 Az

This shows that <(LL1 o pig) — (TF A+ + Td*)) is not bounded below. Con-
sequently, ((y + -+ ty) € Oup (T} ++--+T;). This proves the statement in (i).
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(i) The remaining statement in (ii) also holds by a similar method. [J

THEOREM 4.2. Let T = (Ty,...,T;) € L ()¢ be (A,m)-symmetric commuting
tuple and let A > 0 be invertible. If (z1,...,z4) € or(T), then z1 +---+z4 € R, where
or(T) is the Taylor spectrum of T.

Proof. Let S =T+ ---+T;. Then by the Definition 3.1, S is (A, m)-symmetric.
Hence by Theorem 2.1 we have 6(S) C R. Let f(xy,...,x7) =x; +---+x4. Then by the
spectral mapping theorem of the Taylor spectrum, we have f(or(T)) = or(f(T)) =
o(S) C R. It completes the proof. [

5. (A, m)-expansive symmetric tuple

According to the paper of Jung, Kim, Ko and Lee [14], we introduce (A,m)-
expansive symmetric tuples.

Recall that an operator T € .Z() is said to be (A,m)-expansive if Bj(T) <0 for
some positive integer m. We refer the interested reader to [14] for more details.

In the following definition, we introduce de notion of (A,m)-expansive symmetric for
tuple of commuting operators.

DEFINITION 5.1. Let T = (Ty,---,Ty) € £() be a commuting tuple of bounded
linear operators and A > 0. T is said to be an (A, m)-expansive symmetric tuple if

AT =Y (—1)'“k(’]:’)(Tl*+---+Tj)’""‘A(T1+---+Td)k<0.
0<k<m

By equation (3.4), it does not hold that if T is (A,m)-expansive symmetric tuple, then
T is (A,m+ 1)-expansive symmetric tuple. We have the following proposition.

PROPOSITION 5.1. Let T=(Ty,---,Ty) € L() be an (A,m)-expansive sym-
metric commuting tuple of operators and let X € £ () be an invertible operator.
Then the operator S := (X 'T1X,--- X 'TyX) is an (X*AX,m)-expansive symmetric
commuting tuple of operators.

Proof. By the proof of Proposition 3.2, since it holds
A (S) =X, (T)X

and A% (T) < 0, we have AX4X(S) < 0 and it completes the proof. [
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THEOREM 5.1. Let T = (T, --,Ty) € L() be an (A,m)-expansive symmet-
ric tuple and 0 ¢ 64,(A). The following statements hold:
(i) If me{2k+1,k=0,1,---}, then
O'ja(T) C {(,Llh---,[ld) S (Cd : Im( Z ”j) ZO}

Ij<d

={(t1,--,pta) €C*: Y ueR}.

1<j<d

(ii) If m€ {4k, k=1,2,---}, then

0u(0) € (i) € (3 ) =0)

Ij<d

={(m,--,ug) €C*: Y pjeR}.

1<j<d
(iii) [f me {4k+2,k=0,1,---}, then
0ja(T) C {(11,+,ua) €C*: Y wjeC}.
1<j<d
Proof. Let = (ly,---,Uq) € Oja(T). Then there exists a sequence {z, }, of unit
vectors in J# such that
(T)~ )2 — 0 (as n— o),
Since T is an (A, m)-expansive symmetric tuple, it follows that

0><< > (—1)'""(’Z)(T1*+---+T;)’""‘A(T1+---+Td)")znIzn>

0<k<m

0<k<m

Therefore we get

k m—k
" 0<k<m k

RS

or equivalently
lim ((m ot la) — (m+---+m)) (Azn | 2n)

:(21')'”(1111( )y #j))mr}iggomzn | zn) < 0.

1<j<d

Since A >0, 0 ¢ 0,,(A) we have:
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(i) If m is odd, it follows that

(2)’“ilm< D u;) lim (Az, | zy) < 0.

1<j<d "

Hence we get

Im( Y y,) =0.

1<j<d

(i) Since m = 4k, by the similar calculation we have

@ (i 3 w)) fimtaz 1) < o

1<j<d

Hence we obtain

(1) € (. ) €€ (3 ;) =0},

1<j<d

(iii) If m = 4k+ 2,we can obtain

—2’"<Im< D uj>) lim (Az, | z,) < 0.

1<j<d
This completes the proof. [l

Acknowledgement.

(1) The authors are thankful to the referees for careful reading of the paper and valu-
able comments for the origin draft.

(2) The first author is partially supported by Grant-in-Aid Scientific Research No.
15K04910.

REFERENCES

[1]1 J. AGLER, A disconjugacy theorem for Toeplitz operators, Amer. J. Math. 112 (1990), no. 1, 1-14.

[2] J. AGLER, J. W. HELTON AND M. STANKUS, Classification of hereditary matrices, Linear Algebra
Appl. 274 (1998), 125-160.

[3] M. F. AHMADI, Powers of A-m-isometric operators and their supercyclicity, Bull. Malays. Math.
Sci. Soc. 39 (3) (2016), 901-911.

[4] J. A. BALL AND J. W. HELTON, Nonnormal dilations, disconjugacy and constrained spectral factor-
ization, Integral Equations Operator Theory 3 (1980), no. 2, 216-309.

[5] T.BERMUDEZ, A. SADDI AND H. ZAWAY, (A, m) -Isometries on Hilbert spaces, Linear Algebra and
its Applications 540 (2018) 95-111.

[6] M. CHO, H. MOTOYOSHI AND B. N. NASTOVSKA, On the joint spectra of commuting tuples of
operators and a conjugation, Functional Analysis, Approximation and Computation 9 (2) (2017), 21—
26.



(7]
[8]
[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

(A,m) -SYMMETRIC COMMUTING TUPLES OF OPERATORS ON A HILBERT SPACE 947

J. GLEASON, S. RICHTER, m-isometric commuting tuples of operators on a Hilbert space, Integral
Equations Operator Theory 56 (2006), no. 2, 181-196.

C. Gu, Examples of m-isometric tuples of operators on a Hilbert space, J. Korean Math. Soc. 55
(2018), no. 1, 225-251.

C. Gu, The (m,q)-isometric weighted shifts on [P spaces, Integral Equations Operator Theory
82(2015), 157-187.

K. HEDAYATIAN AND A. M. MOGHADDAM, Some properties of the spherical m-isometries, J. Op-
erator Theory 79:1(2018), 55-77.

J. W. HELTON, Operators with a representation as multiplication by x on a Sobolev space, in Hilbert
Space Operators, Colloquia Math. Soc. Janos Bolyai, vol. 5, Tihany, Hungary, 1970, pp. 279-287.

J. W. HELTON, Infinite dimensional Jordan operators and Sturm-Liouville conjugate point theory,
Trans. Amer. Math. Soc. 170 (1972), 305-331.

P. H. W. HOFEMANN AND M. MACHEY, (m, p) -Isometric and (m,eo) -isometric operator tuples on
normed spaces, Asian-Eur. J. Math. 8(2015), 1550022 (32 pages).

S.JUNG, Y. KM, E. Ko, AND J. E. LEE, On (A,m) -expansive operators, Studia Math., 213(2012),
3-23.

Y. KiM, E. Ko, AND J. E. LEE, On the Helton class of p-hyponormal operators, Proc. Amer. Math.
Soc., 135(2007), 2113-2120.

0. A. MAHMOUD SID AHMED AND A. SADDI, A -m-Isometric operators in semi-Hilbertian spaces,
Linear Algebra and its Applications 436 (2012), 3930-3942.

0. A. MAHMOUD SID AHMED, M. CHO AND J. E. LEE, On (m,C)-isometric commuting tuples of
operators on a Hilbert space, Results Math. 73 (2018), no. 2, Art. 51, 31 pp.

S. A. MCCULLOUGH AND L. RODMAN, Hereditary classes of operators and matrices, Amer. Math.
Monthly, 104(1997), 415-430.

R. RABAOUI AND A. SADDI, On the orbit of an A -m-isometry, Ann. Math. Sil., 26 (2012), 75-91.

(Received September 25, 2018) Muneo Cho

Department of Mathematics
Kanagawa University
Hiratsuka 259-1293, Japan

e-mail: chiyom0l@kanagawa-u.ac.jp

Sid Ahmed Ould Ahmed Mahmoud

Mathematics Department

College of Science, Jouf University

Sakaka P.O.Box 2014, Saudi Arabia

e-mail: sidahmed@ju.edu.sa, sidahmed.sidha@gmail.com

Mathematical Inequalities & Applications

mia@

v.ele-math.com

ele-math.com



